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PROBABILITY AND COMPLEX FUNCTION \1A3303

UNIT I
PROBABILITY AND RANDOM VARIABLES

Probability is a mahematical measurement of uncertainty.
Example :
* In a tossing of a coin one is not sure if a head or tail is
obatined.
* If a dice 1s thrown we may get any of faces 1,2,3,4,50r6 but
nobody knows
which one wii actually occur.
*A tossing of a coin is a trial.
* Getting a head or trial is an event.
* The set of all possible oucomes of an experiment is called as a
sample space and it is denoted by S.
Example:
1) tossing a coin S ={H,T}
i1)Throwing a dice S ={1,2,3,4,5,6}
i) Tossing 2 coins S = {HH,HT,TH,TT}
iii)Tossing 2 dice S={(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)
(2,1) (2,2) (2,3)(24) (2,5 (2,6)

* The Probability of an event A Occuring is denoted as P(A)
is defined by
_ N4

P(A) NS)
RANDOM VARIABLE
A random variable is a rule that assigns a numerical value to
each possible outcome of an experiment.
Example :
An experiment consist of tosses of two coins consider the random
variable X which is the number of heads



Outcomes : HH HT TH TT
getting Head X : 2 | 1 0
~X=1{0,1,2}

DISCRETE RANDOM VARIABLE
A random variable which can assume only a countable number
of real values is called a discrete random variable.

PROBABILITY MASS FUNCTION (pmf)
if X 18 a discrete random variable which takes the values
X1,X,,X3 etc. Then P(x =x,)=P(x,) is called probabllity mass function.

It is denoted by tabular format
X Xq X X3

P(x) P(x1) P(x2) P(x3)
This called probability distribution P(x;) must satisfy the following
condition

i) P(x;) >0 i) S Px,) =1

CONTINUOUS RANDOM VARIABLE
A random variable X is said to be continuous if it takes all
possible values between certain limits.

PROBABLITY DENSITY FUNCTION (pdf)

The probability function f(x) of a continuous random variable
X is called a probability density function.
The function f(x) satisfies the following conditions

1) f(x)20 11) ]o f(x)dx =1
CUMULATIVE DISTRIBUION FUNCTION (cdf)
(or)
DISTRIBUTION FUNCTION

If X is a random variable discrete or continuous then
F(x)=P(X < x) 1s called the cumulative distribution function .
For discrete Random variable

F(x)=P(X <x) =) P(x)



For continuous Random variable

F(x)=P(X <x) = j.f(x)dx

PROBLEMS

1. If a random variable X takes the values 1,2,3,4 such that
2 P(X=1)=3P(X=2)=P(X=3)=5P(X=4). Find the probability
distribution of X

Solution:
Assume P(X=3) =a By the given equation
Px=1=2 PX == PX =)= For a

probability distribution ( and mass function) Y P(x) =1
P(1)+P(2)+P(3)+P(4) =1
61 30

a o o
—+—+a+—=1 = —aoa=1 =>a=
2 3 5 30 61

15 10 30 6
PX =)= iP(X =)= PX =3 = i PX =4) = —
The probability distribution is given by
X 12 3 4
o 131003006
61 61 61 61
2. A random variable X has the following probability
distribution.
X: 0 1 2 3 4 5 6
fx):0 &k 2k 2k 3k K 2K 7K+k
Find (i) the value of k (i) p(1.5<X <451 X>2) and
(iii) the smallest value of A such that p(X<A) > %

Solution:
3 P(x) =1

2 2 2
O0+k+2k+2k+3k+k +2k +7k +k=1

2 1
10k +9%-1=0 = k=-1—

10
k 1 0.1
10



A=15<X <45={234}
B =X >2=1{345,6,7}
(11) AnB ={3,4}
p(AnB) _ pB4)

1.5<X<451X >2)=plAIB) = =
s 1= PALB) = = G567

5
_ 2k + 3k _ 5%k _10_5
k43K +k>+2k> 47k 4k 10k° +6k 170 7
(iii)
X p(X) F(X)
0 0 0
2 2k=02 03
3 2k=02 05
4 3k=03 0.8
5 k=001 0.81
6 2k*=0.02 0.83
7 TK+k=0.17 1.00

From the table for X =4,5,6,7 p(X) > % and the smallest value
184 Therefore A =4.

3. Let X be a continuous random variable having the probability

i x =1

density function / (X) = x3 ’ Find the distribution
0, otherwise

function of x.
Solution:

X
X X
F) = [f() dv = [dx = [—Lz} e
1 1x



4.A random variable X has the probability density function f(x)

-X
given by f(x)= {Cx € > x20_ Find the value of ¢
0, otherwise
and CDF of X.
Solution:
© X
[f@x) ax=1 F(x)= [ f(x) dx
0 0
oo _ X _
_[cxe xdx =1 :che * dx
0 0
_ _ x
c[—xe * —e x} =1 zj'xe * dx
0 0
c(1) =1 X —x X
c= :[—xe —e }
0
—X —X
=l—-xe -—e

5.A continuous random variable X has the probability density

I

function f(x) given by f(x)=ce "' ~~<x<. Find the value of c and

CDF of X.
Solution:
[fx)de=1
J.ce_‘x‘ dx =1
2Ice_‘x‘ dx =1
0
2Ice_ dx =1



Case(i) x <0

= Ice dx
X
=c .[ex dx
ol
=c| e
1 x
=—e
2
Case(ii) x >0
X
F(x)= J.f(x) dx
T =
= .[ce dx
0 X
=c Iex dx+cje xdx
— oo 0

LT

X
=Cc—ce +c

—e , x>0

F(x) = _
l(Z—e x} x<0
2

6.If a random variable has the probability density
—2x
fx) = {26 - *20_ Find the probability that it will take on a
0, otherwise

value between 1 and 3. Also, find the probability that it will take
on value greater than 0.5.



Solution:

3 3 ox 2P 2 -6
P(1<X<3)=J'f(x)dx='fZe dx=|-e =e -—e
1 1 1

P(X>05) = [f(x)di= [2¢ dx = {— e_zx} =
0.5

0.5 0.5
7.1s the function defined as follows a density function?
0, x<2
fu)=i%6+2ﬂ,23xs4
0, x>4

Solution:

4 4 574
[f(x) dx=ji(3+2x)dx= B+207 | _,

Hence it is density function.

8.The cumulative distribution function (CDF) of a random

variable X is F(X)=1-(1+xe . x>0. Find the probability density
function of X. Solution:
f(x) =F'(x)

=0- ||

—X
=xe , x>0

9.A continuous random variable X has the distribution function

0 x<1
F(x)={k(1x)4: 1<x<3
0 : x>3
Find k, the probability density function f(x) and P(X <2).
Solution:
Since it 1s a distribution function



F(o) =F(3) =1

k(3-1)* =1
1
T 16
1 (1-x)’

The density function is f(x) = F'(x) = E4(1—x)3 = 1<x<3

PX<2)=FQ2)= -(-1)'~

10.If the cumulative distribution function of a R.V X is given by

Flx) = 1—%’ *>2 find (i) P(X < 3) (ii)) P < X < 5) (iii) P (X >3).

0, x<2
Solution:
(HPX <3)=F3)=1-24=2
3
i = _ S L T L B R D
(i) P(4 <X <5) =F(5) - F4) (1 szj (1 42} 25 4100

<mnwxza=Lna=1{¢§}=L§=g

11.A continuous random variable X has the distribution function

0 x<1
F(x) {k(l—x)4: l<x<3
0 : x>3
Find k, the probability density function f(x) and P(X <2).
Solution:
Since it is a distribution function
F(eo) =F(3) =1
k(3-1)* =1
1
" 16

The density function is f(x) = F'(x) = 1—4(1—x)3 =~ 1<x<3

p(X <2)=F(2) = %(2_1)4 _ %

12.1If the cumulative distribution function of a R.V X is given by

F(x) = 1—%’ *>2 find (i) P(X < 3) (ii) P4 < X < 5) (iii) P ( X >3).
0, x<2



Solution:

() P(X<3)=F(3)=1-2% :%
3
i = - = (A2 39
(ii) P(4 < X < 5) = F(5) - F(4) (1 52) {1 42J 232
(i) P(X>3)=1-F3)=1 - {1_% =1- g = g
3
13.Given the p.d.f of a continuous r.v X as follows:
= {6’“0‘”’ 0<<1 pind the CDF of X.
0, elsewhere

Solution:

F(x) = }Cf(x) dx = }C6x(1_x) dx = 7[6616_6162 dx= {3)62 — 2x3}x = 3x2 — 2x3

0 0 0 0

14.A continuous random variable X has the probability function
f(x)=k(+x), 2<x<5. Find P(X<4).
Solution:

4 5
[fode=1 = k[(+x)dx=1

2 2
5
2
:k[m] )
2
2
:>k2:1
2
:>k:i
27
4 2 4 2 | (1+x)? Yy 16 .
PX <4 =[fx)dx=—=[(1+x)dx=—|—| =—(25-9)=—15.Given
5 27, 271 2 |2 27

the p.d.f of a continuous R.V X as follows:
) {12.5)(—1.25 0.1<x<0.5
X) =

0, elsewhere



Find P(0.2 <X < 0.3)

Solution:
0.3

P02<X <03) = [(125x—1.25) dx
0.2

5 03
1252 —125%
2
02

= 1.25[5(0.3)2 ~03-5(02)%+ 0.2]
=0.1875

0, otherwise

1
16.If a RV X has the pdf 7(x) = {Z’ o< 2

Obtain (i) p(X <1) (ii) p(|x|>1) (iii) p(2X+3 > 5)
(iv) p (x| <0.5 1X <1

Solution:

(1) P( X<1)= j.idxzi[x]l—z :%

.o _ 1 1 _ l o l
() px|=t) = JLae= 2L =2
Hence p(|x|>1)=1- p(|x|<1) = %

(i) p(2X+3 >5)=p(X>1)=

l-p(X<l)=1- (iv) p (|x| <0.5

Alw
NG

) = p(X|<0.5 N X <)
T p(x <D

p([~05<Xx <05]n X <)
= p(X <1

X<1

_ p(-05<x<05])

p(X <1

t1

—d
%
3 3 3

4




EXPECTIATION (MEAN)

The average process when applied to the random variable
is called expectation . It is denoted by E[X] or mean value of X.
For discrete case : E[X]=) xP(x)

oo

For continuous case : E[X]= jxf(x)dx

MOMENT
For discrete case
i = EX]= > xP(x)
1, = E[X?]= D x*P(x)
1 = EX"]= > x"P(x)
For continuous case

—oo

oo

4, = E[X1= [xf (x)dx

—oo

oo

i, = E[X?]= [ f(0dx

—oo

oo

ﬂ,’ =E[X']= jx’f(x)dx

PROPERTIES OF EXPECTATION
1.E[a]=a

2.E[aX] = aE[X]

3. E[aX+b] = aE[X]+b

VARIANCE
Var(X) = E[X*]- [EX)]
Standard Deviation =/Var(X)

MOMENT GENERAING FUNCTION FUNCTION (mgf)
The mgf of a random variable X is denoted by

My (1) = Ele”]

NOTE:
My ©O)=x and M, O)=u,



17.Find the MGF of the RV X, whose pdf is given by

—I|X] . .
f(x) :%e | ‘, —w<x<o. Hence its mean and variance.

Solution:
MX(t) = E(etxj = jetxf(x) dx
O X x x —x
= je e dx+je e dx
0

— 0

_ ?e@+nx Tl

dx+_|'e

0
(0 0 (=0 o0
{(m)] +[—(l—t)]
—o0 0

2 4
MX(t):l( L lj: L I

— 2
2Ul+r 1-1) |,

Mean = E(X) = (coefficient of t) 1! =0
E(X?) = ( coefficient of t%)2! =2
Variance = E(Xz) - E(X)2 =2

18.The p.m.f of a RV X, is given by p(x = j)= -

, j=123..Find

2]

MGPF, mean and variance.
Solution:

M) = ) = Yo pto)



Differentiating twice with respect to t

)

B

(]
=T e

putt=0 above E(X) = M (0) =2

E(x*)= M5 (0) =6
Variance = E(Xz)—E(X)2 =6-4=2

M () =

19.Find MGF of the RV X, whose pdf is given by 7(x)=4c

and hence find the first four central moments.
Solution:

M, (t) = E(e'x) = J.e’xf(x) dx

Ax

, x>0



Expanding in powers of t
yl 1 tY (1) (Y
MX(I)— (l—t) = 1_([} = 1+(zj+(zj +(zj +...
A
Taking the coefficient we get the raw moments about origin

E(X) = (coefficient of t)1!= %

2 .. 2 2
E(X j z(coeﬁ‘taent of t jZ! =—

A

E(XS) z(coeﬁicient of t° )3! = %

E(X4 ) =(coeﬁicient of t* )4! = %
and the central moments are
up =0

’ ’ ’ /2
Mo = pp = 2C 1 +
2 11 1

== 24— =—

2 2 2 2
A A A A

’ ’ 7 7 /2 /3
M3 = pu3 = 3C upuy +3Cui i — 14
_6 21 11 12
T3 T 22712 37 3
A SR S S L
’ 7 ’ 7 /2’ /4 I4
My = p4 = AC 3 +4Coup 1 —A4C3u1 +
_4 4,61 21 ,1 1. 9

P L AL

1
20.If the MGF of a (discrete) RV X is —— find the
5 — 4e
distribution of X and p ( X =5 or 6).
Solution:




By definition
Mx©= "] = £

10 t 12
=l+e p0)+e p(DH+e p2)+..
On comparison

PO =5 pl)=ac o)

In general p(x =r)=

p(X =5 or 6) = p(X =5)+ p(X =6)
535
55)(+5)
=

3x

21.If X has the probability density function f(x)=ke ', x>0

Find (i) k (ii) p(0.5 <X<1) (iii) Mean of X.

Solution:
(1)
p(0S<X<I) = jf(x) dx

= Jl.3e'3x dx

0.5

_ 7 3x 1
3 0.5

-1.5

-3
=—e  +e



22.If X has the distribution function

0, x <1
l, 1<x<4
3
F(x) = %, 4<x<6 (1)
é, 6<x<10
6
1, x> 10

Probability distribution of X (2) p(2<X<6) (3) Mean (4)
variance Solution:
(I)As there is no x terms in the distribution function given is a

discrete random variable. Hence the probability distribution is given

X 1 4 6 10
1 1 1 5 1 5
b ) L 1.1 5.1 -3
Y PX) 3 2 3 6 2
1 _1 1 1
3 6 3 6
1

(2) p(2<X<6) = p(4) =
1

(3) Mean = E(X) = Y x p(x) = ( j+ (gj ( j (éj =%
@) E(XD) = T p(x)=(1)@ U j (100)@ 3

Variance = E(X?) — E(X)* = ? % %

23.1If the MGF of a continuous R.V X is given by vy () = 3,

3—t
Find the mean and variance of X.



Solution:

E(X) = (coefficient of t) 1!=% is the mean

2 .. 2 1 2
E(X )= (coeﬁ‘tczent of t j2! = 52[ =5
2 2 2 1 1
Variance = E(X )—E(X) =——-—=—
9 9 9

4
24.1f the MGF of a discrete R.V X is given by My (r) = %(1+26tj find

the distribution of X.
Solution:

{ 4 2 3 4
t 1 t t t t
MX(t)zg(l+2e j =2 1+4C1(Ze j+4C2(Ze j +4C3(26 j +4C4(26 j

1 8 t 24 2t 32 3t 16 4
=—+—e +—e +—e¢ +—e
81 81 81 81 81
By definition of MGF ,
x t 2t 3t 4t
My ()= e p(x)=p©0) + phe +pe” +pBe + p4)e

On comparison with above expansion the probability distribution is
X 0 1 2 3 4
8§ 24 32 16

0 -~ > 2 2 D0
P 81 81 81 81 81

1
25.Find the MGF of the R.V X whose p.d.fis () =1{79° 0<*<!V

0, elsewhere

.Hence its mean.
Solution:



N
_lle
10| ¢
0
10
e -1
10 t
1 10065 10006
=—|14+10t+ + +....—1
10z 3!
2
:1+5r+@t +.....
31
Mean = coefficient of t =5
Given the probability density function ./ (X) = yr TS A<
1+x
find k and C.D.F.
Solution:
x)dx =1 i
1@ F = [ £ dx
Tk ) oo
= | dx =1 k
2 =
—oo 1+ x I 2 dx
B —oo 1+ x
-1 1= X
= k| tan x} =1 1{ -1 }
o =—|tan Xx
_ T —oo
=k [tan oo}—{tan_ —ooﬂ:l 1[ - } { - ﬂ
=—|| tan oo |[—| tan —X
- T
:>k£+£}=l 1( _ j .
2 2 =—|——tan x|=—cot x
1 V4 V4
=k =—

26.The density function of a random variable X is given by
f(x)=kx(2—x), 0<x<2. Find k, mean , variance and ™ moment.
Solution:



[fx)ax=1 [kr(2—x)dx =1
0 0
2 37°
2 x

k.[(Zx—x jdx:l k 3 =1
0 0
k(4—§):1 k=3

3 4

2
y72 zj.xréx(2—x)dx

0 4

320 r+l r42
:—I(ZX —-X jdx
40

3 2xr+2_xr+3 2 3 2r+3_2r+3
4T 42 r+3 4| r+2 r+3
0
222“3[ Lot } :6(;);

4 r+2 r+3 (r+2)(r+3)

12 24 6

MBI 2 TE s

Mean = 1 and variance = yu, - Ho = g -1=

putr=1,2

1
5

27.The monthly demand for Allwyn watches is known to have the
following probability distribution.

Demand: 1 2 3 4 5 6 7 8
Probability: 0.00.3k 0.19 024 ¥* 0.1 0.07 0.04
Determine the expected demand for watches. Also, compute the

variance. Solution:
3 P(x) =1
(0.08) + (0.3K) + (0.19) + (0.24) + (k) + (0.1) + (0.07)4)(0.04) = 1
K> 103k-028 =0 = k=04
E(X)=Yx P(x) =(1)(0.18)+(2)(0.12) + (3)(0.19) +
(4)(0.24) + (5)(0.16) + (6)(0.1) + (7)(0.07) + (8)(0.04)

=4.02 is the mean



E(X 2) = sz P(x) = (1)(0.18)+(4)(0.12) +(9)(0.19) +
(16)(0.24) +(25)(0.16) + (36)(0.1) + (49)(0.07) + (64)(0.04)
=19.7

2 2 2
Variance = E(X )—E(X) =19.07-4.02 =3.54

28.The number of hardware failures of a computer system in
a week of operations has the following probability mass
function:

No of failures: 0 1 2 3 4 5 6

Probability : 0.18 0.28 0.25 0.18 0.06 0.04 0.01

Find the mean of the number of failures in a week.

Solution:
E(X) =3 x P(x) =(0)(0.18)+(1)(0.28) + (2)(0.25) + (3)(0.18) +
(4)(0.06) + (5)(0.04) + (6)(0.01)
=192

STANDARD DISTRIBUTION
DIRCRETE DISTRIBUTION CONTINUOUS DISTRIBUTION

*Binomial *Uniform

*Poisson *Exponetial

*Geometric *Normal
BINOMIAL DISTRIBUTION

A random variable X is said to follow binomial distribution if
P(x) = P(X =x)=,C,p*q"™"
Probability mass function
X=0,12....n

p = probability for success



q = probability for failure
s

ptq=1 q=1-p
where n,p are parameters of binomial distribution.

MOMENT GENERATING FUNCTION
Mgf M (1) =E(e")=>e" p(x)

oo

= ie’x P q =Y e (pe) g
x=1

x=1
=q"+ ,c,(pe)'q" " +,c,(pe' ) q" 7 +....+(pe')"
=(qg + pe')"
My(t) = (g + pe')"

MEAN AND VARIANCE
Mean = np
Variance = npq

29. The mean of a binomial distribution 1s 20 and SD is 4. Find the

parameter of the disbution.

Soltion:
Mean = 20 SD=4
= 20 a e
v : npq = 16———————— (2)
Subs (1) in (2)
(2) = npg = 16
20g =16
4
q9 =



p+tqg=1

q=1-p
4
- 1-=
1 5
_1
P=3
1= np = 20
nl = 20
5
n = 100
-.Parameter are (n,p) = (100,%)

24. Four coins are tossed simultaneously. What is the probability of
getting 1) two heads i) atleast 2 heads 1ii1) atmost 2 heads.
Solution:
X denotes the number of heads
n=4 X=0,1,2,3,4
1

P=5

p+g=1 = g = l
2

Binomial distributon is

P(X =x)=,C.p'q""

1 X 1 4—x
== 3)

1)two head
1 2 1 4-2
=2 (1)




P(X =2 =§

11)atleast 2 heads
P(X22)=P(X=2)+P(X =3)+P(X =4

R )
2)\2 2)\2 2)\2

(%)4[4% +,65 +,¢, |

:(%j4[6+4+1 |

11
P(X 22)=—
( ) ~Te

111)atmost 2
P(X<2)= P(X=0)+P(X =1) + P(X =2)

P RTnORT08

If 10% of the screw produced by an automatic machine are defective.
Find the probability that out of 20 screw selected at random there are
1)exactly 2 defective 1ii)atmost 3 defective iii)atleast 2 defective
1v)between one and three defective (inclusive)

Solution:
X denotes the number of heads
n=20 X=0,1,2,3,...20
_ _ 1
p =10% = 10

+—13—2
pPtq 6110



Binomial distributon is
P(X =x)=,C.p'q""

1 X 9 20—-x
P(X =x)= 20Cx(5j (Ej

1)exactly 2 defective

1Y(9
}mx=m=mc{ﬂﬂ ~

Ci2218
= *7210) (10

P(X =2 =0.285
11)atmost 3 defective
P(X<3)= P(X =0)+P(X =1) + P(X =2)+ P(X =3)

0 20 1 19
-+6{55) (i) +<{56) (55)
10 10 10 10
2 18 3 17
1 9 1 9
t20Col — | | = | +20Cs| — || =
” z(mj (10} “ 3(10j (loj

9" 3 2 1
:W 2009 +20€,9 " +5¢,9 +20C3]

917
= 1020
P(X £3)=0.8670

111)atleast 2 heads
PIX=>22)=1-P(X<2)
=1-[P(X =0)+P(X =1)]

- [l G el

919
=1- LOQO (20C0 +20C1 ):|

[5199]



=1-0.3917 = 0.6083
P(X >2)=0.6083

1v) between one and three defective (inclusive)
P1< X <3) = P(X=1)+P(X=2)+P(X=3)

1Y(9)"’ 1Y(9
=, C|l—||=| +,,C|—||=
2 1(10) (10) 20 2(10) 10

1 3 9 17
+,0C| —= | | ==
20 3(10) (10)

917
_ 2 1
~ 0% 206197 +¢,9 +2oc3]

The recurrence relation for the moments of the Binomial
distribution.
The k" order central moment is given by

[(x - %) J=£lx =n p)]

(x=np)" p(x)

t

M =

Il
M=

X

|
(=}

=> (x=np)ne p'q"™

x=

(=}

B = Z T e B M

Differentiatiﬁg (1) w.r.to p,we have

v



d ! 1 _ -1 n—x x n—x—1
a :chx[k(x—np)kf ) pq" +(x=np) (e p g™ + p* (n—2)g""" (=)

=-nky nc (x=np)” p*q"" + Y ne (x-np) pq"" [xg—(n-x)p]

x=0 x=0

n n X n—x

= —nanc x(x—np)kflpxq”_x +ch X(x—n p)k P 4 [X(P"‘CI)—”P]

d
= My = pq{ﬂ+ ”k:uk—l:|
dp

This 1s the recurrence relation for the moments of the Binomial
distribution

POISSON DISTRIBUTION
A Random variable X is said to follow poisson distribution if

its probability if its probability mass function is given by

efﬂlx

x!

Px)=P(X =x)= x=0,12...n

A - parameter of the distribution
NOTE:
e The number of trials is infinitely large . ie,n —



e P isthe probability of success in each trial. It is very small

® =1

29. Prove that poisson distribution is the limiting case of Binomial
distribution.
(or)

Poisson distribution is a limiting case of Binomial distribution under
the following conditions

(i) n,the no.of trials is indefinitely large , i.e, n -

(ii) p, the constant probability of success in each trial is very

small ,i.e p >0

e A A . .
(111) np = Aisinf inite or p="and q=1-=,Jis positive real
n n

Soln: If Xis binomial r.v with parameter n & p ,then
p(X =x)=nc p'q"",x=012,..n

n!

o’ A=-p"
_ n(n=D(n=2)..(n=(x=)(n- x)v(/ij*(l ij
(n—x)!x! n n

n(n=1(n=2)...(n—(x-1) (ij*(l_ij"(l_ij‘*
x! n n n
_ A n.n(l—ljn(l—zj ..... n(l— x_lj 1- jn(l—ir
n*x! n n n n
A (1—%(1—% ..... (1—’6—_1} (1—4)1 |
Cx! n n n n
Taking limit as n -« on both sides
lim p(X =x) = hm A (1—%(1—% ..... (1—’“_1j (1—% (1—%
e n n n n n
:—' lim (l—lj(l—gj ..... (1——) lim (1_&j Iim (l_ij_
n—ee n n n n—eo n n—oo n

zﬁa L) =2 o1
x!

et A
x!

Hence the proof.

~p(X =x)= , x=0,1,2,..... and it is poisson distbn.




30. Find the recurrence relation for the central moments of the
poisson distbn. and hence find the first three central moments .
Soln: The " order central moment g, is given by

w =EXx-X) = E(X —A)

Mx

) p(x)

(=]

0o -1

My = Z(x_ﬂ)k ¢

x=0 X '

SN

—————————— (M)

Diff. (1) w.r.to 2 we have
A _ Z[k(x—/i)k_l VA i S B ]}
= X!

-4 gx -1 qx-1
_kz LS ) T

X! x=0
k+1 e_l A
=—ku,_, + Z 1 by(1)
kgt + z:ukﬂ
S M = /1[ dl - } ______________ ()

which is the recurrence formula for the central moments of the poisson
distbn.

since u, =1 and u, =0
put k=11n (2)
d
My = /{Eﬂl + 1/‘1—1}
d
= /{E 0)+ l,uo}
My = A
put k=21n (2)
d
Mo = A{Eﬂz + 2/12—1}

d
= ﬂ{a A+ 2,“1}

= A(1+0)
=1



31.Prove that the sum of two independent poisson variates is a
poisson variate, while the difference is not a poisson variate.

Soln: Let X, and x, be independent r.v.s that follow poisson distbn.
with
Parameters 4, and 4, respectively.
Let x=X,+X,
p(X=n=pX, +X,=n)
= Zn:p[Xl =rlp[X, =n-r] sinceX, & X,areindependent
r=0
e h AT e A"
= (e

A" 1 nl _
=ehe” A — /R
= r! nl(n-r)

e nl. P
- . 1 2
nl ‘Trl(n—-r)!
e—(ﬂﬁrﬂg) n e—(lﬁﬁg)
_ r n—-r _ n
= ’ z.nc,/ll A7 = ' A4, +4,)
n D n!

This is poisson with parameter (4 +4,)
(i1) Difference is not poisson
Let x =X, -X,
E(X)=E[X,-X,]
=E(X))-E(X,)
=4 -4,
E(X2)=EI(X1 _Xz)zl
= E[Xl2 +X/° —2X1X2]
:E[X12]+E[Xzz]_ZE[Xl]E[Xz]
=(A°+ )+ (A7 +4,)-2(44,)
=4 -4+ +4,)
(A=A +(4 -4,
It is not poisson.

32. If X and Y are two independent poisson variates , show that the
conditional distbn. of X, given the value of X+Y is Binomial.
Soln: Let X and Y follow poisson with parameters 4, and 2,

respectively.



=rand X +Y = n]
p[X +Y = n]
_ p[X = r].p[X +Y = n]
B p[X +Y = n]

eh A e A"
! (n—r)!
MR+ 4"

n!

plX =r/X+Y =n]= plx

by independent

_n! e A e A
- -Al -4,
rin=r)te e ™. (4, +4,)"
ﬂ]r.ﬂzﬂ—r

AT (A A

2'1 ' 12 o ro_n-r
=nc, =nc,p q
A+ A, A +A,

where p=

and q= O
+ A, A+ A,

This is binomial distbn.

33. It is known that the probability of an item produced by a certain
machine will be defective is 0.05. If the produced items are sent to
the market in packets of 20, find the no. of packets containing atleast
,exactly,atmost 2 defectives in a consignment of 1000 packets using
poisson.
Soln: Give n=20,p=0.05 , N =1000
Mean A=np=1
Let X denote the no. of defectives.
et A et e
plx == 5

=—" x=0,1,2,...
x! x!

p[xZ 2]:1—p[x< 2]

=1-[p(x=0)+ p(x =1)]

-1 -1
:1{"—#”—} —1-2e" =0.2642
o 1

Therefore , out of 1000 packets , the no. of packets containing atleast 2

defectives
=N .plx >2]=1000%0.2642 = 264 packets



(i) plx=2]= % =0.18395

Out of 1000 packets,=N*p[x=2]=184 packets

(iii)
plx <2]= plx =01+ plx =11+ plx = 2]
-1 -1 -1
=L 42 4% 091975
0! 1! 21

For 1000 packets = 1000*0.91975=920 packets approximately.

34. The atoms of radio active element are randomly disintegrating. If
every gram of this element , on average, emits 3.9 alpha particles per
second, what is the probability during the next second the no. of
alpha particles emitted from 1 gram is

(i) atmost 6 (ii) atleast 2 (iii) atleast 3 and atmost 6 ?

Soln: Given 1=39

Let X denote the no. of alpha particles emitted
ODpxL6)=px=0)+px=D+p(x=2)+... + p(x=06)

-3.9 0 -3.9 1 -39 2 -3.9 6
_eB39)" 39 397 (3.9

0! 1! 2! 6!
=0.898

(i) pxz22)=1-p(x<?2)
=1-[p(x=0)+ p(x=1)]

-39 0 -39 1
:1_[e 39", e*(39)
0! 1!

=0.901

(iii) pB<x<L6)=p(x=3)+px=4)+p(x=5)+p(x=06)
-39 3 -39 4 -39 5 -39 6
_e 3.9 N e (3.9 N e 7 (3.9) N e (3.9
3! 4! 5! 6!
=0.645

35.The no. of monthly breakdowns of a computer is a r.v. having
poisson distbn with mean 1.8. Find the probability that this computer
will function for a month with only one breakdown.



-4 9x

Soln: p(x =x)=°*%
x'

, given A=1.8

6—148 (18)1
|

p(x=1)= =0.2975

36.A discrete r.v X has mgf M, (t) = €21 Find E(x), var(x) , and
p(x=0).
Soln: Given M, (t) = e2(e"~D
We know that mgf of poisson is M, (t) = e*(® 1)
Therefore  A=2
In poisson E(x) = var(x) =
- Mean E(x)=var (x)=2

-1 9x
p(x =x)=22
x!
-1 10
- p(X =0)=¢ ovﬂ =e*=¢7=0.1353

GEOMETRIC DISTRIBUTION
A discrete random variable X is said to follow geometric

distribution if its probability mass function is given by
PX=x)=q¢""'p, x=123......

Where X denotes the number of trials needed to obtain the first success.
P(X=1) = probability of success in first trial
P(X=2) = fail in first and success in second trial
P(X=3) = failin 1* and 2™ trial and success in third trial

MGEF of geometric distribution.

The pmf of geometric distribution is given by
Mgf M (1) =E(e™)=)e" p(x)

:ie,x ) qx_lzie,x b a* g
() g = o2l )

[e slge'f +(gerf + ]

>—M8
Q I“u
iMS

N I

X

»Q|"E



=P ge' [1+qe’ +(qe’)2 +]
q

= pe'(l—qe')fll—qe'
M (t)=1-ge'

Mean and Variance of Geometric distribution .

The pmf of Geometric distbn is given by
p(X=x)=pqg"" ,x=123,.....
Mean E(x)szp(x)

=>xpq T =py x g
x=1 x=1

zp[qu +2¢™" v—|—3q3’1 +..... ]
:p[1+2q +3¢° +..... ]zp[l—q]2

—ppi=pt=t
p
Mean =+
p
E[x2]=2x2p(x)
:i.xlpqxfl
x=1

=S (e +1)-x]pg™

x=1

= ix(x+ Dpg*' - iwqx’l
x=1 x=1

=10+Dp qH + 2(2+1)pc]2’1 +3(3+1)pq371 +

Variance =E(x*) - [E)]



37. Establish the memoryless property of geometric distbn.

Soln: If X is a discrete r.v. following a geometric distbn.
ApX=x)=pg"  ,x=12,.
p(x>k)= Y pg"

x=k+1

:p[qk +q"M g+ ]

=pg‘litgra® +..]=pata-9"
=pq'p’=q"
Now
p[x>m+n/x>m]= p[x>m+n and x>m]
p[x>m]

=p[x>m+n]=q m :qn:p[x>n]
plx>m] ¢

o plx>m+n/x>m] =plx>n]
38. If x,.x, be independent r.v. each having geometric distbn

pq" k=0,12,...
Show that th conditional distribution of X, given X, +Xx, is

Uniform distbn.

Soln:



]:p[Xl:rand X, +X,=n|
p[X1+X2=n]
_ p[Xlzr and Xzzn—r]

i“p[X1 =s and X, =n—s]

s=0

= plX, = rlplX, =n—r] by independent

> plx, =shplx, =n-s]

s=0

_d'pd”p 4" 11, F=012,..n
s es n n+
24 pdp D4
s=0 5=0

(ie) p[X,=r/X,+ X, =n] :Ll , this is uniform distbn
n+

p[Xl =r/X,+X,=n

39. Suppose that a trainee soldier shoots a target in an independent
fashion. If the probability That the target is shot on any one shot is
0.7.
(i) What is the probability that the target would be hit in 10 th
attempt?
(ii) What is the probability that it takes him less than 4 shots?
(iii) What is the probability that it takes him an even no. of
shots?

(iv) What is the average no. of shots needed to hit the target?

Soln: Let X denote the no. of shots needed to hit the target and X
follows geometric
distribution with pmf  p[x =x]=pg*" , x=12....
Given p=0.7 ,and gq=1-p=0.3
0 plx=10]=(0.7)(0.3)"" =0.0000138

(ii)
plx<4]l= px=1)+ p(x=2)+ p(x=3)
=(0.7)(0.3)"™" +(0.7)(0.3)> +(0.7)(0.3)*"
=0.973
(111)
p[xis aneven number] =px=2)+px=4)+........
=(0.7)(0.3)*" +(0.7)(0.3)* " +.....
= (07031 +(03)? +(0.3)*......]



= 0.21[1+ ((0.3)2)+(0.3)) +....... J

=0.21[1-0.3)2]" = 0.21)(0.91)"
2021603
0.91

Average no. of shots =E(X)= L 0L7 =1.4286

(iv) P
CONTINUOUS DISTRIBUTION
UNIFORM DISTRIBUTION

A random variable X is said to have uniform distribution if its
1
fx)=<b-a ’

0 , otherwise

a<x<b

probability density function is given by

Where a and b are parameters.

40.Find the MGF of triangular distribution whose density function is
x, 0O0<x<l1

. 2—x,1<x<?2 . .
given by f(x) = .Hence its mean and variance.

0, elsehwere

Solution:

(o]

My ()= E(etxj o

1 2

z.[etxxdx+fetx(2—x)dx
0 1
L 1x 12
e e e e
ol Erara T et ey
B o B
t t 2t t t
e e 1 e e e



expanding the above in powers of t, we get

2 3 4
4¢ 8t 16t
1+2t+7+—+—+...

2t 2t+1 1 3! 4!
e — Ze
MyO=—"F—=7 > 3 4
t t t t t
2A1+t+—+—+—+.|—-1
20 3 4

2 4
1 [Zr 6t3 14¢ J
= —t—t——+ ...
t2 2! 3! 4!

3

7t t
=l+t+—+—+...

12 4

Mean = E(X) = (coefficient of t) 1! =1
E(X?) = ( coefficient of t)2! =~

Variance = E(Xz) - E(X)2 = é

41.Show that for the uniform distribution 7(x)= zi ,—a<x<a,the
a

mgf about origin is S

at

Soln: Given f(x)zzL ,—a<x<a
a

MGF um (1) = E|e"]

:_J;e’xf(x)dx: je’xz—ladx

—a

1 e”“dx:L ¢
2a °, 2a| t |,
1

a 2at
sinh at

sinh at

[e“’ —e ] =L ginn at =
2at at

M. (1) =

at
42.The number of personel computer (pc) sold daily at a computer
world is uniformly distributed with a minimum of 2000 pc and a
maximum of 5000 pc. Find
(1) The probability that daily sales will fall between 2500 and
3000 pc
(2)What is the probability that the computer world will sell

atleast 4000 pc’s?



(3) What is the probability that the computer world will sell
exactly 2500 pc’s?

Soln: Let X~U(a, b), then the pdf is given by
Fly=—"
b—a
_ 1
5000 —2000
1
73000

,a<x<b

2000 < x < 5000

2000 < x < 5000

(1

p[2500 < x < 3000]= [ f(x)dx

2500

3000 1 000

=) 300047 30100 [x LOO

2500

- [3000 - 2500] = 0.166
3000

(2)
5000
plx>4000]= [ f(odx
4000

5000
1 000

1
- 3000 dx = 3000 [X ]:000

4000

=L 5000 4000] = 0.333
3000

(3)  plx=2500]=0, (i.e) it is particular point ,the value is zero.

43. Starting at 5.00 am every half an hour there is a flight from San
Fransisco airport to Losangles .Suppose that none of three planes is
completely sold out and that they always have room for passengers .
A person who wants to fly to Losangles arrive at a random time
between 8.45 am and 9.45 am. Find the probability that she waits
(a)Atmost 10 min (b) atleast 15 min

Soln: Let X be the uniform r.v. over the interval (0,60)

Then the pdf is given by



1
b—a

1
=— , 0O<x<60
60

(a) The passengers will have to wait less than 10 min. if she arrives at

,a<x<b

f(x)=

the airport
=p(5<x<15+ pB5<x<45)

35
= ol ol

(b)The probability that she has to wait atleast 15 min.
= p(I5<x<30)+ p(45 < x <60)

60 60

15 45
i e B
1

EXPONENTIAL DISTRIBUTION
A continuous random variable X is said to follow an
exponential with parameter 1> 0 if its probability function is given by
f(x)—{ﬂe_h ,x>0

0 , otherwise

44. Define exponential density function and find mean and variance
of the same.

Soln: The density function of exponential distribution is given by
1. fx)=Ae ™, x>0



Mean :E[x]: Txf(x)dx

= ]:xle"}“ dx = ﬂ]ixe"“ dx
0 0

G s

E[xz]: szf(x)dx
= sz/ie_’“ dx = lifxz e dx
0 0

_2 —x’e™ 3 2xe ™™ 3 2e™ |
A A 2,

#[(0—0—0)—(0—0—%}}:,{%j:%
p; Z)" 2

Variance = E(x2 )— [E0]

_3_(1J2_3_L_L
A2 A Y L

45.Suppose that the duration ‘X’ in minutes of long distance calls

X

from your home, follows exponential law with p.d.f 7(x) :% e 2, x>0.
Find p(X > 5), p(3<X<6),mean and variance.
Solution:
(1) p(x >5) = Tf(x) dx = Té e_gdx = —e_g = e_l (11)

5 5
5



¢ ¢ 75 3
p(3<X<6)=If(x)dx=jge dx=|—-e =—e
3 3

E(X)= Ixf(x) dx = 'fl xe de
0 05

:%(0+25)=5

E(X2): .[xzf(x) dx = jl xze de
0 05

X X

-
=% —-X e 55—2xe 525+2€

X
3125

=%(0+250)= 50

2 2
E(X j—E(X) =50—25 =125

(111)

@iv)

Variance =

46.Establish the memoryless property of exponential distbn.

Soln: If X is exponentially distributed , then
p[x >s+1/x> s] = p[x > t] foranys,t >0

The pdf of exponential distbn is given by

Ade ™ , x>0

0 , otherwise

f(X)={

px>k) = [ f(x)dx

oo A 1
= J./ie”b“ dx = l[e—}
iy )

k

=Jo-et]ze — e M)



p[x>s+t/x>s]: p[x>s+tand x>s]

p[x > S]
>S4t —A(s+t) ~
_ p[;[xis] Lee_k e = plesi]

plx>s+t/x>s|=plx>t] foranys,t>0

47. The time (in hours) required to repair a machine is exponentially
distributed with parameter /- % .

(a)What is the probability that the repair time exceeds 2 hrs ?
(b)What is the conditional probability that a repair takes atleast
11 hrs given  that Its direction exceeds 8 hrs ?

Soln: If X represents the time to repair the machine, the density
function

Of X 1is given by

fx)=Ae™ , x>0

:lei% x>0
2

(a)

p(x>2) :Tf(x)dx :Tle_ﬂ“ dx

2 2

zfle%dle ¢

22 2| _1
21,

=Jo-e"]=03679

p[lel/x>8]:p[x>3]

:Tf(x)dx :Tﬂe_}“ dx

oo

ot i 2

:jlez P
32 2| _1
215

3 3
:—[O—e 2}:e 2 =0.2231



48. The time (in hours) required to repair a machine is exponentially
distributed with parameter .- % .

(a)What is the probability that the repair time exceeds 2 hrs ?
(b)What is the conditional probability that a repair takes atleast
11 hrs given  that Its direction exceeds 8 hrs ?

Soln: If X represents the time to repair the machine, the density

function
Of X 1is given by
fx)=Ae™ , x>0

zlei% x>0
2

(a)

p(x>2)= Tf(x)dx = Tﬂe*‘x dx

oo

=Jo-e"]=0.3679
plx>11/x>8]= p[x >3]

= Tf(x)dx = Tﬂe"‘” dx

3 3
:—|:O—€ 2:|=€ 2 =0.2231

GAMMA DISTRIBUTION
A continuous random variable X having the following

density function is said to follow gamma distribution with parameters 2
and k
/'kak—le—ix

, kbA>0,0<x<o
l—‘k

fo)=



49.1n a certain city the daily consumption of electric power in millions
of kilowatt hrs can be treated as central gamma distbn with

A= % k =3. If the power plant has a daily capacity of 12 million
kilowatt hours . What is the probability that the power supply will
be inadequate on any given day.

Soln: Let X be the daily consumption of electric power
Then the density function of X is given by

lkxk—le—ﬂ.x
X)=———7——
f(x) T
3 X X
BESNALS
2 8
B I, B 21
)Cze_E
16

p[ the power supply is inadequate]=p[x>12]

X

IS w 2 75
=1J;f(x)dx:jx1€6 dx

12

oo X

= [x% 2 dx
165

= i —2x% 2 —8xe 2 —16e¢ 2
16 "

=0.0625

50. The daily concemption of milk in a city in excess of 20,000 litres is

approximately distributed as an Gamma distbn with parameter

A= ﬁ, k=2 . The city has a daily stock of 30,000 litres. What is the

probability that the stock is insufficient on a particular day.

Soln: Let X be the daily consumption ,so ,the r.v. Y=X-20000.



Then

fy(y)=—/1ky;:e ’
1Y L, ,
_[looooj YOy
T, (10000)> 1!
ye_m
(10000)°

pl insufficient stock]=p[X>30000]
=p[Y>10000]

[Y >10000] T f(y)d T Y o d
plY > = y)dy = y
10000 10000 (1 0000)2

1
(10000)>

hod _y
J' ye 10000 gy
3

=2e¢™" | By substitutionmethod , put t = Y
10000

=0.7357

NORMAL DISTRIBUTION

A continuous random variable X with parameters p and ¢ is said to
follow a normal distribution if its probability density function is given by

_(x-w)?
e 202 -wo<x<w,0>0

X 1s called normal random variable.

Note:

1. 1.Since the normal distribution is used frequently in statistics , a
special notation is used for it.



The notation X ~N(u , 62) means X is normally distributed with

mean u and variance o2,

2. The graph of the normal distribution is called the normal curve . It
is a bell shaped curve symmetric about x = .

3. In the Binomial distribution with parameters n and p , when n is
very large and p is nearly 1/2 the binomial approaches normal. We
shall now prove that the parameters p and o¢?2 are the mean and
variance of the normal distribution.

Standard Normal Distribution

Let X ~N(u,d?) . Since X is a continuous random variable ,

X2 X 1 _(x_ﬂ)z
_ — - 2 _
p(xl<X<x2)—jf(x)dx—I ame 204 [ -00< X<
X1 Xi

The area j¢(z)dz 1s computed for different values of z and the area

table is constructed , which can be used to compute the probabilities

22 Z
" plz,<Z< z)= [p()dz - [P(2)dz

2
P(X < x)=P(Z<z) = [#(x)dz

= 0.5+ Jotdz ifz>0

%
=0.5- J.(,/i(z)dz ifz; <0

because area left of z=0 is 0.5 and the area right of z=01s0.5.



Area Property

P(u-o<X<pu+o0)=P(-1<Z<1) =0.6826

P(u-20 <X <u+20)=P(-2<Z<2) =0.9545

P(u-3c <X <pu+30)=P(-3<Z<3) =0.9973

Therefore , outside the interval (u - 36, u + 30) the area is 0.0027. This
property forms the basis for the entire large sample theory.

Normal Distribution Problems

51. X is a normal variate with mean 30 and SD 5. Find the
probabilities that (i) 26< X < 40 (i) X>5 (i) [ X —30| >5

Solution : Given u=30 ,6=5

We know that , Z = %

(i) When X=26, Z=2220_

-0.8
2

40-30

When X =40, Z =

P(26< X < 40) = P(-0.8< Z < 2)
= P(-0.8< Z < 0)+ P(0< Z < 2)
= P(0< Z < 0.8) +P(0< Z < 2)
=0.2881 + 0.4772
=0.7653

45-30

(ii) When X=45 ,Z = 3

P(X> 45) =P(Z>3)



=0.5-P(0< Z < 3)
=0.5 - 0.4987
=0.0013

(iii) P (|1X — 30| £ 5)=P(25< X < 35)

25-30

When X =25, Z= . -1
When X =35, z=230_
=P-1<Z<1)
=2P(0< Z < 1)
=2 X 0.3413
= 0.6826
“P(X—=30/>5=1-P(|X—30|<5)
=1-0.6826
=0.3174

52. The savings bank account of a customer showed an average balance of
Rs.1500 and a standard deviation of Rs.50. Assuming that the account

balance are normally distributed.

1. What percentage of account is over Rs. 2007?
2. What percentage of account is between Rs. 120 and Rs. 1707?
3. What percentage of account is less than Rs.75?

Solution:

Given 4 = 150, o0 =50
1. P(X= 200)
X—u

We know that , Z = —

When X=200, 7 =22"10_230_
50 50
P(X= 200) =P(Z>1)
=05-P0<Z<1)

=0.5-0.3413




=0.1587
Percentage of account is over Rs.200 is 15.87%

2. P(120 < X < 170)
When X= 120, 7 =20-1%0

50
170-150

50

=-0.6

When X =170, Z = =04

P(120< X < 170) = P(-0.6<Z < 0.4)
= P(-0.6<Z<0)+P(0<Z<04)
= P0<Z2<0.6)+P0<Z<04)
=0.2257 + 0.1554
=0.3811
Percentage of account is between Rs.120 and Rs. 170 is 38.11%
3. PX<75)
When X=75,Z= 22 =-15
P(X< 75) =P(Z< —1.5)
=0.5-P(0< Z < 1.5)
=0.5-0.4332

=0.0668
Percentage of account is less than Rs.75 is 6.68%




UNIT - 11
TWO DIMENSIONAL RANDOM VARIABLES
DEFINITON:

Let S be the sample space of a random experiment. Let X
& Y be two random variable defined on S then the pair (X,Y) is
called two dimensional random variable.

TWO DIMENSIONAL DISCRETE RANDOM VARIABLE

If the possible values of (X,Y) are countable then (X,Y) is
called a two dimensional discrete random variable.

It can be represented as (x.y,) wherei=123.. . n

j=123...n
TWO DIMENSIONAL CONTINUOUS RANDOM VARIABLE

If (X,Y) can takes all the values in certain interval then
(X,Y) is called two dimensional continuous random variable.

JOINT PROBABILITY MASS FUNCTION
If (X,Y) is a two dimensional discrete random variable
such that P(x,,y)=P(X =x,Y=y,)=P, 18 called the joint probability

function or joint probability mass function of (X,Y) provided the
following conditions are satisfied.

i) P;20,Viand j

DDNAS




X3 Ps; P, P33 P34
X4 P4y Py, Pys Py

MARGINAL PROBABILITY MASS FUNCTION OF X

Py (x;) = P(X =x;)
=P[X=x,Y=y]+P[X=x,Y=y,]+...+P[X=x,,Y =y, 1]

=PatPoptetDy,

oo

=ip,-j = p(x,.y,)=p.
=l

J=1

MARGINAL PROBABILITY MASS FUNCTION OF Y

Py(yj):P(Y:yj)
=P[X :xl,Y:yj]+P[X :xz,Y:yj]+....+P[X =x,,Y= yj]

=D+ Pyttt D,

n

=Z:,p,~j = p(x,.y,)=p.,;
<

J=1

CONDITIONAL PROBABILITY OF X GIVEN Y

P{X=x, &Y=y}
PY =y,

P{IX=x1Y=y,}=

p(x/y):M

P(y)
CONDITIONAL PROBABILITY OF Y GIVEN X

P{X=x, &Y=y}

P =y X = = )

P(x,y)

P(y/x) = Plx)

INDEPENDENT RANDOM VARIABLES



Two R.V’s X and Y are said to be independent if
P(x,y)=P(x)® P(y)

TWO DIMENSIONAL CONTINUOUS RANDOM VARIABLE
JOINT PROBABILITY DENSITY FUNCTION

A joint probability density of the two dimensional random
variable (X,Y) is denoted by f(x,y) and it satisfies the following
conditions.

i) f(xy)20

ii) T ]:f(x, y)dxdy=1

—oo—00

MARGINAL DENSITY FUNCTIONOF X &Y

f@)= [ fxydy

F) = [ fOxy)dx

CONDITIONAL DENSITY OF X GIVEN Y

_ Sy
F )

CONDITIONAL DENSITY OF Y GIVEN X

fxly)

fxy)
/ =
f(y/x) I

INDEPENDENT RANDOM VARIABLES

Two R.V’s X and Y are said to be independent if
Jy)=fxefy)

CUMULATIVE DISTRIBUTION FUNCTION

F(x,y)= j If (x, y)dxdy

—oco—00



Properties of joint distribution of (x,v) are

(i) Fl=o0,y]=0=F|[x,—oo]and F|-oo,o0]=1

(ii) Pla< X <b,Y<y|=F(b,y)-Fl(a,y)

(iii) P[X <x,c<Y <d|=F[x,d]-F[x,c]

(iv)Pla<X <b,c<Y<d|=F|b,d]-Fla,d]-Flp,c]+Fla,c]
(

2
F
3 =f(x,y)

v) At point s of continuity of f(x,y),

PROBLEMS

1.Three balls are drawn at random without replacement from a
box containing 2 white, 3 red and 4 black balls. If x denotes the
number of white balls drawn and v denotes the number of red

balls drawn, find the joint probability distribution of (x,v).

Solution:

As there are only 2 white balls in the box, x can take the
values 0, 1 and 2 and v can take the values O, 1, 2 and 3 since
there are only 3 red balls.

P[X =0.,Y :O] = P[drawing 3balls none of whichis white or red]

4
= P[all threeballs drawn areblack] L 1

Oc, 21
4
P[X =0, Y:I] = P[drawing 3balls1red and 2black ] = e xde, = 3
Oc, 14
4
P[X =0, Y:2] = P[dmwing 3balls2red and1black ] = % = %
Cs
. 3¢, 1
P[X =0, Y=3] = P[drawmg?)red balls] =—=—
9c, 84
2¢, x4
P[X =1, Y:O] = P[dmwinglwhiteZblack ] = % = %
C3

2 4
P[X =1, Yzl] = P[drawing 1whitelred and1black ] = % = %
Cs



P[X =1, Y=2] = P[drawinglwhitleed ] = 26,36 = i
9c, 14

P[x=1,v=3]=0 [ since only 3 balls are drawn |

P[X =2, Y=0]= Pldrawing 2 white1black | = 2e, x4, _ L
9c, 21
2
P[X =2, Y:I] = P[dmwing 2 white and1red balls ] = %361 = %
Cs

P[x=2,v=2]=0 [ since only 3 balls are drawn |

P[x=2,¥=3]=0 [ since only 3 balls are drawn ]

The joint probability distribution of (x,yY) may be
represented in the form

of atable as given below

Y 0 1 2 3
X

0 1 3 1 1
21 14 7 84

1 1 2 1 0
7 7 14

2 1 1 0 0
21 28

2. The joint probability mass function of (x.v) is given by
plx,y)=k(@2x+3y), x=0,1,2, y=1,2,3. Find all the marginal and
conditional probability distributions. Also find the
probability distribution of x +v .

Solution:

The joint probability distribution of (x,y) is given below



X
0 3k 6k Ok
1 Sk 8k 11k
2 7k 10k | 13k

Since p(x,y) is a probability mass function, we

have
> > plx,y)=1
3k +6k +9k + 5k +8k +11k + Tk +10k +13k = 1
72k =1

Marginal probability distribution of x

P[X =0] = 3k + 6k +9k =18k = 18_1
72 4

P[X =1] = 5k +8k +11k = 24k = 24 _1
72 3

P[X =0] = 7Tk +10k +13k = 30k = 0 _5
72 12

Marginal probability distribution of vy

Ply =1] = 3k +5k+7k = 15k = > = >
72 24
P[Y:2]=6k+8k+10k:24k=ﬁ=l
72 3

33 11

Py =3]= 9%k +11k +13k = 33k = == =
72 24



Conditional distribution of x given y=1

Plx=0,v=1] 3k 3 1

Plx=0/y=1]=2="-1=1_ % > _1
| fr=1 Ply =1] 15 15 5
plx=iy=i]< FX=LY=1]_Sk _5 1
Ply =1] 15 15 3
Plx=2/y=1]= Plx=2,v=1] 7k 7

Plr=1] 15k 15

Conditional distribution of x given y=2

Plx=0,v=2] 6k _6

1
Pl =2] 24k 24 4

P[x=0/y=2]=

Plx=1,v=2] 8k 8

Ply =2] 24k 24 3

Plx=1/y=2]=

Plx=2,vY=2] 10k _5
Ply =2] 24k 12

Plx=2/y=2]=

Conditional distribution of x given y=3

P[X:O/Y=3]:P[X=O’Y=3]: Kk 9 _3
Ply =3] 33k 33 11

P =1/y=3]= Plx=1,Y=3] 11k _11 _1
Ply =3] 33k 33 3

Plx=2/7=3]= Plx=2,v=3] 13k _13

Ply =3] 33k 33
Conditional distribution of y given x =0

P[Y:1/X:0]:M_i_i:

1
P[x=0] 18k 18 6

Plx=0,vy=2] 6k _6 _1

Plr=2/x=0]= P[x=0] 18 18 3



P[X=O,Y=3]_&_ 9 1

Flr=3/x=0]= Plx=0] 18 18 2

Conditional distribution of v given x =1

Plx=1,v=1] 5k 5

Plr=1/x=1]= = -2
r=1/x=1] P[x =1] 24k 24
P[Y:2/X:1]:P[X:1’Y:2]: 8 _8 1

P[x =1] 24k 24 3
Plr=3/x=1]= Plx=1,v=3] 11k _11

Plx=1] 24k 24

Conditional distribution of y given x =2

Plx=2,v=1] 7k 7

Ply=1/x=2]= - -
=1/ ] P[x =2] 30k 30
Ply=2/x=2]= Plx=2,v=2] 10k _10 _1
Plx =2] 30k 30 3
Ply=3/x=2]= Plx=2.v=3] _13% _13

P[x =2] 30k 30

Probability distribution of (x +Y)

X+Y ?
3
1 po1:3k:5
2 p02+p11:6k+5k=11k:£
72
3 p03+p12+p21 :9k+8k+7k:24k:%
21
72
13
S Py =13k =

3. Let x and v be integer valued random variables with

P[sz,Y:n]:q2 p"t 7 n,m=1,2,.......... and p+qg=1. Are X andy

independent?



The marginal pmf of x is

p(x):ZqZ p m+n-2 — ZqZ pmfl pnfl =q2 p m—1 anfl
n=1 n=1 n=1
=q¢’p"”" [1+p+p2+p3+ ......... ]:qu’"*l(l—p)’1
:q2 pmfl q*lqu m—1
The marginal pmf of vis
p(y):ZqZ p m+n—2 — ZqZ pmfl pnfl =q2 p n—1 mefl
m=1 m=1 m =1
=¢g’p"”! [1+p+p2+p3+ ......... ]:qu"fl(l—p)f1
:q2pn71q lqu -1

p(X)p(y)=gp" " .qp"'=¢> p""?=P[X=m Y=n]
Therefore x andy are independent random variables.
4. The joint distribution of (x,v) where x and y are discrete is

given in the

following table

Y 0 1 2
X
0 0.1 0.04 0.06
1 0.2 0.08 0.12
2 0.2 0.08 0.12

Verify whether x and y are independent

Solution:
Marginal distribution of x is



P[X =0]=0.1+0.04+0.06 = 0.2
P[X =1]=0.2+0.08+0.12 = 0.4
P[X =2]=0.2+0.08+0.12=0.4
Marginal distribution of v is
PlY=0]=0.1+02+02=0.5
P[Y=1] = 0.04+0.08+0.08 = 0.2

PlY=2]=0.06+0.12+0.12 = 0.3

x and v are independent if P[x =i|xP[r=j]=P[x =i, Y=j] for all i
and ;

(ie) We have to show that
P[X =0]x P[Y =0]= 0.2X0.5=0.1 ===m=mmmmmmmmmmmn-- 1)
P[X=0,Y=0]0.1  =seeeceecccccccceeeeeccceeea- )
From (1) and (2), we have
P[X =0]xP[y=0]=P[X =0, Y =0]

P[X =0]xP[Y=1]=0.2x 0.2 =0.04 =P[X =0, Y =1]
P[X =0]xP[Y =2] =0.2x 0.3 =0.06 =P[X =0 , Y =2]

P[X =1]xP[Y=0]=0.4x 0.5 =02 =P[X =1, Y=0]
P[X =1]xP[r =1]=0.4x 0.2 =0.08 =P[X =1, Y =1]
P[X =1]xP[Y=2]=0.4x 03 =0.12=P[X =1, Y =2]
P[X =2]xP[Y=0] =0.4x 0.5=02 =P[X =2, Y =0]
P[X =2]xP[y=1]=0.4x 02 =0.08 =P[X =2, Y =1]
P[X =2]xP[y=2]=0.4x03=0.12=P[X =2, Y=2]

Therefore for all iand j, P[x=i[xP[y=j]=P[X=i,Y=]



Hence, the random variables x and v are independent.
5. The joint probability density function of the random variable

(x.v) is given by f(x,y)=kxye =) x>0,y>0. Find the value of k.
Solution:

Given f£(x,y)is the joint pdf , we have

”f(x,y)dxdyzl

pllt x> =t
[[rxye ) avay=1 dxdx=di
00
T -2 —y? dt
k II xye " e dxdy=1 xdx=—
00
k Iye "yz{jxe_x2 dx}dy =1
0 0
when x=0,t=0and when x=oo ,t =co
k J‘ye_"’z["‘ e %}dy =1
0 0
kS a0
E_([ye ’ (_e )od)’:l
g ,[ye”'z(0+l)dy =1 put y>=;
0
ke _dt
5!6 5 7! 2ydy=dt
ki(_ Yy dt
Z(e )o =1 ydy=3
k
—(0+1)=1
Lo+

when y=0,t=0and when y=oco t =00

=1

IS



Therefore, the value of « is «=4.

6. The joint pdf of the random variable (x.v) is
(. y)= k(x+y),0<x<2;0<y<?2
Flxy)= 0 ,otherwise

. Find the value of « .

Solution:

Given f£(x,y)is the joint pdf , we have

J . y)dxdy=1

S Gy 10

2
jk(x+ y)dxdy=1
0

ki[(%}: + y(X)é] dy =

k[[2-0)+y(2-0)lay=1

0

k| (2+2y)dy=1

klz(y)§+2[y—;j:] =1

k[2(2-0)+(4-0)]=1

O C— 1O

8k =1

k=

0 | —

7. The joint pdf of the random variable (x.v) is

cxy ,0<x<2;0<y<2
sl .

, Find the value of ¢ .
0 ,otherwise

Solution:

Given f(x,y)1s the joint pdf , we have



0[4—0]:1 = 4dc=1= C:i
Therefore the value of ¢ is czi.

8. If two random variables x «nd Yy have probability density
function
f(x,y)=k(2x+y) for 0<x<2 and 0<y<3. Evaluate k.

Solution:
Given f(x,y)is the joint pdf , we have

J . y)dxdy=1

O ey

2
jk 2x+y)dxdy=1
0



k[12+9]=1 = 21k=1 :>k=%

9. If the function f(x,y)=c(1-x)(1-y).0<x<l, 0<y<1is to be a density
function, find the value of c.

Solution:
Given f(x,y)1s the joint pdf , we have

[[ £, y)dxdy=1

|

C(l—x)(l—y)dxdyzl

S — —

11
cj_[(l—x—y+xy)dxdy=l
00

cj[m;—[%j;—y(xm[%j]dy .

Therefore the value of cis c=4

10. The joint pdf of a two dimensional random variable (x,v) is

2

given by f(x,y)zxyz+%,OSxS2;OSySl. Compute (1) P[x>1] (2)



p{kﬂ (3)P[X>1/Y<ﬂ @) P{Y<; /X>1} (5) p[x<v] and (6) P[x +v<I]

Solution:
(1) Plx>1]= ”( Xy 4 Jd dy = j[ x—;jj+é(x—;j]dy
j{ 8 1}@ J.:%y2+%}dy

;(y?j AV A L B L

, 24 2 24 2 24 24




24\ 2 16 48 24
S
}:%:é
271 T
4

24 _ 3
P[x >1] 19 19
24

+—[y—4jlo :i(1—0)+i(1—0) L,

1_s3

T10 96 480



=%i(y2—2y3+y4)dy+i0(l—y)zdy
1_ 3\! 4! s\! 1 (1_ )4
s BEGEEIE =
=%}(1—0)+%(1—0)+%(1—0)} - %(0—1)

1[1 1 1} 1 1 1 13

=—|-——F—|t—=—+—=—
213 2 5] 96 60 96 480
11. Find the marginal density functions of x andy if
f(x,y):§(2x+5y),0SxS1,0SyS1 .

Solution:

Marginal density of x is

Fio ()= f(x.y)dy

:%j(2x+5y)dy = %[Zx(y); +5[y72] ]

0

:g{2x+§} :ix+l , 0<x<1
5 2] 5

Marginal density of v is

fr 0)=[ f(x,y)dx




12. The joint pdf of a two dimensional random variable (x,v) is
given by f(x,y)=k(x’y+xy*) ,0sx<2;0<y<2. Find the value of  and
marginal and conditional density functions.

Solution:

Given f(x,y) is the joint pdf, we have

JJ£Ge.y)axdy =1

k_ﬁ x ‘y+xy’ dxdy =1
00

) (2]

k[ (ay+2y")dy=1

0

) 2 4 2
ka2 | +2| 2| |=1

2 0 4 0
k[8+8]=1 = 16k=1

k=t
16

Therefore, flx,y)= %(}f y+x yS);OSxS2,OSyS2
Marginal density of x is

x)=[ f(x,y) dy:f%(ﬁyﬂf)dy

=%[x3(y—22I+x(yT4I] 116[23(4 0)+ 4(16—0)}

X +2x

—Lx +ad]= ,0<x<2
16



Marginal density of v is

Conditional density of x given v is

1 3 3
fly) 1gW )

) fay) _ 8 yl+n?)
fX/Y( /y) fY(y)

y3+2y 16 y(y2+2)
8

(x3 +xy2)

fx/y(x/Y)= m , 0<x<2

Conditional density of v given x is

1
flxy) _ 16(x y+o') _ 8 x(x?y+y?)
fy () X’ +2x 16 x(x2+2)
8

Tyx (y/x) =

2 3
Jyix (Y/x) = (axxyz%y) ;0€y<2.

13.If X ana v have joint pdf f(x,y):{x-i_y 0<x<l.0<y<l check

0 ;otherwise
whether xand v are independent.
)= f(x,y)dy

1 2\!
J. x+y dy —x + R :x+l,0<x<l
0 2 ), 2

)= £(x. )



2

1 1
zj(x+y)dx =X +y(x):):y+l,0<y<1
0 2 ), 2

Fe5, )= x5 ) 33 Jrar e 3 drye 5.

Therefore, X and v are not independent variables.

~(x+)
14. Given the joint pdf of (x.r) f(x,y)z{e 2>0.v>0 'pind the
0 ,elsewhere
marginal densities of x and v. Are x and v independent?
Solution:

Marginal density of x is

fre () =] fx,y) dy

oo

=Te_" e'dy=e" Te_y dy=e" (—e_y)o
0 0

=—e " (0-1)=e" ,x>0
Marginal density of v is

Fr () =] £ (x,y) dx

oo
oo

=Ie‘x e dx=e"’ J‘e_" dx=e"’ (—e‘x )0
0

=—e (0-1)=e™ ,y>0
Sx (x)-fy(y) =e e = e_(x+y)=fxy(xs)’)

Therefore x and y are independent.

0 ,otherwise

15. Given the joint pdf of (x,v) as f(x,y):{gxy HO<x<y<l . Find the

marginal and conditional probability density functions of x and v
Are x and v are independent?



Solution: = Marginal density of x is
Jf X, y dy= J.8xydy 8xJ.ydy Sx[ 2 l

=4x(1-x?), 0<x<1

Marginal density of v is
_ _y _ y _ ﬁ Y
)—If(x,y)dx-}{Sxydx-8y£xdx-8y[ 5 ]0

= 4y(y2 —0): 4y3 R 0<y<1
fx(x)'fy()’):4x(1_x2)-4y3inyifXY(xey)
Therefore x and v are not independent.

Conditional density of x given vis

flry) _8xy _2x
fX/Y(x/ ) fy( ) 4y3 - y2 ,0<X<y
Conditional density of v given x is

floy) _ 8xy 2y
fX(x) 4x(1—x2) 1-x*

fy/x (y/x) =

, x<y<l1

0 ;otherwise

fx(x) ) £y (y/x) and (4) £,(y).

16. Given fXY(x,y)={"x(x‘y);°<x<2""<y<x.(1) Evaluate ¢, find (2)

Solution:(1) Given f(x,y) is the joint pdf, we have

JJ£Ge.y)axdy =1

ijx —Xxy dydx =1
0-x



2 2 472
CJ. 2x%— dle :2cjlx3 dx=1 = 2c X =1
0 4 0

0

%[16—0]=1 —8c=1 ==

o0 | =

Therefore ’ f(x,y):%(x2 —xy) ;0<x<2,—x<y<x

e [ %[xz or o2 }

8
W)y my) e
O T
4
@) 1,00 =] flx,y) dx

2

%I(xz—xy)dx in —2<y<0

2

éj.(xz—xy)dx in 0<y<2

o0 | —
TN
u.)|><w
N
| (5]
=
|
<
TN
l\)|><,\)
[N N—
| S
=
[
S
|
[\ 9]
AN
<
AN
(en)

— | =y|— in 0<y<2
3 y 2 y

|



11 y .

—| =8+ )-Z4—y? -2<y<0
ilaber gl a2

l[1(8—)13)—X(4—yz)} in 0<y<2

813 2

1 vy 5

2= in —-2<y<0
BENERTH g

1y [

Sl AT in 0<y<2

3 4 487 Y

17. Suppose the pdf 7(x,y) of (x,r) is given by

6 2\
f(x,y) ={§(x+y J0<xs1,0 =Y=l_Obtain the marginal pdf of x, the

0 ;otherwise
conditional pdf of v given x=0.8 and then E[r/x=0.38].

Solution: Marginal density of x is

Fr@) =] £(x,y) dy=jg(X+ v )dy

:g[x(y)g+(y?jj = g{x+§} , 0<x<1
Conditional density of v given x =0.8is

6( .

. _f(x,y)_g(ﬁy) x+y’
Fux (v/x) = 7 ) _6[x+lj !
5 3

0.8+y>  3[0.8+y?]
fY/X:(LS = 1 = 34
0.8+§ )

E[Y/X =x]=[y fyx (y/x)dy



1 2 1 2\! 4!
x+y 1 5 3 y y
= dy = xy+y’)dy = x| — | +| —
fy r|” lf(yy)y 3x+1!(20 4 ),

Ol x+- x+— 0

3 3
3 {£+l}_3(2x+1)
3x+112 4] 4(3x+1)

3[2(0.8)+1] 7.8

= =0.5735
4[3(0.8)+1] 13.6

Ely/x =08]=

18.If x and vy are random variables having the joint density
function f(x,y)z%(6—x—y),0<x<2,2<y<4 , find Plx+v<3].

Solution:
P[X +Y<3]=“f(x,y)dxdy

:lj{fv (6—x—y)dxdy:%j[%_y)(x)g_y —(ﬁj —.v] N

820 2

:%{18(3—2)—%(9—4)+%(27—8)+é(0—1)}

_l[lg_£+ﬁ_l}=i

19.Let X and Y be continuous random variable with joint pdf
fiy (x, y):%(x2 +y2) ,0<x<1,0<y<l.Find Fxw (x/y).

Solution:

fr()=] £, y)dx



3, 1
= +—
Y
3( 2 2
—\x"+y ) 242
falafy) <L) 27 T2 ey
Y(y) é y2+l 2+
2 3 3

COVARIANCE , CORRELATION AND REGRESSION
COVARIANCE

If X and Y are random variables , then co-variance
between them is defined as

Cov(X,Y) = E(XY)— E(X)E(Y)

NOTE:

If X & Y are independent then Cov(X.Y) =0
CORRELATION CO-EFFICIENT

Let X and Y be given random variables. The Karl

Pearson’s co-efficient of correlation is denoted by r,, or r(X,Y) and
defined as

_ Cov(X,Y)
O-X GY

where Cov(X.Y)=E(XY)-E(X)E(Y)

o, =Var(X) and o, =Var(Y)

NOTE:



®* If X & Y are independent then "» =0
The correlation co-efficient is also denoted by P»

If 7=0 then X and Y are called uncorrelated.

If 7#0 then X and Y are called correlated.

20. Let x and v be two discrete random variable with joint pmf

T2V 1,2 y=1,2

PlX=xY=y]={ 18 ' 7 ?7"“.Find the marginal pmf of x
0 ,otherwise

and E[x].

Solution:

The joint pmf of (X,y) is given by

1 2

Y
1 3 4
18 | 18
2 | 5| 6
18 | 18

Marginal pmf of x is

P[X:1]=3+i=§:i
18 18 18 9
pPlx=2=2, 0105
18 18 18 9

Elx]=Y p(x):(l)(ij+(z)(§j:g+§z%.

21. If the joint pdf of (x,v) is given by f(x,y)=2-x-y; 0<x<y<1 , find
E[X].
Solution:



E[X]=[[x f(x,y)dxdy

22.Let x and v be random variable with joint density function

4 ; 0<x<1, 0<y<1 .
Fo(ry)={ P22 T2 Find E[x ).
0 ,otherwise
Solution:

E[xY]=[[xy f(x,y)dxdy

1
j).'(i).xy 4xy dxdy —4“.)(2 y? dxdy —4Jy (;jo dy

1 3\!
e d(2] A1)
39 303 ), 383 9

23.Let x and Yy be any two random variables and «.» be constants.
Prove that Cov(a X ,bY)=abcov(X,Y).
Solution:

Cov(X.Y)=E[XxY]-E[X]E[Y]
Cov(a X ,bY)=E[aX bY]-E[aX]E[pY]
=abE[X Y] - a E[X]|bE[Y] =ab|E(XY)-E(X)E(Y)]

=abC0v(X,Y).



24. If y=—2x+3, find cov(x.,Y).
Solution:

Cov(X.Y)=E[XxY]-E[X]E[Y]
=E[X (-2X +3) - E[X]E[-2X +3]|
=E[-2x2+3x]- E[X](2E[x]+3)
=—2E[x?|+3E[x]+2(E[x ]} -3 E[X]
——2|E[x* |- (E[x)}]= -2var x .

25. Find corr(x,v) for the following discrete bivariate distribution

X 5 15
Y

10 0.2 0.4
20 0.3 0.1

Solution:

Correlation co-efficient - EXYI-EIXIEY]

oy 0y

Marginal distribution of x is
P[X=5]=02+0.3=05
P[X=15]=04+0.1=05

Marginal distribution of v is

PlY=10]=0.2+0.4= 0.6

Ply=20]=0.3+0.1=0.4



E[x]=3"xplx)
=5%0.5+15%0.5 = 2.5+7.5 = 10
E[v]=>yp(y)
=10%0.6+20x0.4 = 6+8 = 14
Elx?|=3% pl)
=(5)*x0.5+(15)*x0.5 = 25x0.5 +225x0.5 = 125
E[* =35 p(y)
=(10) >x0.6+(20)’ x0.4 = 100x0.6+400x0.4 = 220
o, = E[x*]-(E[x]y
=125 - (10)* =125-100 =25
oy =5
o, = Elr’|-(ElY)?
=220 — (14)’ =220-196 =24
o, =4.89
E[Xy]=3 xy plx.y)

=5x10%x0.2+15%10x0.4+5%x20%x0.34+15%20x0.1 =130

Correlation co-efficient - EXYI-EIXIEL]

Ox Oy

Corr(X,Y)= 130-(10)(14) _ -10 =—0.4089 .
5%4.89 24.45

26. Find the correlation co-efficient for the following data

X 10 | 14 | 18 | 22 | 26 | 30




Y 18 |12 |24 | 6 | 30 | 36

Solution: Here » =6

X Y XY X’ Y?
10 18 180 | 100 | 324
14 12 168 | 196 | 144
18 24 | 432 | 324 | 576
22 6 132 | 484 | 36
26 30 | 780 | 676 | 900
30 36 | 1080 | 900 | 1296
120 | 126 | 2772 | 2680 | 3276

o, :\/%ZYZ ~(ry = \/ﬁ ~ (21 =1025

6

-3 xy - (X)(7)

Correlation co — efficient = p,, =

O-X O-Y
2172 _ (20)(21)
-6 ~0.59 = 0.6.
(6.083) (10.25)

27.If x, has mean 4 and variance 9 while x, has mean -2 and

variance 5 and the
two are independent, find var(2Xx, +Xx,-5).

Solution:

Given E[Xx |=4 .var[X,]=9



E[X,]=-2 ,var[X,]=5
Var(2X,+X,-5)=4Var X, +Var X,
=4(9)+5=36+5=41.

28. If the independent random variables x and vy have the
variances 36 and 16 respectively, find the correlation co-efficient
between x+y and x-v.

Solution: Let v=x+y and v=x-v
Given varx=0,"=36 = o, =6

VarY=O'Y2=16 = o, =4

_ Eluv]-E[U]E[V]

Correlation co-efficient = p,

ElU]=E[Xx+Y]= E[X]+E|Y]

E[v]=E[x-Y]= E[X]-E[Y]

E[uv]=E[(x+Y)(x -Y)|=E[x>-¥?]= E[x?]- E[r?]

E[v?]= E|x +v)|= E[x*+2xv +7?]
=E[x?|+2E[xv]+E[r?]

=E[x*}+2E[x]E[r]+E[r?] [ since x and v are
independent ]

EV:]=E|x-v)|=E[x*-2xv+7?]
=E[x?|-2E[xy]+E[r?]

—E|x?|-2E[x]E[r]+E|r?| [ since x and v are
independent ]

EU]EV]=(E[x|+Elr]) (E[x]-E[r]) = (E[x ]}’ - (E[r ]}

o, = Elv* |- (U]}



=(E[x*|+2E[x |E[Y]+ E[r*]) - (E[x ]+ E[Y]}
=E[x?|+2E[x |E[Y ]+ E[v*]- (E[x ]} - 2E[x |E[Y] - E]r ?]
=lelx - (elx )+ el - el
=0, +0,” =36+16 =52
6. =52

c,? = Elv2]-(E[v]}
=(elx*]-2£lx el 1+ £l ) - (X ]- £l ]?
_ x| 26X el ]+ £l |- (E[x )P +2£[x JEl] - £ ]
=[ebe (el ) |+ el (e )

=0, +0,” =36+16=52

o, =52
5 [l ] - X)) - (elv)]
v J52.4/52
[E[X EX)]- |elr?] - )| _o/ -0, _36-16
52 52 52
20
T2 13

29. Find the correlation between x and v if the joint probability
density of x and ris f(x,y)={2 for x>0’y>0’x+y<l.

0 ;elsewhere

Solution:

_E[xy]-E[X]E[y]

Correlation co-efficient

E[x]= [[x f(x,y)dxdy






E[xy]= [[xy f(x,y)dxdy

1 1-
_jjyxy 2)dxdy = 2];{%) dy=jy(l—y)2dy
0

00

1
=2y +y2)ay=[(y -2y +y")ay

0

2\! 3\! 4!

[y_j —2H {y_j _Lo2. 11
2 ), 3),L4), 2 34 12
RO O

12 3)\3) 12 9

XY= ==

J18 418 18 18

30. IF f(x,y)= {(2) oy, ==l 0=yl

variables x and v, find the correlation co-efficient of x and vy.

oct— =

-1
36
1

Corr

is the joint pdf of the random

selsewhere

Solution:

_E[xy]- E[X]E[Y]

Correlation co-efficient =

E[x]= [[x f(x,y)dxdy

o'—.»—
© — —

11
x2 X— ydxdy II2x by —xydxdy
00






= B[x* - (e[x]
l—[ijll_ézg
4 12) 4 144 144
JiT
AT

syt _u
4 12) 4 144 144

1_5(5j 125
Corr(X,Y):6 12)\12) _6 144

-1

TR
1212 144 144

REGRESSION

a4

11

1



Regression is a mathematical measurement of average

relationship between two or more variables.
e The lines of Regression of y on X is given y by

p— 6 p—
y—y=r—-(x-x
O-X

e The lines of Regression of x on y is given y by

- G J—
x—x=r—2(-y
Y

REGRESSION COEFFICIENTS

. .. . o
e Regression coefficient of y on x is b =r—=
O-X

. .. . o
® Regression coefficientof x onyis b =r—*
=",

Correlation coefficient r=+/b b
31. From the following data, find (1) the two regression equations
(2) the co-efficient of correlation between the marks in

Mathematics and Statistics. (3) the most likely marks in

Statistics when marks in Mathematics are 30.

Marks in 25 128 | 35|32 |31 |36 |29 |38 |34 | 32
Mathematics

Marks in 43 1 46 | 49 | 41 | 36 | 32 | 31 | 30 | 33 | 39
Statistics

Solution: Here » =10

25 43 1075 625 1849
28 46 1288 784 2116
35 49 1715 | 1225 | 2401
32 41 1312 | 1024 | 1681
31 36 1116 961 1296




36 32 1152 1296 | 1024
29 31 899 841 961
38 30 1140 1444 900
34 33 1122 1156 | 1089
32 39 1248 1024 | 1521
320 380 | 12067 | 10380 | 14838
goe=t 3204
n 10
yo ) 380
n 10
L2 =y _ (10380 (v
o —\/;Zx (x) = \/—10 (32)° =3.74
o, =\/1 v -Gy = \/M ~ (38)* =631
n 10
LY - ()6)
Correlation co — efficient = ry, =
(O O'y
121()067 _ 32)(38)
= TG ean =04

The line of regression of yon xis

(O
y-y=r—(x-x)
O-x

6.31
_38 = — 04x 2L (v — 32
Y 3.74 (v ~32)

y —38=—-0.67 (x - 32)
y —38=—0.67x+21.44
y =—0.67x + 21.44 +38

y ==0.67x+59.44



The line of regression of xon yis
_ o, _
x=x=r—=(y-7)
O'y

3.74
~30 = — 04x>2t (y - 38
* 6.31 (v~ 38)

x—32=-024(y - 38)
x—32=-024y+9.12
x =—024y+9.12+32
x =—024y +41.12
When marks in Mathematics are 30 (ie) when x =30, we have
y =—0.67(30) + 59.44 = — 20.1 + 59.44 =139.34
Therefore marks in Statistics = 39.34

32.If y=2x-3 and y =5x + 7 are the two regression lines, find the
mean values of x and y. Find the correlation co-efficient between
x and y. Find an estimate of x when y=1.

Solution: Given y=2x—3----------------- (1)

Since both the lines of regression passes through the mean
values x andy, the point (x, y) must satisfy the two given regression
lines.

¥ = 2%~ 3--mmmmmmmm- (3)

Subtracting the equations (3) and (4), we have

3x=-10 = )_C:—TIO



_ (—_10}_ =29
Y 3 3
-29

Therefore mean values are x = —Tl() and y = -

Let us suppose that equation (1) is the line of regression of yon
x and equation

(2) 1s the equation of the line of regression of xon y, we have

1D =>y=2x-3
b, =2

2) =>5x=y-17

X=—-y-——

5

1
bxy :g

r=Jb xb, = /%xz = +0.63

Since both the regression co-efficients are positive, » must be
positive.

Correlation co-efficient = r =0.63
Substituting y =1 in (2), we have

5x=1-7=-6

33. Find the acute angle between the two lines of regression.
Solution:
The equations of the regression lines are



Slope of line (1) is mlzrﬂ
O X

Slope of line (2) is m,=-22
rox

If o is the acute angle between the two lines, then

tane = M
I+m, m,

‘rﬂ_dyl

(rz—l) 0'y| _(l—rz) O'y|
oXx r0'x| _

——

oy O oy’ cx’+oy’
1+r—y. Y Y ox To0Yy
OX rox o x> o x2

_ (l—rz)O'xO'y

- |r] (6x*+oy?) -~

34.If X and Yy are random variables such that y=4 x +» where « and
b are realconstants, show that the correlation co-efficient (x.y)

between them has magnitude one.
Solution:

Cov(X,Y)
O-X O-Y

Correlation co-efficient »(x,v) =

Cov(X.Y)=E[XY]-E[X]E[Y]
=E[X (a X +b) — E[X]E[a X +b]|
=Elax>+bX]|- E[X](aE[X]+b)
—aE[x*J+p E[X]-a(E[X ]’ -bE[X]

—a|E[x?]-(E[x)?]= avar X = ac,>.



o, =Ely*|-(Elr])’

=E|(ax +5) |- (ElaX +b]}* = E[a® X*+2ab X +b*] - (a E[X |+b)’
=a? E[x?]+2ab E[X +b* —a* (E[X ])* - 2ab E[X |- b
—a’|E[x*]-(EX )| = @’ Varx = a* 0,
Therefore o, =ao,

2
aoy

and r(x,y)= =1

o, .a0

X X

Therefore, the correlation co-efficient ~(x,yY) between them has
magnitude one.

TRANSFORMAION OF RANDOM VARIABLES

Let X,Y be a continuous random variables with joint
density function f(x,y) and u & v be transformation such that

u=g(x,y) v ="h(x,y)
Then the joint probability density function of u,v is f(u,v) =|J|f(x,y).
Where J is the jacobian of X and Y with respect to u and v.

35. If the joint pdf of (x,v) is given by f,,(x,y)=¢ """ x>0, y>0,
find the pdf of v= X;Y .

Solution: Given f,,(x,y)= e ) x>0, y20

Introduce the auxiliary random variable v =y

v=Xtr V=Y
2
+



2u=x+y y

Il
<

2u=x+v

x=2u —v

ox  ox
B o o 2 -1
R |
v

J

=2 = 2

Therefore, the joint density function of UV is given by

S v)=J] fr(x,y) x20 , y=0
=2¢ b+ 2u—-v>0,v>0
=2 umv) 2u>vy ,v20
=2e " 0<v<2u

The pdf of U is given by

2u

o0 2u
£y (u)= ,[fUV (u,v)dv = J.Ze_z“ dv=2e" J. dv =2 [v]"
—o0 0 0

=2¢ % (2u—0)=4ue™ ,u=0.

36. If the joint pdf of (x,v) is given by £, (x,y)=x+y;0<x,y<I,
find the pdf of v=xr.

Solution: Given fXY(x,y) =x+y;0<x,y<l

Consider the auxiliary random variable v =y



u=.xy vV=y
u=xv y=v
u
x=—
%
o _1 N _y
du v ou
ox u dy
ox__u 2% _q
v v? v
ox ox
EPRE i B LS R 1
ngu gv =V Vi = —-0=—
A 0 1 v v
ou ov
1=k =1
y %

Therefore, the joint density function of UV is given by

fuv(uav)=|~]| fxy(x’y) O0<x<l ,0<y<l
“Leay) 0<Z<1 ,0<v<l
A% A%
1
:_(_+VJ 0<u<v ,0<v<1
ViV
-2 41 0<u<v<l

The pdf of U is given by

fU (l’t)= TfUV (M,v)dv = j(% +1)d\/‘ = l/tJ.V_2 dv +jdv
- v .

u u

—1 1
:u[v—l} + ] :—u(l—lj +l-u=-u+l+l+-u
- u



=2-2u=2(2-u),0<u<l.

37. If the joint pdf of (x.v) is given by £, (x,y)=¢"" ;x>0, y>0,
find the pdf of v-= X;Y .

Solution: Given £, (x,y)=¢"") x>0, y>0

Introduce the auxiliary random variable v =y

U:X+Y Vey
2
x+y
u= V=
> y
2u=x+y y=v
2u= x+v
x=2u —v
x _, N _y
Ju ou
a_x:_l Q_l
v v
ox ox
3 ov 2 -1
J={0 ) =2-0=2
v ol
Ju v
=[2 =2

Therefore, the joint density function of vv is given by

fUV(u’V)=|J| fXY(x’y) x20 , y=20
=2¢ b+Y) 2u—v=20,v=20
=2 Bu-vey) 2u>v ,v=0

=26_2u 0<v<2u



The pdf of U is given by

2u

) 2u
£y (u)= ,[fUV (u,v)dv = J.Ze_z“ dv=2e" I dv =2 [v]"
—oo0 0 0

=2¢ 2 (Qu—-0)=4ue ™ ,u>0.
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UNIT -1V Analytic Functions
Function
Let A and B be any two sets. A relation f from A to B is called a function if for
every x€ A there is a unique y € B such that (x,y)€ f.

A function is also called a map or a mapping or transformation. This map is
denoted by f : A —B. The set A is said to be domain of f and B is said to be the
co-domain of f.

Example: L
A ——-"‘_'_'%_'_"‘"\\ B
1)

|-

- This is a function.

A

2)

This is not a function, since ae A is associated
to two elements in B.

3)

This is not a function, since de A is not associated
to any element in B.

If (x,y)e f then we say that y is the image of x under f and we write f(x)=y.

The set of all image points is called range. In Example (1), Range f= {m, o}
In general, Range f={ ye B/y= f(x) for some xe A’}
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Functions of a Complex Variable

Let S be a set of complex numbers. If there is a rule of which assigns to each
ze€ S, a complex number @ then ‘f’ is said to be a function defined on S and the
value of ‘f ’ at z is denoted by f (z) so that @ = f(z). The set S is called the domain
of ‘f’ and the set of values of ‘f ’ is its range.

If for each z in S there is only one f (z) of ‘f °. Then ‘f ’ is called a single
valued function. Otherwise it is called a multiple valued function.

f(z)=7" is a sin gle valued function.

f(z)=2z""is a two valued function.

Note: Since z = x + 1y, f (z) will be in the form u + iv where u and v are functions
of two real variables x and y. We usually write @ = f(z) =u(x,y)+iv(x,y).

Limit of a function

Let f (z) be defined in some neighbourhood of z, except possibly for the point
zo itself. Then f(z) is said to tend to a limit @, as z approaches z, (along any path)
if given € > 0, there exists a & > 0 such that

| f(2)—@, | < & whenever 0 <l z—z,1<0
This fact is symbolically written as
lim
f(2)=a,
72,

Note: The limit when it exists is always unique, in whatever manner z approaches

7.
Example:

lim - —
1) 7=z,
=7,

lim Re(z) lim X
1/2

250 Iz 750 (x> +y%)

2)

Let x approach 0 along any path y =mx, then

lim Re(z) B Iim X Iim 1 1

7290 Izl x>0 P +mx)"? x>0 1+m>)"? 1+m)"?

This limit is different for different values of m. (i.e.) the limit is different for
different paths. Hence the limit does not exist.
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Continuous function

A function is continuous at a point z if the following conditions are satisfied.
") exist "M@= £

1 7) exists  ij Z,) €xists iii 2)=f(z

) P ) f(z) )Z%ZO 0

Statement (iii) says that for each & > 0, there exists a d > 0 such that

| f(2)— f(z,)| < € whenever | z—z,1< 0

Example: 1) Polynomial function P(z) =a,+a, z+a, 2" +....... ta, 7" (a,#0)
2) e” sinz, cosz, tanz, etc.
3) constant function is always continuous.

Bounded function
A function f(z) is said to be bounded in a region R, if there exists a non-negative
real number M such that | f(2)| <M for all ze R.

Derivative
The derivative of f at z, is defined by the equation

, Iim Z)— d

Z - ZO Z— ZO

The function f(z) is said to be differentiable at a point z,, when its derivative at z,
exists.
Note:
) If Az=2z-z,, the above definition becomes

po o Am fg+AD) - flz)
f(ZO)_AZQ() . (D

which is another form of definition for derivatives of f at z,.

provided the limit exists.

2) If Aw= f(z,+Az)— f(z,) and % for f'(z,), then equation (1) becomes
Z

do_ Im Ag
dz Az—>0 Az
which is also another form of definition for derivatives of f at z,.

Analytic function
A function f(z) is said to be analytic at a point z, if its derivative exists not only at
zo but also at each point z in some neighbourhood of z,.
Example: 1) f(z) = 7* is analytic everywhere.
2) f(z) = e” is analytic everywhere.
A function is said to be analytic in a region R if it is analytic at each point in R.
Note: The term holomorphic (or) regular is also used for analyticity.
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Entire function
An entire function is a function which is analytic at each point of the entire finite
plane.
Example: 1) Every polynomial is an entire function.
2) f(z) = e” is an entire function.

Harmonic function
A function u(x,y) or v(x,y) is called harmonic function, if first and second order
partial derivatives of u or v are continuous and satisfy Laplace’s equation

d’u  du v 9%y
+ =0 + =0
dx> 0y’ (or) dx> 9y’
(le) u,+u, =0 (or) v, +v =0
Definition

Two families of curves u(x,y) = ¢y, v(x,y) = ¢, are said to form an orthogonal
system, if they intersect at right angles at each of their points of intersection.
[(i.e.) product of their slopes = —1]

Necessary condition for f(z) to be analytic
Cauchy-Riemann equations in Cartesian coordinates (CR equations)
The necessary condition for a complex function f(z) =u(x,y) + 1v(x,y) to be

analytic are u,=v, and u, =-v_.

X

Sufficient condition for f(z) to be analytic
The function f(z) =u(x,y) + 1v(x,y) is analytic in a domain D if
i) u(x,y) and v(x,y) are differentiable in D and u,=v, and u, =-v

X

ii) The partial derivatives u_, U, v, v, are all continuous in D.

Cauchy-Riemann equations in Polar coordinates
The CR equations in polar coordinate s are
1 1

U, =—v, and —u, =-v
r r

r
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Problems
1. Test whether the function f(z)=x"+iy> is an analytic or not.
Sol. f()=x"+iy’

(e)u+iv=x>+iy’

2 2
Su=x, v=y

= u, =2x, v.=0

=

CR equations are
u,=0, v, =2y

y U, =V, U, =-v,
— ux;ﬁvy, u,=-v,

(i.e.) CR equations are not satisfied.

- f(2) is not analytic.

2. Show that the function f(z) = 7 is nowhere differentiable (or) analytic.
Sol. f)=z
(le)u+iv=x—iy

= u, =1, v. =0 CR equations are
u,=0, v, =-1 U =V, U, ==V,
= U Fv,, u,=-v,

(i.e.) CR equations are not satisfied.

~. f(2) is nowhere analytic.

3. Show that |zI* is continuous everywhere but nowhere differentiable except
at the origin.

Sol. Let z=x+iy
2P =zz=(x+iy)(x—iy)=x>+ "
Since x*>+y* is a polynomial in x and vy, it is continuous for all x and Yy.
-1z is continuous everywhere.
Now, f(z)=lzP=x"+y>
(le)u+iv=x"+y’

= u=x2+y2, v=0

= u, =2x, v.=0, u =2y, vy=0

x y

= U FEV,, U, F—V,
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(i.e.) CR equations are not satisfied when x #0, y #0.
But CR equations are satisfied at x=0, y =0.

- 1zI* is nowhere differentiable except at the origin.

4. Find the analytic region of f(2)=(x—y)"+2i(x+y)
Sol. f(D)=(x—y) +2i(x+y)
(Ge)u+iv=_(x—-y)+i(2x+2y)
= u=(x-y)>, v=2x+2y
=>u =2(x-y), v, =2
u,=-2x-y), v,=2
If x—y=1, then we have U, =V, U, ==V

y X
Hence the analytic region is x—y =1.

5. For what values of a,band c the function f(z)=(x—2ay)+i(bx—cy) is
analytic ?
Sol. f(2)=(x—-2ay)+i(bx—cy)
(ie) u+iv=_(x—2ay)+i(bx—cy)
= u=(x—-2ay), v=bx—cy
= u, =1, u, =-2a, v_=b, v, =—C

The condition for analytic is u,=v , u,=-v,

(ie) 1=—c,—2a=-b
=c=-1,2a=>b

6. If u+iv is analytic, show that v—iu is also analytic.
Sol. Since u+iv is analytic, CR equations are satisfied.

(le) u,=v,, u,=-v, ————-— (D)
Let U+iV =v—iu
>U=v, V=-u

= U,=v,, Vi=-u =-v, [using (1)]
U,=v,, V,=—u,=v_ [using (1)]

. v—iu is analytic.
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7. Prove that f(z)=(z—1)(2z+1) is analytic and find its derivative.

Sol. f()=(z-DQRz+D)=27"-z-1
(Ge)u+iv=2(x+iy) —(x+iy)—1
=2(x* =y +i2xy)—x—iy—1
= u=2x"-2y"—x-1, v=4xy—y
= u =4x-1, v =4y

uy=—4y, vy:4x—1

(i.e.) CR equations are satisfied.

Further u_, U, Vv, v, are all continuous.

Hence f(z) is analytic.
Now, f'(z)=u_ +iv,

=@x-1)+idy
=4(x+iy)—1
=4z-1

8. Prove that f(z)=z" is analytic and find f’(z2).
Sol. f(2)=27"
— (reiﬁ)n
— rn ein49
(i.e) u+iv=r"(cosn@+isinno)
= u=r"cosnd, v=r"sinné

-1 -1 -
u,=nr""cosn@ v =nr"" sinné

u,=-nr"sinn@ v,=nr"cosné

-1 -1
—v,=r (nr'cosn@)=nr""cosnf=u,
r
1 -1 no.: n-1 _:
—u,=r (—nr"sinn@)=-nr""sinnf=-v,
r
Hence CR equations are satisfied.
Further u,, u,, v,, v, are all continuous.

= f(2) is analytic.

Z =x+1y
=rcosd +1r sind
=r (cosO +1 sin0)

i 0
z=re'




MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING SUBRAMANIAN

’ . —ie .
Now, f(z)=e ""(u, +iv,)
=e¢ (nr" ' cosn@+inr"" sinn)

n—1

=nr"" e "?(cosn@+isinnb)

:nrn—l e—ieeinO

— nrn—l ez(n—l)6’

:n(reie)n—l
:nzn—l

Note: A function w= f(z) ceases(not) to be analytic if % =0
w

9. Find the point where the function tan z is not analytic.
Sol. Let w=tanz
do 1

—=sec z= 5
dz COS”™ 7

Clearly w is not analytic when d_Z =0
a

(ie) cos’ z=0

cosz=0=cos(2n+1)%
: V4
(ie) z =(2n+1)5, n=0,=*1, 2.

10. For what values of z the function @ defined by the equation
z=-e "(cosu+isinu) is not analytic.

Sol. Given z=e¢ "(cosu+isinu)

—v iu i(u+iv) iw
=e

=e 'e'"=e

= logz=iw
1 . do do 1
— _

Z dz dz  zi
: : dz
Clearly o is not analytic when — =0
dw
(ie) zi=0

(ie) z=0
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Home Work
1. Prove that the following function is analytic.

(i) z° (i) e™* (iii) sinz (iv) coshz
2. Prove that (i) f(z)=e’e" (ii) f(z)=e""" is nowhere analytic.
3. Provethat f(z)=logr+i@ (or) logz is analytic and find f’(z).
4. Prove that g(z) =re'?"? (or) V7 is analytic and find g’(2).
Problems
11. If a function = f(z) is analytic, show that it is independent of z

(or) Show that every analytic function ®= f(z) can be expressed as a
function of z alone.
Sol. Since f(z) is analytic, CR equations are satisfied .

(le)u,=v,,u =-v, ————-— (D)
Let o= f(2)
S - 0w
If it is independent of z, we must have — =0
Z
We have z=x+iy, E:x—iy
Z2+2Z -z
- X = s y:
2 210
dx_ 1 ay_ 1
0z 2 97  2i
O=u+iv
ow du . Jdv
=—+i
dz dz 0%
du dx du dy) .[dv dx dv dy
= + +i +
dx d7 dy d% dx d7 dy 9%

()2 5E]

1du 1 du lav_lav

" 20x 2i8y_58x an

_1fou_ov) 1[du_ odv
2\dx dy) 2ildy Jdx
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o _ 1(ﬂ_ﬂj_i(_ﬂ+ﬂj [using (1)]
dx

a3z 2 dy dy) 2i 0x
(ie.) 3—6;:0

=  is independent of z(or) @is a function of z alone.

) x—1i . : :
12. Show that u+iv = —y (a #0) is not an analytic function of z,
x—iy+a

whereas u—1iv is such a function at all points where z #—a.

Sol. u+iv= = a function of 7

Z+a
Since a function of 7 cannot be analytic, u+iv is not analytic.

u—1iv=conjugate of U+iv=—o= f(2) (say)
Z+a

= f(z) is a function of z alone and f'(z)= 2

(z+a)

except at 7z =—a.
s u—1iv is analytic except at 7 =—a.

13. Show that an analytic function with
(i) constant real part is a constant

(i) constant modulus is a constant.
Sol. Let f(z)=u+iv be an analytic function.
Since f(z) is analytic, CR equations are satisfied.
(le) u,=v,, u, =-v, ————— )]
i) Given u=c
=>u, =0, u, = 0
= v, =0, —v, =0 [using ()]
(ie) v, =0, v, =0
= v=c (say)
s f(z2)=c+ic =constant.

exists everywhere

10
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ii) Given | f(2)l=c
=lu+ivl=c

= Jul+v: =c¢

Diff. (2) pw.rt. x and y, we get
2uu_+2vv, =0
and 2uu, +2vv, =0
uu, +vv =0

and u(—v )+v(u )=0 [using (1)]

(ie) uu +vv. =0-———(3)
and vu,—uv,_ =0—-—-———(4)
Solving (3) & (4), we get
u =0, v =0

= v, =0, u, =0 [using (1)]
(e) u,=u,=0 and v, =v =0
= u and v are constant

~. f(z)=constant.

14. If a function is analytic in a domain D, show that f is a constant
function when f is real valued for all 7 in D.
Sol. Since f(z) is analytic, CR equations are satisfied.

(ie) u, = Vi, U, ==V, ————— )
Given f is real valued for all z. (ie.) f(2)=u(x,y)
Sv(x,y)=0

= v, =0,v, =0

=>u,=0, u, =0 [using (1]
(ie) u,=u,=0and v,=v =0

= u and v are constant

- f(z) =constant.

11
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15. Prove that if f’(z) =0 everywherein a domain D, then f(z) is constant

throughout D.
Sol. f()=u+iv

f@=u,+iv, (or) f(2)=v, —iu,
Since f’(z) =0, we have
O=u,+iv, (or) O=v, —iu,
=>u =0,v, =0, vy:O, uy:O
(ie) u,=u,=0and v,=v =0
= u and v are constant

- f(z) =constant.

16. If f(z) and m are analytic in a region, show that f(z) is a constant in
that region.
Sol. Assume f(z)=u+iv
then m =u—iv=u+i(-v)

Since f(z) is analytic, CR equations are satisfied.

(le) u,=v,, u,=-v, ————— (1)
Since f(z) is analytic, CR equations are satisfied.
(le) u,=—v,, u, =v, ————— (2)

D+2)= 2u,=0, 2u, =0
= u,=0, u, =0
= u is constant.

D-2)= 2v,=0, -2v =0
= v, =0, v, =0
= Vv is constant.

s f(z)=u+iv=constant.

17. If ¢ and v are functions of x and y satisfying Laplace's equation namely

2 2 2 2
J ¢z+a ¢i =0, J 1/2/+8 szo. If uz%—a—l// v—%+a—l/l,5h0wthat
ox~ dy ox~ dy

dy dx  9x 9y
u+iv is analytic.
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Sol.  Given uzg_i_aa_l/;
du_ 09 'y
- -5 ————@O
dx 8x8y 0x
8¢ Iy
ax ay
av 8¢)
a¢ azl// 821// azl//
- o Vot ::0
dxdy dx’ x93y’
=a—u [ from (1)]
dx
(le)u, =v,
.. aI/l 82¢ azl//
Similarly, 2% =29 _ I
imilarly Jy ayz axay (2)
dv a¢
dx 9x’ axay
2 2
__ 99 L0 Y,
9y axay Ix’ 9y
__| 9% oy
ay axay
="gﬁ' [from (2)]
Yy
(le)u,=-v,

(ie.) CR equations are satisfied and also u,, u , v v, are continuous.

x> Py Vo

Hence u+iv is analytic.

2 2 2 2
18. Show that 82+ J >=4 J — (or) S.T. Vi=4 J -
dx° dy 0707 0707

Sol. We have z=x+iy, sz—iy

z+z _z-Z
’ 2i
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a:a ax 0 dy
dz 0x 072 ayaz

o9 _1f{d ;0
oz 2\ dx 0y
i o . d

0’ N
4 —=—t+t——
0z0Z Odx~ dy

19. If f(z) is analytic function in any domain, prove that
0’ 0’ ,
>+t —— | F(P =41f ()l
ox~ dy
0’ 0’ 9’
Sol. We have + =4 Prove
dx> dy> 0z0%Z ( )

> 9 2 9’ 5
[8x2+8y2j|f(Z)l © 9z0% 742l
82

= a 37 [f(2) f(2) ]

- 4£[f(z)] %[f(Z)]
= 41(2) f3)

= 4f'(2) f(2)

=4 If'(z)l2

20. If f(z) is analytic function of z such that f'(z) #0, prove that

r ,
(ax”ayzjloglm)':

14
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9 9’ 9’
Sol. We have oy +8y2 =4aZaZ (Prove)

0> 9’ , 09’ ,
£8x2+8y2j10g|f(z)|= 48282 lOglf(Z)l

82
azaz

~ 4

[1 logl f (Z)|2:|

= 2= [iog () 7@}

_ aZaZ[1ogf<z>+1ogf<z>]
_, { L (z)}
0z @
= 2(0)
=0

21. If f(z)is an analytic function of z, prove that

VEIf@P =p* L f@IP 2 1 f (2P
2 9 9>

Sol. We have V* = e +ay2 =4aZaZ (Prove)
82
Vi f()I” = 4a If(z)l”
= I ?
8z8z[ @) ]
BRFY a

-4 2 fz(z)} {% f2<z>}
<
g £ (z)f(z)H f

fr Z}[f(z)f(z)]

[SRLS]

SRS

@ f’@}

N\E
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P _
2

ViIfFl = p’[ff@] 1 ()P

p-2

-prlir@r] irer
=p’lfI" 7 1f (P

22. If f(z)is an analytic function of z, prove that

9 K e
{alf(z)l} +{a—y|f(z)|} =1 f (2l

Sol. Since f(z) is analytic, CR equations are satisfied.
(ie) u,=v,, u,=-v, ————- @
We have f(z)=u+iv and f(2)=u_ +iv,
= 1 f@I = +v)"? and | f(D)l =@ +v)"?
o

— | f(2)l =l(u2 +v) 2 u u +2vv,)
0Xx 2

=(u2+v2)_”2(uux+vvx) ————— (2)

i | £(2)I =l(u2 +v) "2 u u,+2vv))
0y 2

= (u’ +v2)_”2(—u V. +vu,) ————— (3) [using ()]

Squaring and adding (2) & (3), we get

2 2
i|f(z)| + i|f(z)| =W’ +v) " [wu, +vv, ) +(—uv, +vu )’]
0x 0y

=@’ +v?)"! [u2uxz+v2 sz +2uvu, v,

+ulv. +viu —2uvu v.]
=W +v) 7 W v ) v )]
=@’ +v) W +v?) (ux2 +vx2)
=u’+v,’

=1 ()l
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Properties of Analytic function
1. Prove that the real and imaginary parts of an analytic function are harmonic
functions.
Proof. Let f(z) = u + iv be any analytic function.
Since f(z) is analytic, CR equations are satisfied.

(le) u,=v,,u =-v, ————— (D
Diff. (1) w.rt. x and y, we get
Upe TVoys Uy ==V, =7~ (2)
Uy =V, Uy ==V, ————— (3)
Adding (2) and (3), we get
u,+u, =v.,—v. and v, +v, =-u_ +u,
=0 =0

Hence u and v are harmonic functions.

2. Iff(z) =u(x,y) +iv(x,y) is an analytic function then the curves of the families
u(x,y) = ¢y and v(x,y) = ¢, cut orthogonally where c; and ¢, are arbitrary real
constants.

Proof. Since f(z) is analytic, CR equations are satisfied .
(le) u,=v , u,=-v, ————-— (D)

X

Given u(x,y) =c,

du=0
But du za—udx+a—udy
0x 0y
O=u, dx+u,dy
—u, dx=u,dy
H__ M
dx u

y
: .ou,
(i.e.) Slope of the tan gent to the u curve is — - =m, (say)
y
Similarly v(x,y)=c, gives

, %
Slope of the tan gent to the u curve is — —=m, (say)
1
y
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Product of the slopes = m m,

v, v
=| — ](—J [using (D]
-V, v,

= -1

. The two curves cut orthogonally.

Harmonic Conjugate

If u and v are harmonic functions such that u + i v is analytic, then each is called
the conjugate harmonic function of the other.

Note: Milne-Thompson formula for the analytic function is

f(2)=u,(2,0)—iu,(z,0)
and f'(2)= v, (2,0)+iv,(2,0)

Problems
1. Show that u(x,y)=y’ —3x’y is a harmonic function and find an analytic

function f(z) and also find its harmonic conjugate.

Sol. u(x,y)=y =3x"y
u =—6xy uy=3yz—3x2
u =-6y uyy=6y

Sl tu,, =—6y+6y=0
= u is harmonic.
To find analytic function
u,(z,0) =-6(2)(0)=0
u,(z,0)=3(0)° -3(z)" =-3z°
By Milne-Thompson formula, we have
F(@) =u,(2.0)—iu,(z,0)
=0-i(-3z%)
=i3z7’
Integrating, we get

3
<

f()=3i]z dz=3i[3

J tc=iz’+c o Analytic function



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING

f()=iz’+c
=i()c+iy)3 +c
=i[x +3x%(iy) + 3x(iy)> + (iy)’ ] + ¢
=i[x’+i3x*y-3xy =iy’ ]+c
=(y’=3x*y)+i(x’ =3xy°)+c

S v(x,y)=x"-3xy*+c — Harmonic conjugate

19

2. Find the harmonic conjugate v(x,y) of the function u(x,y)=xy such that

v(1,1)=0.
Sol. u(x,y)=xy
U, .=y U, =x
u =0 u,, =0

sl tu,, =0
= u is harmonic.
To find analytic function
u,(z,0) =0, u (z,0)=z
By Milne-Thompson formula, we have
[ (@) =u,(z,0)~iu,(z,0)
=0-i(2)
=—1i7z
Integrating, we get

2

f(@)= —iJ.Z dz = —{%) +c¢  — Analytic function

—i -
=—(x+1 +c
2( y)

=_7l [x*+i2xy-y’]+c

=(xy)+i (y ;x ]+c

2 2

y —X : :
Sov(x,y) = +c¢ — Harmonic conjugate

2
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Given v(1,1)=0
1-1
ie) 0=—+c
(ie.) >
c=0

2 2

yo—x
2

sSov(x,y) =

3. Show that v=e" (xcosy— ysin y) is harmonic function. Hence find the
analytic function f(z)=u+iv.
Sol. Given v=e"(xcosy—ysiny)
v.=e" (cosy)+(xcosy—ysiny)(e")
=e" (cosy+xcosy—ysiny)
v, =e (cosy)+(cosy+xcosy—ysiny)(e”)
=e”" (2cosy+xcosy—ysiny)
v, =e” [-xsin y—(ycos y+sin y.1)]
v,, =e’ [-xcosy—(—ysin y+cosy.l)—cosy]
=e”" (-2cosy—xcosy+ ysiny)
Vet =0
= v is harmonic function.

To find analytic function

v (z,0)=e“(cos0+zcos0—-0)=e“(1+ 2)
v, (2,0)=e*(0+0+0)=0

By Milne-Thompson formula, we have
[ (2)=v,(z,0)+iv,(z,0)

=0+ie*(1+2)
Integrating, we get

f@=if(+2) e dz
=il1+2) () - M) (eH)]+e

=ile‘+ze‘—e’]+c

f(x)=ize" +c

20
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Note: In two dimensional steady state flow problems in thermodynamics,
hydrodynamics and electronics, we represent the complex potential function as
F(2)=¢(x,y)+iy (x,y)

@ (x,y) is called velocity potential function.

W (x,y) is called stream function (or) lines of force (or) heat flow lines.

4. If w=xy(x*—y>) represents stream function . Find its velocity potential.
Sol. Giveny=xy(x"—y®)

y,=xy2x)+(x*—y*).y =3x7y—y’

Ve, =06xy

v, =xy((2y)+(x* -y )x=x"-3xy’
y,, =-6xy

YLty =0

= V¥ is harmonic function.
To find velocity potential

v, (2,0)=3(z*)(0)-0=0
v, (2,0)=2"=3(2)(0) = 2’

By Milne-Thompson formula, we have
f(@=v,(z,0)+iy (z,0)

=72 4i0
Integrating, we get

f(z)=jz3dz =%+c

(a+b)*=a*+ 4a’b + 62°b” + 4ab’ + b*

(ie.) f(2) :i(x+ ] y)4 +c

= %[x4 + 4x3(iy) + 6362(iy)2 + 4x(iy)3 + (iy)4] +c
1
4

=—[x*+idxy—-6x"y —idxy’ +y*]+c
1
:(x3y—xy3)+i Z(x4—6x2y2 +y4)+c

-~ Velocity potential is ¢ = i(x4 —6x*y* +yH+c
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5. Find the equation of the orthogonal trajectories of the family of curves
given by 3x*y+2x> -y’ —=2y> =a, where 'a'is an arbitrary cons tant.
Sol. Given 3x’y+2x"—y’=2y*=a (ie) u(x,y)=a
u(x, y)=3x"y+2x7 -y —=2y?
u =6xy+4x uy=3x2—3y2—4y
u =6y+4 u, =—6y-4
Sl tu,, =0

= u is harmonic.
Now, u (z,0) =6(z)(0)+4z=4z
u,(z,0)=3(z)* -0-0=37"

By Milne-Thompson formula, we have
F(2)=u,(2,0)—iu,(z,0)
=47-i(3z%)
Integratin g, we get

f(Z)=4_[zdz—3ijz2dz

(55}

2 . 3
f(2)=2z"-iz" +c (a+b)’ =2+ 3a%b + 3ab® + b’

=2(x+iy)’ —i(x+iy) +c
=2(x* +2ixy—y*)—i[x’ +3x>(y) + 3x(iy)* + (iy)’ |+ ¢
=2x" =2y  +4ixy—ix’ +3x°y+i3xy* =y’ +c¢
=2x* =2y =y’ +3x°y)+i(dxy—x +3xy) +c
v y)=4xy—x +3xy* +c
Hence the orthogonal trajectories to the given curve is

dxy—x+3xy>=b

6. Find the analytic function for the folowing :

sin 2x

. 1 2 2 ..
i) u=—log(x" + i) u=
) 2 8 ) ) cos2x+cosh2y
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Sol. (i) Given u(x,y)= %log (x*+ %)

y _l 2x X
T2 x4yt x4y’
, =1 2y y
y 2x2+y2 x2+y2
Z 1
Now, u (z,0) = =—
(z,0) 740 2
0
u (z,0)= =0
,(2.0) 2240

By Milne-Thompson formula, we have

£ =u,(2.0)~iu,(z.0)
=1-i0)
<
Integratin g, we get

1
=|—d
f(@) IZ Z
(ie) f(z)=logz+c

(it) Given u(x,y)= Sin 2x
cos2x+cosh2y
_ (cos2x+cosh2y)(2cos2x)—sin2x(—2sin2x+0)

u

X

(cos2x+cosh2y)?

U (2.0)= (cos2z+cosh0)(2cos2z)—sin 2z (-2sin 2z)
o (cos 2z +cosh 0)°

_ (cos2z+1)(2cos2z) +2sin” 2z
- (cos2z+1)*

_ 2c0s’2z+2c0s2z+2sin” 2z
- (cos2z+1)°

_ 2(cos?2z+sin*2z)+2cos2z
- (cos2z+1)*

~ 2(I+cos2z) 2
(1+cos2z)®> 1+4cos2z

23

cosh0=1
sinh0=0
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_ (cos2x+cosh2y)(0)—sin2x(0+2sinh 2y)
- (cos2x+cosh 2y)?
0—sin2z(2sinh 0)

(cos 2z + cosh 0)*
— O —
C(cos2z+1)?

By Milne-Thompson formula, we have
£ =u (z.0)~iu,(z,0)

y

u,(z,0)=

2
=——1(0
1+cos?2z ©)
= 5 =sec’ 7
2cos” z

Integratin g, we get

f(z)=_[seczz dz

(ie) f(z)=tanz+c

7. Construct an analytic function u+iv given that 2u+v =e"(cos y —sin y)

Sol. Let f(z)=u+iv ————()
2 f(z2)=2u+i2v
2i f(z)=2iu—-2v ————(2)
DM+2)= A+2) f(2)=w-2v)+iRu+v)
F(z)=U+iV

where F(z)=(1+2i) f(z), U=u—-2v, V=2u+v
Given V =2u+v=e"(cosy—siny)
V_=e"(cosy—siny)
V (z,0)=e"(cos0—sin0)=e*(1-0)=¢"
V, =e'(—sin y—cosy)
V,(z,0)=e"(=sin0—cos0) =e*(0—1) =—¢"

By Milne-Thompson formula, we have
F'(2)=V,(2,0)+iV, (z,0)

=—e‘+i(e’)
=(=1+1i)e°

24
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Integratin g, we get

B N “lti (140 1-20)
F(Z)_(_lﬂ).[e dz 142 (+2)(1-20)
(ie) (1+20) f(z) = (=1+i) e +c _—14+2i+i-24
. 1-4i°
f(z)=_1+f e‘+c _—1+3i+2  1+3i
1+2i T4 s
f(z)=(1+53ljez+c

8. Construct an analytic function u+iv given that 3u+2v=y>—x>+16xy
Sol. Let f(z)=u+iv

3f(2)=3u+i3v ————(1)

Also 2 f(2)=2u+i2v
-2if(z)="2iu+2v—-———-—(2)
M+2)=C-2i) f(2)=Cu+2v)+i(-2u+3v)

F(z)=U+iV

where F(z)=3-2i) f(2), U=3u+2v, V=="2u+3v
Given U =3u+2v=y>—x"+16xy

U,=-2x+16y
U.(z,0)=-2(z)+0=-22
U,=2y+16x

U,(z,0)=0+16z =162

By Milne-Thompson formula, we have
F'(z2)=U (2,0)-iU (z,0)

=—2z—-i(162)
=(-2-160)z
Integratin g, we get
— (D16 —1-8i _(=1-8i)(3+2i)
F)=(=2 161)J.Zdz 3-2i  (3-2i)(3+2i)
: . NEs _—3-2i-24i-16/
(ie) 3-2i) f(2) = (-2-160) > +c = 9_47
Ny _ —3-26i+16 _13-26i
__"179ot » o 9+4 13
f(2)= 30 " +c Lo

f(2)=(1-2i) 2* +c
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Home Work
Find the analytic function f(z) =u + i v for the following

u(x,y) =e_x[(x2 — yz)cosy+2xysin vl
. u(x,y)=e “(xsin y—ycosy)
Cov(x,y) = x* —6x2y2 + y4

1.
2
3
4. v(x,y)=e “(xcosy+ ysiny)
5. u—v=e(cosy—siny)

6

2u+3v=e"(cosy—siny)

Mapping (or) Transformation
In the complex domain, the function @= f(z) (ie)u+iv=f(x+iy) ————(1)

involves four variables x, y, u,v. Hence we need a 4 dimensional region to plot (1)
in the Cartesian form. It is not possible to have 4 dimensional graph sheets, we
make use of 2 complex planes, one for the variable z=x+iy and the other for
the variable @=u+iv. If the point z describes some curve I' in the z-plane, the
point @ will move along a corresponding curve I'' in the @-plane. We then, say
that a curve I' in the z-plane is mapped into the corresponding curve I'' in the

@ -plane by the function @ = f(z) which defines a mapping or transformation of

z-plane into the @ -plane.

Example: Let w=e¢e"

(Ge) u+iv=e""
. X=c¢
=e'e’
=e" (cos y+isin y) 0 0
Z-plane

= u=e cosy, v=e siny

X F 3

2 2 2 2 e 2 2
= u +v- =e"(cos” y+sin“ y)=e o
w+vi=e?
2 2 2
When x =c, we have u= +v°- =e”¢ f\

.. Straight line parallel to y-axis (i.e.) x = ¢ in z-plane !j o
are transformed to a circle u”> +v> =¢° in the w-plane

whose centre is origin and radius is €°. w-plane
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Conformal and Isogonal

A transformation that preserves angles between every pair of curves through a

point, both in magnitude and sense, is said to be conformal at that point.
;

:“ C2 Cy Y FE 1—'1
a a
P P’
> X > u
0 z-plane 0 w-plane

A transformation under which angles between every pair of curves through a

point are preserved in magnitude, but altered in sense is said to be isogonal at that
point.

w-plane

Example:
1) The mapping @=e" is conformal throughout.

2) The mapping @=z, which is a reflection in the real axis is isogonal.
Note:

1) If £(z) is analytic and f'(z,) #0, then the mapping @ = f(z) is conformal at
Z=1.

2) A point z, at which the mapping @ = f(z) 1s not conformal (or not analytic)

dw /
(i.e.) if i 0 (or) f(2)#0 is called a critical point of the mapping. The

dz . .
critical points of z= f (@) are given by e =0. Hence the critical point of

: : dw dz
the transformation @= f(z) are givenby ——=0 and ——=

= 0.
dz d dw
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Example:

1. The critical point of ®=2z is
da =2z
dz

0=2z
(ie)z=0

2. The critical point of 60:; 1S

dw 1
—=—— > as z—0.
dz Z

: 1 . :
(ie) w=— is not analytic at 7=0.
Z

. The critical point is z=0.

3. Find the critical points of the transformation @’ =(z—@)(z—f3)
Sol. Given @’ =(z-a)(z—p)

w=(z-a)(z=f)

do (z—-a)1+(z-p).1

dz 2Jz—a)(z- )

_ 2z-a-p
2Jz-a)(z-p)
0=2z-a-p
Z=a+,B
2
Also @ =(z—a)(z— p) is not analytic at z=a, B.
. The critical point is z=a, [, 0{-!2—,3

Some standard transformation
1) The transformation @ = c + z is known as translation.
2) The transformation @ = c z is known as magnification and rotation.

28
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Problems

1. What is the region of the w-plane into which the rectangular region in the
z-plane bounded by the lines x =0,y =0, x =1 and y = 2 is mapped under
the transformation w =z + (2 —i).

Sol. w=z+(2-1) S
utiv=(x+iy)+(2-i - .
=(x+2)+i(y-1)
>u=x+2, v=y-1 ol y=0
When x=0, we have u=?2 z-plane
When x=1, we have u=3 \
When y =0, we have v=-1 =
When y =2, we have v =1 " u=3=H
Hence the linesx=0,y=0,x=1and y =2 are °!
mapped into the linesu=2,v=—-l,u=3andv=1 3
respectively, which form a rectangle in the w-plane. w-plane

2. Find the image of the circle | z | = 2 by the transformation w =z + 3 + 2i
Sol. w=z+3+2i

u+iv=(x+iy)+3+2i A
=(x+3)+i(y+2) f\'"zz
> u=x+3, v=y+2 !j > x

|x+1 yl =2 z-plane

2, 2
NXT+Hy =2 v (U-3)R+(F-2)7=4

X +y =4
(Ge) =3 >+(wv-2)>=4

Hence the circle | z | =2 is mapped into 0
(u-— 3)2 + (v - 2)2 =4 in the w-plane, which w-plane
1s also a circle with centre at (3, 2) and radius 2.

y

Given |zl =2

3. Determine the region D' of the w-plane into which the triangular region D
enclosed by the lines x =0,y =0, x + y = 1 is transformed under the
transformation w = 2z.

29
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Sol. w=2z
u+iv=2(x+iy)
> u=2x, v=2y x eteol
When x=0, we have u=0

When y =0, we have v=0

Il
=]

v=10
z-plane
u v
When x+y=1, we have —+—=1
(ie) u+v=>2 - wtv=2

Hence the linesx=0,y=0,x+y=1 are
mapped into the linesu=0,v=0,u+v=2 I v=0 "
in the w-plane. w-plane

4. Find the image of the strip O < x < I under the transformation w =i z.
Sol. w=iz

¥
u+iv=i(x+iy) ‘0%‘1 ;
=ix—Yy '

=S u=-y, v=x

x _
When 0 <x <1, we have 0 <v <1 2-plane ////0 I/ZO//H{

.. The image of the strip 0 < x < 1 under w-plane
the transformationw=iz 1s 0< v < 1.

5. Under the transformation w =i z + i, show that the half plane x > 0 maps onto
the half plane v > 1.

¥
Sol. w=iz+i ;
u+iv=i(x+iy)+i

s )

>u=-y, v=x+1

Ll 2 8
0
When x > 0, we have v—1> 0 z-plane

w-plane

(ie) v>1

6. Find the image of the semi-infinite strip x >0, 0 < y <2 under the

transformation w =i z + 1. Sketch the graph of the regions.
Sol. w=iz+1

¥

ut+iv=i(x+iy)+1 “ y=2
=ix=y+] e
>u=Il-y, v=x 0 y=0

z-plane
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When x

> 0, we have v > 0.

When 0 <y <2, we have 0 <1—-u < 2

O>u—-1>-2
1>u>-1

—-l<ux<l

T= -

=>z=

Sol. lz—-2il=2
: 1 :
(i.e.) ‘——21 =2
w
1-2iwl=2Iwl
N-2i(u+iv)I=2 lu+ivl

| A+2v)—i2ul=2 lu+ivl

JA+20)7 +(=2u)® = 24/u’ +v?

A+2v)* +4u® =4’ +v?)

1+4v+4v7 +4u® =4u® +4°

1+4v=0
. 1
te.) v=——
(ie.) 2

<

31

u=1

0[ v=0 >

w-plane

1
7. Find the image of | z—2i |=2 under the transformation w = —.

A\

w-plane

8. Under the transformation w = l, find the image of (i)|z+il<1 (i)l z—-11<1

Sol. (i) |z+il<l

‘1.
= |—+i|l<1
w

M+iwl<Iwl
T+i(u+iv)l <lu+ivl
| (I=v)+iul<lu+ivl

=>z=

S ==

VA=) +(u)? < Au? +v?

1=v)> +u’ <u®+v?

1-2v+vi+u’<u’+v?

1-2v< O

1<2v(or) 2v >1

(ie) v> 1

¥
'

0

@%‘I
lz+i|=1

z-plane

1
4

e

L
0

w-plane
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Sol. (ii) lz—-1I<1 = ‘1—1 <1 wel
w Z
1—wl < lwl SN

w
IT—(u+iv)| < lu+ivl

ld—u)—iviI<lu+ivl

JA=)? +(=v)* < Au? +?

(I-u)* +v:< u” +v?

1-2u+u’+v:< u® +v?
1-2u< 0

32

1< 2u (or) 2u>1

(i.e.) u > l w-plane
2
: : P : | 1 . 1
9. Find the image of the inf inite strip (i) —< y < 5 (ii)y 0<y< P e>0
e
. 1
under the transformation w =—.
4
1 1 ¥
Sol. w=— —> Z=— "
Z w v=12
xX+iy= .
u+iv v=1/4
B u—1iv 0 "
(w+iv)(u—iv) Z-plane
_u—iv
u® +v* v
F Y
- x=—" S
u> +v*’ u’+v° >
o | 1
(i) Given strip is —<y< >
When y—1 we get =7
4’ u® +v’

(e) u*+v: =—4v
u’+v: +4v=0
uw'+(v+2)y° =4

which is a circle with centre at (0,-2) and radius 2 i

n the w plane.



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING 33
1 -y

1
When y=—, we get —=
Y 2 8 2 ur+v?
(le) u*>+v ==2v

w +v +2v=0
uw+@w+1)° =1
which is a circle with centre at (0,—1) and radius 1 in the w plane.

e .1 1. . .
Hence the infinite strip 25Y<7is mapped into the region common to

the circles u* +(v+1)> =1 and u’>+(v+2)*=4 in the w-plane.

1
(ii) Given strip is 0<y <2—, e >0 A
e
— vy=12e
When y >0, we have ——— >0
u +v .
-v>0 o[y=0 %
(ie) v <0 z-plane
1 -y t
When y=—, we get — =
Y 2e 8 2e ut+v? 2 u
(le) u>+v==2ev
u>+v:i+2ev=0

w-plane

uw+w+e) =e’
which is a circle with centre at (0,—e) and radius e in the w plane.

Hence the infinite strip 0<y< 0, 18 mapped into the region outside the

circle u” +(v+e)’ =€’ in the lower half plane.

10. Find the image of the rectan gular region a < x <b,c <y <d under

the transformation w=e".
Sol. Let w=e¢°
(ie) u+iv=e""""=e'e’ =e*(cosy+isiny)
= u=e cosy, v=e siny
= u’+v>=e’*(cos’ y+sin’ y)
uw'+vi=e’t ————(1)
and Y e:siny = K:tany———— 2)
u e‘cosy u
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(i) Given a<x<bh

When x = a, equation (1) becomes u* +v> =e**,

which is a circle with centre at (0,0) and radius

e in the w— plane.
When x = b, equation (1) becomes u*> +v* =e*’,

which is a circle with centre at (0,0) and radius

e’ in the w— plane.
Hence the rectan gular region a £ x < b is mapped

: : : 2, .2 _ 2b
into the region common to the circles u”+v- =e

2a

and u’+v° =e’“ in the w— plane.

(ii) Given c<y<d

When y = c, equation (2) becomes v=u tanc, E

which is a straight line through the origin

in the w— plane.

0

When y =d, equation (2) becomes v=u tand, z-plane

which is a straight line through the origin

in the w— plane.

. The image of the strip ¢ <y <d is mapped

into the region between the lines v=u tanc

and v=u tand in the w— plane.

w-plane

11.
Z
circles or lines.

1 1

Sol. w=— = z7=—
Z w

. 1 u—1iv u—1iv
x+iy=

u -V

u+iv _(u+iv)(u—iv) Cut e’

1
Prove that the map w=— maps the totality of circles and lines as

34
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i) The circle with centre at the origin in the z— plane are of the form

X +y =k
. u’ V2
ie. + =
(ie.) (u2 +vZ)2 (u2 +\/2)2
ur+v?
ie) ———=k
(e, (u2 +\/2)2
1
ie) ——=k
(e, u’ +v*
= u’+v’ _1
k

- The circle x* +y*> =k in the z— plane transforms into a circle

1
u® +v? :E in the w— plane.

From this the unit circle with centre at the origin in the z— plane

transforms into the unit circle in the w— plane with centre at the origin.

ii) We know that the general equation of circle in the z— plane is

K +y +2gx+2fy+c=0 ————— (1)
This transforms into
2 2
u 1 2g8u 2fv
2 T3 212 2g2_ 2f2+C:()
(u"+v’) (W +v) u +v: u +v
2 2
+ 2 2
(o) HHY_,28u 2]V, ._

(u2 +vZ)2 w?>+v: o out+v?
, 1 2gu 2fv
ie. + — +c=0
(e, w? +v:oout vt out+?
= c(u+v)+2gu—-2fv+1=0 ————— (2)

which is also the equation of the circle in w— plane.

: 1 : :
Hence under the transformation w=—, a circle in z— plane transforms to
<

another circle in w— plane.
When the circle passes through the origin, we have c =0 in equation (1).

When ¢ =0, equation (2) gives a straight line 2gu—2fv+1=0.

35
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iii) A line in the z— plane of the form Ix+my+n=0 transforms into

lu mv
=5 3 +1n=0
u +v:- u+v

= nw +v)+lu—-mv=0
which is a circle passin g through the origin in w— plane.
If n=0, the straight line in the z— plane | x+my=0 passes through the
origin. Its image in the w— plane is lu—mv=0,which is also a straight

line passin g through the origin .

Home Work
1. Find the image of the circle | z | = 2 under the transformation w = 3z.

. . . . 1
2. Find the image of the line x = k under the transformation w=—.
z

3. Find the image of a square whose verticesare z=1+1i,3 +i, 1 +3i,3 + 3i
. 1
under the transformation w=—.
<
4. Find the image of | z— 11 > % under the transformation w =i z.

. 1 .. )
5. Under the transformation w=—, find the image of
z

W lz+1=1 @G lz-1l=1 (i) lz-3il=3 (@(v) lz-2il<2.
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Bilinear Transformation
The transformation T defined by

az+b
————— 1
cz+d M
where a, b, ¢, d are complex constants and ad — bc # 0 is called a bilinear

w=T(z)=

transformation (or) linear fractional transformation (or) Mobius transformation.
The constant ad — bc is called the determinant of the transformation. The
transformation (1) is said to be normalized if ad — bc = 1.
The inverse transformation T~ is defined by
—-dw+b

cw—a

=T Y(w) =

The determinant of this transformation is (- d)( —a) — bc = ad — bc which is the
same as that of (1).

Fixed point (or) Invariant point

The points which coincide with their transformation are called fixed point of the
transformation. In otherwords fixed points of the transformation w = f (z) are
obtained by the equation z = f (z).

Note: The bilinear transformation which transforms z,, z,, z; into wy, w,, ws 1s
(W_ Wl)(wz - W3) — (Z - Zl)(zz - Z3)
(W_W3)(W2_W1) (Z_Z3)(Z2_Z1)

Problems
1. Find the fixed point of the transformation w=%
7 —
Sol. Given w= 3z-4
z—1
put w =z, then
3z—-4
Z =
z—1
2?—z=3z-4
22-4z+4=0
(z—=2)*=0
z2=2

= z=2 is the only fixed point.
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2. Find the bilinear transformation that maps 2, i and —2 of the z-plane onto
1, i and —1 of the w-plane.

Sol. Given z,=2,2,=i,2;,=-2; wy=Lw,=

The bilinear transformation is

(W_W1)(W2 _W3) _ (Z_Zl)(zz _Z3)

(w=w;)(w, —w,)

(ie.)

(z—23)(2,— 7))
w=D@+D) _(z-2)(i+2)

w+D)@E-1) (z+2)@-2)
W=D . _(z=2) (3+4i
(w+1) (z+2)\ -5

(w=1) _ (z=2) (3+4i

(w+1)

(z+2) 5i

(w=1) _ (z=2) (4-3i

(w+1)
(w=D+w+1D (z2-2)4-30)+5(z+2)

(z+2) 5

—i, wy =—1

i+1_ G+D)@+1)
i-1 (-D(@+1)
P H2i+1 —142i+1
Cit-1 —1-1
2i

=—==i

97

i+2  (+2)(i+2)
i-2 (i-2)(i+2)
it H4i+d —1+4i+4
-4 —1-4
_3+4i

(w=D=w+1) (z=2)(4=30)=5(z+2)
2w 4z-3zi-8+6i+5z+10

—2 47-37i—-8+6i-57-10

L, 326-D+2iG3-0)
~zi(3-i)-6(3—1i)

~9z-3zi+6i+2
—7-3zi+6i-18

3z+2i

—-_Ww =
—zi—6
(ie) w= 3Z.+2l
Zi+6

Componendo & dividendo
If 22 then we have
b d

a+tb c+d
a—-b c—-d

3. Find the bilinear transformation that maps oo, i and O of the z-plane onto
0, i and o« of the w-plane.
Sol. Given z, =00, z,=1,2;,=0 ; w, =0, w, =i, w; =00

The bilinear transformation is

(W_W1)(W2 _W3) — (Z_Zl)(zz _Z3)
(w=wy) (w, —w,)

(z2—23)(2,—2y)
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refa] (e
(ie)) s 4

WD _ DO
AOEDH D)

2
] 1

w=— = w=——

Z Z

4. Find the Mobius transformation which sends the points z =0, 1, o into the
points w = =5, —1, 3 respectively. What are the invariant points in this
transformation?

Sol. Given z,=0, z,=1,z;=0 ; w,=-5w,=-1, w, =3
The bilinear (or) Mobius transformation is
w=w)(w,—w;) (z2—2)(z,—2;)
(w=w) (0, =) (2= 2:)(z, = 7)

e
(w=w)(w, —w;) Z,

(ie.) =
w=w;)(w, —w,) z (2 —2)
Z3 2 1
(l—lj(z—())
(w+5)(-1-3) (e
(w—3)(~145) (Z—lj(l—O)

w+5 (4 _ =D(©@)
w=3@ D@
— (w+)5)
—=z
(w=3)
—w—-5=wz-3z2
3z-5
z+1

wz+w=3z-5 = w=
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To find invariant point, put w=7z

then Z=3Z_5
z+1
2+z2=3z-5
22 —2z+5=0
—(=2)+4/(=2)* —4.1. ++/— +4
L 2)+\(=2)’ ~4.1.5 _22y-16 _2+4i 10

2.1 2 2
~. The invariant points are 1+2i and 1-2i.

5. Find the bilinear transformation which maps the points z =1, i, —1 into the
points w = 0, 1, co. Show that this transformation maps the interior of the unit
circle of the z-plane onto the upper half of the w-plane.

Sol. Given z,=1,z,=i,z;,=—-1; w, =0, w, =1, w; =0

The bilinear (or) Mobius transformation is
(W_ Wl)(wz - W3) — (Z - Zl)(zz - Z3)
(W_W3)(W2_W1) (Z_Z3)(Z2_Z1)

(i) Ws _(z-2)(z,~2)
w (Z_Z3)(Z2_Z1)
— ——1
(w, wl)(w3 j ‘ —
l+1:(l+1)(l+1)
(w=0) 1, i-1 G=DG+1)
oo _(z=D@E+1D) _ 42041 —14+2i+1
B - -1 -1-1
(1_0)(W_1j (z+1D) (-1 o
(o o] ___2__
WED_G=D
(-1 (z+1)
(ie) w=i (F—Zj w=i(1_—zj
I+2 I+z
When 1z| <1 (interior of the unit circle), we have wtwz=i-zi
i —w wz+zi=i—w
o <l Zwti)=i—w
i—w
li—wl<li+wl Z=i+w
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li— 4+ iv)| < i+ @+iv)l
—u+i(l=) <lu+i(l+v)l
JE? +1=v)? < @) +1+v)’

u’ +(1-v) <u’+1+v)°

u+1-2v+v> <u’ +1+2v+17
-4y <0
—v<0 (or) v>0

which is the upper half of the w— plane.

41

6. Find the bilinear transformation that maps the points 1 + i, —i, 2 — i of the
z-plane into the points 0, 1, i of the w-plane.

Sol.

The bilinear transformation is

(W_W1)(W2 _W3) — (Z_Zl)(zz _Z3)

(w=w;)(w, —w,)

(z—23)(z,—2y)

w-0)A~-i) _[z-A+D][-i—(2~1)]

(i.e.)

w=0)(1-0) [z—Q2—=0)][=i—1+i)]

Given z,=1+1i, z,==i, 2;=2—i ; w, =0, w, =1, w; =i

( w ja—z): (z=1-0)(=2)

w—i (z-2+i)(=1-20)
wo_ (z-1-D)(=2)
w—i  (z=2+i)(=1-2i)(1—i)
" (z-1-i)(=2)

wei (2=2+0)(=3—1)

w _(z—l—i)(3—i]
w—i (z=2+D\ 5

w+ (w—1i) _ (z=1-DB-D+5(z—-2+1)

(—1=2i)(1—1i)
=—1+i-2i+2i’
=—1-i-2
=—3-i

2 —2(=3+i)
—3—i (=3—-i)(=3+i)
_6-2i
9

_6-2i 3—i
10 5

w—(w—i)

(z=1-0)(B—=1)—=5(z—2+1)

2w—i 3z-zi—-3+i-3i-1+5z-10+5i

i 3z—zi—-3+4+i-3i-1-5z+10-5i

2w—1i

8z—zi+3i—-14

i

—2z7z—zi=-T7i+6
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2w—i  8z-zi+3i-14
i —2z-zi—Ti+6
8zi+z-3-14i
—2z7—2zi—7i+6
_ 8zitz—-3-14i
—2z-zi-7i+6
_8zit+z—-3-14i-2zi+z+7+6i
- —2z-zi-Ti+6
_ 6zi+2z+4-8i
 —2z-zi-7i+6
W:2z(3i+1)+(4—8i)
—z(2+0)+(6-Ti)
zBi+D)+(2—-40)
—zR24+0D)+(6-Ti)

2w—i=

2w

+1

(ie) w=

7. Show that under the mapping w=l_ Z, the image of the circle
1+ Z

x> +y> <1 is the entire half of the w— plane to the right of the
imaginary axis.

Sol. w=l__Z :>Z=l(1_w) i—z
i+z I+w Ve

Given x2+y2 <1 wi+wz=i—z2

(ie) Izl <1 wz+z=i—wi

i(1-w) ziw+D)=i(l—-w)

<1 :

1+w Z:l(l—w)

H—wl<+wl [sincelil=1] bw

N-—u+iv)I<ll+@+iv)l

I(1=u) —iv)l < I(1+ 1) +iv)l
JA=1)? + (=) < JA+u)* + )’

(1—u)2 +(—v)2 < (1+u)2 +(v)2

1-2u+u”+v: <1+2u+u’+v?

—4u <0 = u >0, which is entire half of w— plane to
the right of the imaginary axis.

42
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: . Z—1 . :
8. Show that in a transformation w = -, the axis of reals in the 7 — plane
Z+1

transforms into the circle \wl=1. Find the portion of the z— plane

corresponding to the interior of the circle lwl=1.
Sol. We have z=x+1iy

When y =0 (axis of reals in 7 — plane), we have 7 = x

z7—1 Xx—1
W: =
z+1 x+1i
ol x—i _w/x2+(—1)2 WX+l 1
S A N B | N |

Hence the axis of reals in 7 — plane is mapped into the circle lwl=1.

y
Now, lwl <1 (interior of the circle Iwl=1) 4

z—1
—| <1
+1 .
¢ of y=0 %
lz—il <lz+il
. . . . z-plane
l(x+iy)—il <l(x+iy)+il

Ix+i(y—=DI<Ix+i(y+1)l 4

JE+ (=17 <2 +(y+1)? /%I;I“
X+ (y=1> < x>+ (y+1)° /

Xy =2y+l< X +y +2y+1

_4y <0 > y >0 w-plane
Hence the upper half of z— plane is mapped into lwl <1.

< . . ..
9. Show that w= P maps the imaginary axis in the z — plane onto the
zZ+

circle lwl=1. What portion of the z— plane corresponds to the interior
of the circle Iwl=1.
Sol. We have z=x+1iy
When x =0 (imaginary axis in z — plane), we have 7 =iy
z—1 iy-1
YT i;) 11
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|1 _NED G Yy
y+l| P+ 1+

Hence the imaginary axis in z— plane is mapped into the circle lwl=1.
Now, |wl <1 (interior of the circle |lwl=1)

<1 -~
Z+1 )_0% X

lz—11 <1z +1] 0 N
l[(x+iy)—1l <l(x+iy)+1l
(x=D+iyl <I(x+1)+iyl v

F 9

z—1

z-plane

-1 2 2 1 2 2 lw|<1
R 77

X =2x+1+y> < xP+2x+1+y°

L
=

—4x<0) =x>0 w-plane
Hence the right half of the z— plane is mapped into Iwl < 1.

. Z—1
10. Show that the transformation w =

— maps
1-iz

i) the interior of the circle |z|=1 onto the lower half of the w— plane.

ii) the upper half of the z— plane onto the interior of the circle Iwl=1.

7—1 w+i
Sol. w= — = Z= : .
I-iz I+ wi o 21
(i) When |zI|<1 (interior of the circle |z1=1), we have 1-iz
. wW—wiz=2z-—1
w1 . )
-1 <1 wiz+z=w+i
1+ wi

zZwi+l)=w+i
lw+il <1+ wil Wt

1+wi

l(w+w)+il <1+i(u+w)l
lu+i(v+Dl<Id—v)+iul
JiP 1) < J1=v) +u?

wW+w+D? < A-v) +u’

w v +2v+1<1-2v+v> +u?

4v < 0 = v <0, which is lower half of the w— plane.
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w+i

(ii) We have z= :
1+wi

(u+iv)+i

I+i(u+iv)

_u+i(v+])

- I=v)+iu

_u+i(v+D] [A=v)—iu]
C[A=v)+iu] [(1=v)—iu]

_ [ud=v)+u@v+D]+i[(v+ DA =v)—u’]

x+iy=

(1-v)> —i*u?
_ 2u+i(l1-v> —u?)
(1-v)* +u’
= 2u Cy= 1-v’ —u’
(1-v)* +u’ (1-v)* +u’

Now, given y > 0 (upper half of the z— plane)

(ie) lwl<l1
which is the int erior of the circle lw | =1.
Home Work

Find the bilinear transformation that maps the points
z=0,—-i,—-1 into w=1i,1,0

z=-2,0,2 into w=0,1i, —i
z=—i,0,i into w=-1,1,1
z=11i,—-1into w=2,1i, -2

z=0,1,1 into w=1+1i, —i,2—1i

A i

45

w-plane

z=1,i,—1 into w=1i, 0, —i. Hence find the image of |zl <1.
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Answers
Page No. 26
l. f()=z"€e*+c 2. f(x)=ize“+c 3. f(a)=z"+c
4. f(z)=ize “+c 5. f(g)=e€" +c 6.f(z)=(5l1;1jez+c
Page No. 36
2
1. u”+v* =36 2. (u—Lj +\/2:L2
2k 4k
2 2
3.x=1= I/t—l +v2=l; y:1:>u2+ V+l =l
2 4 2 4
2 2
x=3= u_l +Vz=i; y=3 = u’+ v+l _ L
6 36 6 36
4. Iw—iI>l
2
1 1 1 1
5. Hu=—— i) u=— i) v=— w)v<——
(i) 5 (ii) 5 (iii) p (iv)
Page No. 45
1. w= id+2) 2. w= ——l(Z+2) 3. w= id-2) 4. w= —_6Z+21
1-z 3z-2 1+z iz—3
5 = z(56-30)+2i-2)
z(I+0)+2i
6. w= —iz-1

. , Izl <1 maps into the half plane u > 0 in the w— plane.
iZ7—
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UNIT -V Complex Integration

Cauchy's Integral Theorem [Cauchy's fundamental theorem (or) Cauchy's theorem]
If f(2) is analytic within and on a simple closed curve C, then _[ f(z)dz=0.

Cauchy's Integral Formula
If f(2) is analytic within and on a simple closed curve C and if z, is any

J- f@

zzo

point inside C, then f(z,)=

the integration round C being taken in the positive sense.

Cauchy's Integral Formula for the derivatives of an analytic function
If f(z) is analytic within and on a simple closed curve C and if z, is any

1! f(2)

point inside C, then f'(z,)=——
Y 2zid(z—2z)’

dz

Similarly,  f"(z,) = 2!_I 1) dz

~(z— ZO)3
f(z)
f(@—zsz )

In general, f(")(zo)— J. /(@)

= (z2—2)

n+1

Problem
1. Evaluate I(zz —2z-3)dz where C is the circle |zl =3.
C

Sol. Since the function f(z) =z’ —2z—3 being a polynomial, is analytic inside
and on the circle C : lzI=3
Hence by Cauchy's theorem,

[f)dz =0

(ie.) j (z2=27-3)dz =0

I
1
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i where C is the circle 1z =1, show that

2. From the integral
. Z+2

Il+20050d9: 0
5+4cosé

0
v

: | :
Sol. The function f(2)= ~4, isnot analytic at z = —2

But z =-2 lies outside the circle C: 1z =1
1

1s analytic inside and on the circle C.

e
\J

= f2)=
z+2
Hence by Cauchy's theorem,
_ d
[fdz =0 (e) j—zdz =0 ———— (1)
v vZ+2

Any pointonC:lzl=1is z=¢"

dz=ie'’d6, (0<0<2rx)
Equation (1) becomes,
Tie'do

J i o
v e +2

0

2r . .
cos@+isin@ dé?:g

~Ocost9+isin6?+2 i

*F cos@+isind
v (cos@+2)+isin6
T [cos@+isinB][(cosO+2)—isinb]
v [(cos@+2) +isin@][(cosO +2)—isin O]

2’-r[cos 6(cos @ +2) +sin” 8]+ i[sin B(cos @ +2) —sin O cos H] 16 =0
[(cos@+2)* +sin” 6]

I
-]

0
2r . .
(I+2cos@)+i2sin b 16 =0

* 4+4cos@+cos’ @ +sin’ 6

Equating R.P we get

2z

J‘1+20080d9=0
5+4cosé

0

T

2J-1+2cosﬁd0=0 (ie) _[1+2C080d02920
5+4cos@ 2

o d+4cost 7
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eZ ¥
3. Evaluate I —dz t
lzl=1 <

ST e
Sol. | —dz .ZLZ—OdZ NG

__I_f(Z)

-2,
=271 f(z,)
=271 (0)
=27i (e°)
=27

dz (where f(z)=e" is analytic inside and on C
and z,=0)

Z

dz

4. Evaluate I

121=1 8 d

N
Sol. fxy=e€", z,=a, C:lzl=1 u’/

Ifa< 1 Zo lies inside C

J dz J S (@) dz (where f(z)=e€" is analytic inside and on C
1.1=1<7d c <% _
: and z, =a)
=27i f(z,)
=27i f(a)

=27ie’ (a<l)

Z

If a> 1,z lies outside C and f(2) = is analytic inside and on C

Hence by Cauchy's theorem,
j f(2)dz =0

(ie.)

d !
5. Evaluate I > < where C is the circle 1z—il =2.
Z +4 (‘X
SOl. » x

jz +4_'[(Z+21)(z 21) N
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y .
:J Z+2ldz

7—21

aQ

If(Z) dz where f(2)=

c <% z+
=27i f(z))

1 1 V4
=27wi f(2i)=2xi 27 =—
AR l(zwz;} {m] 2

eiz
6. Evaluate I 3
v Z

- and z,=12i
i

dz, where C is the circle 1z1=2

iz iz

Sol. [“5dz=[—"—=d /\
’ £Z3Z'£(Z—O)3Z !'/*

z, =0 lies inside the circle 1z|=2

f(@)=e'", z,=0

By Cauchy's integral formula, we have f(z)=e'"
e” 27i ., f()=ie'"
j 3 :—f ) 2 i i
¢ < f(D)=i’e' " =—e'"
=zi(—e)=rmi(-)=—rxi

v

7. Show that j 2dz = Z where C is the circle 1z =2.
—722)(z+1) \
2 * > x
Sol. | ede :jé‘? dz !'/
vO—-z)z+i) L z+i
f(2)
_‘[Z Z dz  where f(z)=9_ZZ and z, =
=27i f(z,)
—1 —1 T
=27wi f(—)=27wi| ——— |=27wi| — |=—
A (9—(—1’)2] (10] 5
zet : :
8. Evaluate J dz where C is the circle 1zl =1.5

¢ (z=1D*(z-2)
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V4 Zez
ze _2
Sol. dz=|—4£—% d;
i(z—l)z(z—Z) J(Z—l)2
. (2) PR
s —I(Zf ) dz  where f(z)— 5 and z,=1
o _
I S| po= TRl e iz
5 > X (Z—2)2
k,—/ =27Z-lf(1) f/(l):(_l)[e-i_e]_e
= 27i(=3¢) D°
=—6Tie il
2 v
9. Evaluate J'2Z2 +< dz where C is a circle |z —1] =1. N
e
2 2
Sol. [F2FE gp= [ 222
z7 -1 (z—=D(z+1) - >
275+ 7
:.[ /<;+ dz
z—1
2
:I f(2) dz  where f(z)=2Z Tz and z, =1
c <%
=27i f(z,)
2+1 3
=2 h=2rx =27wi|— |=37xi
0= (HJ ’(2] ’
10. Evaluate J~33Z_1 dz where C is (i) Izlzl (i) 1zl =
~2 —z 2
Sol. _[3Z 1 _j 3z—-1 j 3z—-1 dz
Lz(zP - ~(z=0)(z-D(z+1)

1)OnC.IZI=1/2

3z—-1

|

CZ

dz=_[

c

i

=2

—Z

3z —%2 1,

z—0

/()

i f(zy)

, Zo = 0 lies inside C.

dz where f(z)—

(AN
N

and z,=0
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=27i £(0) =2m‘(g_n =27mi(l)=27i

11) OnC:lzl=2, zy=0, 1, -1 lies inside C.
3z—-1 A B C

G-+ z 21 z+1
3z—1 = A(z-D(z+D) + Bz(z+D)+Cz(z-1

put z=0, —-1=AFDH1)+0+0

A=1
put z=1, 2=0+B(1)(2)+0 /\
B=1 !'/
put z=—1, —4=0+0+C (-1)(-2)

C=-2
1 1 2
_+—_—
z z—1 z+1

3z—-1

-1 (z+1
Z(§ 1(Z ) p 4 J where f(z)=1in all 3 integrands
[S—de=[ ==+ [ 2] == and 5, =0.5=1.5, =1
z—=0 %

CZ3_Z Z—l_ e z+1 -
=27i fO)+27i fA)=2[27i f(=1)] ?E(Z);:i
=27H: (1)+%ﬂi(1) —47i(l) ot
=4rxi—-4rxi D=1
=0

. 2 2
11. Evaluate J-Slnﬂ.z ;Lcosnz dz around 1zI| = 3.
! (z-D(z-2)
Sol. OnC:lzl=3, z,=1, 2 lies inside C.
1 A B C

-17(z-2) z-1 -1 z-2
1=A(z-1D(z=2)+B(z=-2)+C(z-1)?
put z=1, 1=0+B(-1)+0
B=-1
put z=2, 1=0+0+CQ)°
C=1
Coeff.of z°, 0=A+C
0=A+1 = A=-1

10
1
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1 -1 1 1
2 = o >t
(z—=D"(z=2) z-1 (z=-D° z-2
sinzz® +coszz’ __sin7£z2+cosﬂ'z2 _sinﬂ'z2 +cosTz’
(z=D*(z-2) z—1 (z—1)?
+sin7rz2+cos7rz2
z—2
sinzz* +cosxz’ sinzz> +cosxz* sinzrz> +cosmz’
j " 5 d :—j " dz—J- . Z
C (Z_) (Z_ ) C l— C (Z_)
. 2 2
+Ismﬂ'z +COSTT Z dz
C z=2
27i ) s )
=—27L'lf(1)——f(1) 27i f(2)  where f(z)=sinzmz’ +cosxz

Clnd Z():L Z0=1’ Z0=2
=-27mi(-1)-2xi(-27)+27i(l)

— : 2 / /
=2mi+4x i+2xi f(z)=sinzwz> +cosmz’

=47 i+4rxi f(2)=2mzcosmz’ —2mzsinzwz’
=4rx(mr+1)i f()=sinzr+cost=0-1=-1
f')=2xcosx—2xsint=-"2x-0=-27
fQ2)=sindr+cosdr=0+1=1

12. Evaluate j% dz where C is the ellipse x> +4y* = 4.
~Z —3z-
2 2

Sol. Given C: x*+4y* =4 = x?+yT=1

Tz-1 Tz-1
£z2—3z—4 '[(Z_4)(z+1) ‘ > >

1z
_I z+1

c

_J‘f(Z)

-2,
=27i f(z,)=27i f(=1)

=27 —7-1 =27 _—8 =167n
-1-4 -5 5

dz  where f(z)—
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13. Evaluate I dz where C is the circle |z—2—il=2. ¥

3 2 A
2 —2z
Sol. Given C:lz-2-il=2 = Iz-2+i)l=
J‘ Z+l j z+1
= dz
~Z *(z=2)

+ 0
—I—Z _/52 dz

C

and z, =12

2

—J. 1) dz where f(z)—

2= 2,
=27i f(z,) =271 f(2)

=27i 2+1 =27 E =E
4 4 2

4. Evaluate [——22— gz where C is the circle 1z +1+il =2, ,
2 +2z+5
Sol. Given C: lz+1+il=2 = lz—-(-1-i)l =
+4 +4
[ de=] - — dz
L +27+45 clz=(=1-2D)][z - (=1+21)] 0
Y 2
:J‘ Z+ —.de
v z—(-1-2i0)
—I /(@) dz where f(z)=L4. and z,=-1-2i
v 2— 2, z+1-2i
=27i f(z
f o) _ 22 +2z+5=0
=27i f(—=1-210)
- , —2++/4-4.15
| —1-2i+4 =
=27i {21 11-2: 2.1
—1-2i+1-2i
- _—2+4/-16
=27 3_42_’J 2
— 4] _2+ 4§
= 2;41:—&21
T ..
_5(21_3) The factors are
[z=(=1+2D)][z - (=1-20)]




MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING

Home Work
1. Evaluate ICOS ﬂlz dz where C is the circle | z| =2.
7—
C
2. Evaluate [ £ dz where C is the circle 17 — 2| :l.
v (z-D(z-2) 2
3. Evaluate 21 dz where C is the circle |z —il =2.
w(z7+4)
4. Evaluate ¢ > dz where C is the circle |z| =2.
2 (z-1)
2 +27 ) )
5. Evaluate dz where C is the circle |z| =2.
“(z+3)(z-1
- 27 +1
6. Evaluate e dz if Cis a circle of unit radius with centre at 7 =—1.
J 2
C
7. Evaluate (i) I—Z dz (ii) I ¢ - dz where C is the boundary of the
. 2z7+1 .. _ T
2
square whose side lie along the line x=12, y=12.
2
8. Evaluate j coszz dz where C is the circle 17| =3.
Y (z-D(z-2)
2
9. Evaluate .[4Z +4§ 3 dz where C is the ellipse 9x* +4y* =36.
7—
C
z+1

10. Evaluate I

5 dz where C is the circle |z +1+1l =2.
2 +2z+4
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Taylor's Theorem
Let f(z) be analytic everywhere inside a circle C with centre at z; and radius R.
Then at each point z inside C, we have

f(z) = f(z0)+M(z—z0)+f (ZO)(z—z0)2+ ......... +M(z— o)
1! 21 n!
(ie) f(z) = Zf ,Ef‘))(z—zo)"

Note: When z, =0, Taylor's series becomes Maclaurin's series which is

o) 1= £1 0

Some Important Result:

. z 7
l.sinz= z——4+——.oeon...... 00

3! 5!

n" derivative
1. If y=e“" then y, =a"e""
_(=D"n'a"

then y = 1
ax+b (ax+b)""

=D+ a”
" (ax+b)"™?

2.0f y=

1
3. If y=———— then
Iy (ax+b)? Y
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_1\" _ | n
4. If y=log(ax+b) then y, =D (1=D'a
(ax+b)"

5.If y=sin(ax+b) then y, =a" sin(%+ax+bj
. nrw
6. If y= cos(ax+b) then y, = a Cos(7+ax+bj

Binomial Series
If IxI<1 (ie) —1<x<1 we have

. I=x)" =14+x+x"+x"+

2. (140" =l-x+x" =X 4.4 (D" X +oeo= D (-]

3. (1-x)% =142x+3x*+4x’ +

4. (1+x)7 =1-2x+3x>—4x" +...... +(=D"(n+D)x" +.......
Problems

1
1. Find the Taylor's expansion of - about the point zZ =1

Sol.  Taylor's series of f(z) about z =z, is

f2) = i%(z—zof —————— M
f(z)=l, Z, =1

<
1) ! (1)"

n+l

f(2) =
(=1)" n!
(1)n+1

Hence equation (1) becomes

oo _ n ’
f@ =Y T ey
n=0 .

n

s () = 1) = =(=D"n!

(i) l=i(—1)” (z-1"  (z=11<1)
< n=0
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(z=1)"
n!

2. Show that e* =e Z
n=0

Sol.  Taylor's series of f(z) about z =z, is
1@ = Y gy oo m
n=0 .

f(x)=e*, z,=1
fﬂ(z)zlneZ:eZ
LSz =) =e' =e

Hence equation (1) becomes

oo

f =3 % (z=1)"

n=20

E=D" o<

n!

(le) e =e Z
n=0

3. Find the Taylor's series for the function log(1 — z) at z = 0. State the region in
which the expansion valid.
Sol.  Taylor's series of f(z) about z =z, is

f2) = i%(z—zo)" —————— M

f(z) =log-2z), z,=0
DT (=D (D (D!
FHia = 1-2)" 1-2)

n n D" (n-=D!
0) = 0) =
[ (zy) = f7(0) 0’
Hence equation (1) becomes

fo) =3 0D gy

n=0 n'

=)' (n-D!'=—(n-1!

oo n

(ie) logl-z) ==Y =

n=0 N

Izl < 1)
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2
4. Obtain the Taylor's series expansion of f(z)= z -1 inlzl<?2.
(z+2)(z+3)

72 -1 B C
=A+ +
(z+2)(z+3) z+2 z+3
22-1=A(z+2)(z+3)+B(z+3)+C(z+2)
put z=-2, 4-1=0+B(1)+0

Sol.  f(z)=

B=3
put z=-3, 9-1=0+0+C(-1)
C=-8

coeff .of 77, I=A

72 —1 3 8
= :1 —
1@ (z+2)(z+3) +z+2 z+3

In 1z1 <2, we have

13

3 8 If |z 1<k, then take k outside.

J@)=1+ N . If 121>k . then take z outside.
2 (1 + 2) 3 (1 + ] (where k is constant)

=1+§(l+£j_ —§(1+£)_

2 2 3 3
3oz 8 v 2)
=l 2D @ 32D (3]

[=S] ; Z}’l =] ; Z}’l
=1+3 Z(_l) 2n+1 _82(_1) 3n+1
n=0 n=0

Z -1 = (z—-1)"
= -3
(z—=D(z-3) 2(z-D Z 2"*?

n=0

5. Show that when 0<lz-11<?2,

Z A
(z=D(z=3) z-1
z=A(z-3)+B(z-1)
put z=1, 1=A(-2)+0
A=-1/2
put z=3, 3=0+B(2)
B=3/2

Sol.

B
+ -
z—3
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Z _—1/2 N 3/2
(z—D(z=-3) z-1 z-3
In 0<lz-11< 2, we have

z __ 11 3 1
(z=1)(z=3) 27-1 2 [(z=1)-2]
1 3 1
=— +
2(z—-1) -4 [l_z—l}
2
1 _z[l_z_—lr
C2(z-1) 4 2

1 3

_ 3o (1Y
o 2(z-1) 42(2j

6. Find the Maclaurin's series expansion of sinz.
Sol.  Maclaurin’s series is

f@ = 3L e 0
f(z) =sinz

win _qn i [ N _ o (n7m
f () =1 sm( 5 +zJ sm(—2 +zj
non . (BT _an[ BT
s f1(0) —sm(—2 +Oj sm(—2 J

Hence equation (1) becomes

.(nzj
_ sin Y
f(2) :,;)TZ

3 5
=0+ 40— 40+ 10-
1! 3!

: : z 20 2
(ie)sinz=———+—— 0o

TR TR T
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Laurent's Series
If f(z) i1s analytic on two concentric circles C; and C, with centre at z;, and radii

R; and R, (R; > R;) and also in the annular region R bounded by C; and C, , then
at any point z in R, we have

F@ =Y a, -2+ b (z-2)"

where a, = 1 I S (w)

27 ) (W—Zo)nﬂ
b 1 . j f(W)_ _
27 cz(W_Zo) "

dw, n=0,1, 2...

dw, n=1, 2, 3....

n=0

Note: The series 2.@,(z—2,)" is called the regular part and 2., b,(z=2))™" is
n=1
called the principal part of f(z).

Problems
1

1. Find the Laurent's expansion of in
(z-D(z=2)

i) 1<|z|<2 i) 0 <|z-1]<1
1 A B
= +
(z—=D)(z-2) z-1 2z-2
I=A(z-2)+B(z-1)
put z=1, 1=A(-1)+0
A=-1
put z=2, 1=0+ B(1)
B=1
1 —1 1
= +
(z=D(z=-2) z-1 z-2
(i) In 1<lzl<?2, we have
1 -1 1

(z-D(z-2) Z(l_lj _2(13)
Z 2

Sol.
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134

-D(z-2)

[l
I
s
z [
I
I S
.
I 8
1M
N2 o
=

(it) We have = +
(z=D(z=-2) z-1 z-=-2

In O0<lz—-1l<1, we have

1 -1 N 1
(z-D(z=-2) z-1 (z-1-1

-1 1

= +
z—1 —=1[1-(z=D)]
-1

=———[1-(z-D]™
z—1

1 o
==Y -1
z—1 ,ZZ:;)
2. Expand ! in the regions 1i)lzl<1 ii) 1<lzl<3 iii) Izl > 3.
(z+D(z+3)
1 A B

Sol. = +
(z+D(z+3) z+1 z+3

1=A(z+3)+B(z+1)
put z=-1, 1=A2)+0
A=1/2
put z=-3, 1=0+ B(-2)
B=-1/2
1 /2 1/2
(z+D(z+3) z+1 243
(i) In lzl<1, we have
1 1 1 1 1

(z+D)(z+3) 2142 _53(“;)

S DN | U I IR DNV IR R
—2(1+z) 6(”3] 2;::0( D"z 6,;0( 1)(3]
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1 _ /2 172

(it) We have =
(z+D(z+3) z+

In 1<lzl<3, we have
1 1 1 1

1 z+3

1

(z+1)(z+3) 2Z£1+1j 23£1+zj

Z

-1
:L(HLJ —l(1+
2z Z 6

U (Y e (2
_2Z,,Z::0( D EZ) 6;‘0( D (3j

(iii) We have

1 _ /2 172

In 1z >3, we have
1

(z+D(z+3) z+1 z+3

n=0
1 . 1
_EZ(_) n+1_
n=0
3. Expand in Laurent's series 5
z(z-1)
Sol. %=é+ B + ¢ >
z(z-1) z z—-1  (z-D

1=A(z-1)’+Bz(z-D)+Cz
put z=0, 1=A(-1)>+0+0
A=1
put z=1, 1=04+0+C(1)
C=1

1
(z+1)(z+3) _2Z(1+1j 2 Z(1+3j
<

at the point i) z=0 ii) z=1.

17
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Coeff.of z°, 0=A+B
0=1+B= B=-1
1 1 1 1

T + p

z(z—-1) z z—-1 (z-1

(i) At z=0 (ie.) when Izl <1, we have
1 1 1 1

— = +
72(z=1)* 7z —-(-2) (1-2)*

=l+(1—z)‘1+(1—z)‘2
<

1 [} [}
:—+Zz”+ Z(n+l)z”
< n=0 n=0
(i) Wehave%:l— ! + 12
z(z-1) z z-1 (z-1)

At z=1 (ie.) when |z—-1l<1, we have
1 1 1 1
2 = - + 2
z(z—1) (z=D+1 z-1 (z-1)
1 1
=[1+(z-D]" - +
z—1 (z-1°
- 1 1
=Y Dl -
,,ZB z—1 (z=-1?°
z+2 \ :
4. Expand as a Laurent's series about 7 =72.
72(z=2)
Sol. Z+2 —é+i

2(z=2) z z-2
7+2=A(z—-2)+B(2)
put z=0, 2=A(-2)+0

A=-1
put z=2, 4=0+ B(2)
B=2

z+2 -1

2
z2(z—-2) Z z—2

18
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7+2 _—_1

2
= +
72(z—-2) Z

z—2

At z=2 (i.e) when |z-2l<1, we have

z+2 -1 N 2
2(z=2) (z=-2)+2 z-2

-1 2

5. Find the Laurent's series for

(z+D(z+2)
Sol. £ A B

z+2
z=A(z+2)+B(z+1])
put z=-1, —=1=A1)+0
A=-1
put z=-2, =2=0+ B(-1)
B=2

Z -1 N 2
(z+D(z+2) z+1

= +
(z+D(z+2) z+1

z+2

At z=-2 (ie.)) when lz+21<1, we have
Z _ -1 N 2
(z+D(z=2) (z+2)-1 z+2

-1 2
= +
—[1=(z+2)] z+2

=[1-Gz+2)] "'+

z+2
= > (z+2)"+
n=0

z+2

about 7 =-2

19
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6. Find the Laurent's series of f(z) = valid in the region

z(1-z
D |z+1] <1 i) l<|z+1l|<2 iii)|z+1|>2
Sol. ! =é+—B
z(1-2) z 1-z
I1=A(-2)+B(2)
put z=0, 1=A1)+0
A=1
put z=1, 1=04+ B(l)
B=1
1 1 1
= — 4+ —
z(1-2) z 1-z
: 1 1 1
(l) = + [ Since Laurent’s series in powers of (z + 1)

z(I1-2) (z+D-1  2-(z+1) are required ]
In lz+11<1, we have
1 1 1
= +
z(-2) —[—=(z+1)] 2[1_z+1}
2

2

:_Z (z+1)" + Z (Zzlj

n=0
1 1 1
= +

z(1-2) (z+DH-1 2—-(z+1)
Inl<lz+1l<2, we have

1 1 1
1—2) r] " 1
zd=2) (z+1){1—} 2[1—3}

z+1

~[1-+D] "+ [1—Z—+1}

(i7)

BRI 0 U R ol -5 R A S RS BN S €
B - ( ) +22( 2 ) Z(Z+1)n+l+z 2n+1

n=0 n=0
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11 1

(iiD)
In lz+11>2, we have
1 1

z(1-2) - (z+D -1 " 2—(z+1)

|

= +
2(1-2) (Z+DP—1} —%z+DP—2}
+1

<

z+1

-1 -1
_ 1 - 1 B 1 - 2
z+1 z+1 z+1 z+1

- “(IT- Tz ()
z+1 =\ z+1 z+1 =\ z+1

oo oo 2n
Z Z+1)n+1 nZ;) (Z+1)n+l
Home Work
1. Find the Taylor's series expansion of f(z)= ! inlzl<1.
(z+D(z+3)
2. Find the Taylor's series exp ansion of (222)(z+2) inlzl<l1.
(z+D(z+4)
3. Find the Laurent's series expansion of > ! in the region
z2(z°=3z+2)
) 1<lzl<2 i) O<lzl<1 iii) 1z > 2
4. Find the Laurent's series exp ansion of ! in the region
(z—=4)(z-5)
i) O0<lzl<4 ii) 4<lzl<5 i) Izl >5
2 —
5. Find the Laurent's series expansion of z -1 in the region
(z+2)(z=3)
i) lzl<?2 i) 2<lzl<3 i) Izl > 3.
Tz—-2

6. Find the Laurent's series exp ansion of

I <lz+11<3.

valid in the region

(z+Dz(z—2)

21
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Singularities

Zeros of an analytic function

1) A zero of an analytic function f(z) is a value of z such that f(z) =0.
2) An analytic function f(z) is said to have a zero of order ‘m’ if f(z) is

expressible as f(z) = (z—2z,)" #(z) where ¢(z) is analytic and #(z,) # 0.
f(z) 1s said to have a simple zero at z = 7, if z = 7, 1s a zero of order one.

Poles of an analytic function

Z
If f(2)= % then the poles of f(z) are ¥(z) =0.
An analytic function f(z) is said to have a pole of order ‘m’ if f(z) is
expressible as f(2) =(z—2,) "@#(z) where ¢(z) is analytic and ¢(z,) # 0.

f(z) 1s said to have a simple pole at z = z, if z = 7, 1s a pole of order one.

Singular Point
A point z =z, is called a singular point (or a singularity) of f(z), if f(z) is
not analytic at z.
1

For example, if f(z)= T2 then z = 2 is a singularity of f(z).
Isolated Singular point

A singular point zis said to be an isolated singular point if there is
some neighbourhood of z, throughout which 'f' is analytic except at the point
itself.
Example:

1
1. f(2)= - is analytic everywhere except at z = 0.

..z =0 1s an 1solated singularity of f(z).

z+1 : : : :
2. f(2) RS has three isolated singular points z=0, z=% i.
1
3. fA=—7—=
(7
sin| —
g
The singularity of f(z) are given by Limit Point
T Limit of the sequence is called the limit
sin (—j =0=sinnrz point.
<
Z n — oo n
z=0is the sin gular point
= z=—(n=%1,£2,......... )
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The singular point z = 0 is not an isolated singular point because every
neighbourhood of the origin contains other singular points.

Classification of the Singular point
If z = 7z, 1s an isolated singularity of f(z) then we have by Laurent's series

F@ =Y a2+ b (z-2)" ————— 1)

n=20 n=1
The second portion of the series, namely the series involving negative powers of
z = 7, 1s known as the principal part of 'f’ at z = z,,.
This principal part can be used to distinguish between three types of isolated
singular points.

Case (1) : If the principal part contains only a finite number of terms (i.e.) there
exists a positive integer m such that b, #0, but b,,,=0,b, ,=0,.........
Then the expansion (1) becomes

F) =Y a,(z—zpy +—+

2
= -2z, (2—2) (z—2z)"

b, b

where b, #0.1In this case the isolated singularity z = 7 is called a pole of order m.

A pole of order m =1 is called a single pole (simple pole). A pole of order m =2
is called a double pole.

Case (i1) : When the principal part of 'f' at z, has infinite number of non-zero
terms, the point z = z; is called an essential singular point. In this case the
Laurent's series (1) contains infinite terms in the negative powers of z — z.

Case (ii1) : When all the coefficients b, = 0 (i.e.) if the principal part contains no
terms, then the point z = 7z, is called removable singularity of 'f'. In this case the
Laurent's series (1) contains only non-negative powers of z — z,.

(ie) ()= a,(z-2)"

n=0
Example
1
1. If f(Z):Z’ z =0 is a simple pole

l
2. If f(2)= e/Z , z =0 1s an essential singularity
sin z

3.1f f(2)= , z=01is an removable singularity.
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Problems
Find the singular point of the following function and specify their nature.
eZ
L. f(z)=—
Z
: e’
Sol. Given f(z)=—
Z
The singular pointis z=0
eZ
f(2)=—
Z
1, z 2% 2’ 1 z Z
=—|1+=+—+"—+......... =—+l+—4+"—+ ..
Z " 20 3 z 21 3!
Its principal part is -
. z=01s a simple pole.
eZ
2. f(o)= —
Z
: e’
Sol.  Given f(z)=—
Z
The singular pointis z =0
eZ
f(z)= —
z
1 z 7 1 1 1 z 2z
=—|l+—+—+—+........ =+t _—F+—F—F.
Z 2! 3! 2z 2! 31 4!
Its principal part 1s ) + o z= 0 is a pole of order 2.

sin z

3. Find the sin gularity of and specify their nature.

Sol. Let f(z2)= Sn 2

Z
Singularity of f(z)is z=0

7z
_ -+ .
sinz 3! 5! | z +Z

< Z _a a_

Since f(z) contains only non —negative powers of z, the point z =0

f(2)=

is a removable sin gularity.
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4. Find the sin gularity of e%“ and specify their nature.
Sol. Let f(z)= eyZ+1
Singularity of f(z)is z+1=0= z=-1

fly=e =1+ L, 12 + 13 o
(z+DI! (z+D“2! (z+1)"3!

Since f(z) contains an inf inite series of negative powers of z+1,

the point z =—1 is an essential sin gularity.

5. Find the sin gularity of L;IIZ and specify their nature.
Z

Sol. Let f(Z)=L3lnz
<

Singularity of f(z)is z=0

3 5
| {35 ..... } o
Z—SIn 7 . . Z
f(2)= = =

3 3 —_— T T T T eeees
<

Since f(z) contains only non —negative powers of z, the point z=0
is a removable sin gularity.

Definition

1. Limit point of zeros is an isolated essential singularity.

2. Limit point of poles is an non-isolated essential singularity.
Problems

Identify the type of the singularity of the following function.

1. f(2) =sin(Lj
-z

Zeros of f(z) are sin(l1 ij
-z
(i)
sin = sinnx
I-z
1
= ——=nx

25
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:>1—z=L:> z=1—L(n=0, t1, +2,

nw nrx
z=11is the limit point of zeros.

s z=11Is an isolated essential sin gularity.

1

2. f(2)= tan(—j _sind/2)

Z cos(1/z)

Poles of f(z) are cos(l =0
b

(1
COS| —
Z

= oonen”®
Z 2

N—

=cos(2n+ 1)%

N——

.= 2
2n+)x
z=0is the limit point of poles.

- 2=0is an non—isolated essential sin gularity.

3. f(z)=tanz = ShL

COS Z
Poles of f(z) are cosz =0

cosz = cos(2n + 1)%

Z=o0 is the limit point of poles.

.. z=oc0 is an non —isolated essential sin gularity.

4. f(z)=zcosecz=—
S1In 2

Poles of f(z) are sinz =0
sinz = sinnx
= ZI=nx
z =00 is the limit point of poles.

sz =00 is an non —isolated essential sin gularity.

(n=0,+1, +2,

26
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1
COS z—sIn g
Poles of f(z) are cosz—sinz =0

5. f(2)=

Sin 7 = COS 2

= tanz=1

/4
= tan g =tan(n7£ + Zj

/4
= z=n7r+z (n=0,%x1,£2,.....)
z =00 is the limit point of poles.

..z =00 is an non —isolated essential sin gularity.

6. f(z)=sinz—cosz
Zeros of f(z) are sinz—cosz =0
sin z = €Os Z

= tanz=1

V4
= tan g =tan(n7z + Zj

T
= z=n7z+z (n=0, £1, £2,
z =o0 is the limit point of zeros.

..z =00 Is an isolated essential sin gularity.

7. f(z)=cotz ALLES

sin 7
Poles of f(z) are sinz =0
sin z = sinn7x
= z=nx (n=0, 1, £2,
7 =00 is the limit point of poles.

..z =o0 Is an non—isolated essential sin gularity.
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1
sin(1/ z)

8. f(z)=cosec (lj =
Z

Poles of f(z) are sm(

sin (

—_—

IS

-
3

o z=l (n=0, %1 +2...)
nw

z=0is the limit point of poles.

nnzx

N | =

S
=nr

IS

~. 2=0is an non —isolated essential sin gularity.

Residue at a pole

1
The residue of f(z) at z =z, is ij(z)dz
Ziy.

1
(i.e.)Res (z=1z7p) = 2—7[1._C[f(2)d2

where C is a closed contour containing the only singularity at z = z, and the
integration along C being taken anti-clockwise direction.

Evaluation of Residues
1. If z=zj1s a simple pole of f(z) then
Res(z=2z,)= lim (z—2z,) f(2)

=2

2. If z=1zj1s a pole of order 2, then

Res(z=1z,) -1 im di {(z—2y)° f(Z)}}

! =23

3. If z=1z,1s a pole of order 3, then

Res(z=z0)=2l lim j—zz{(z—Zo)3 f(Z)}}

! =2

4. In general, if z = 7, 1s a pole of order m, then

dm 1
{dz’" - {(z—z)" f(z)}}

Res(z=12,) = Iim
(2=2) = lim

28
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P(2)

5. If f(2) :m has a simple pole at 7=z, [where W(z,) =0 but ¢(z,) # 0]
Z
#(zy)
then R =2Z,)=
en Res(z=z,) V@)

6. Res(z=00) = —{Coeﬁicient of 1 in the expansion of f(z)}
4

7. Res(z=00)= lim [-z f(z)] provided f(z) is analytic at 7 =oo.

Problems
2
1. Find the residue of ZZ > at z=ia.
7z +a
Z2 Z2
Sol. Let f(z)=

2 +a’ (z+ai)(z—ai)

Poles of f(z) are z°+a>=0

2 2
Z =—a

z=tai
z=al is a simple pole.

Res(z=ai)=lim (z—ai) f(2)

2

= lim (z—ai) < ,
z—ai (z+ai)(z—ai)
_(ati)2
2ai
-a® —a ai . 1 :
= =—=— since —=-—Ii
2ai 21 2 i
: : 1 :
2. Find the residue of ——— at z=1.
z7+1)
1 1

Sol. L = -
0 et f(z) 22+ (z+0) (z-i)’

Poles of f(z) are 7> +1=0
z==*1i

z=1 is a pole of order 3.
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1 d?
Res(z=i)=— lim
(z=1) 57 Hm {dzz

1 WE

{(z=i)’ f(z)}}

= {(z—1)

1 .. d -3
=— lim =
2 Z%l_dz (Z+l)

1. [ 12
=— lim —
2 =i (z40)

112 ] 6 3
2| 20" | 320 16i

3. Find the residue of f(z)=tanz at Z:%

sin z _ ?(2)

cosz W(z)

Sol.

Let f(z)=tanz=

" Z =% is a simple pole of f(z).

P(2,)

v'(zy)

P(7/2)
V(T/2)
_osin(z/2) 1
T _sin(x/2) -1

Res(z=1z,)=

Res(z=7/2)=

4. Find the residue of f(z)=cotz at z=0.

Sol. Let f(z)=cotz= 2% = &)
sinz - y(2)
. 2=0 is a simple pole of f(2).
P(2y)
R == =
es(z=2zy) V)
Res(z=0)= 20 _cos0_1_,

cosO 1

w'(0)

(z+0)" (z—i)° }}

30

#(z,) = #(m/2) = sin (g} 120

w(z,) =w(r/2)= cos(%) _0

W(z)=cosz
W' (z)=—sinz

P#(z,)=0(0)=cos0=120
Y(z,)=y(0)=sin0=0

W(z)=sinz
w'(z)=cosz
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iz
ze

Z2+a2

5. Find the residue of

at each of its poles.
Zeiz B Zeiz

Z+a’ (z+ai)(z—ai)

Poles of f(z) are z°+a>=0

Sol. Let f(z)=

2 2
Z =—a

z=tai
z=ai,—ai are simple poles.

Res(z=ai)= lim (z—ai) f(2)

~ lim (z—ai)— 2%
z—ai (z+ai)(z—ai)
_(ai)ei(ai)
- 2ai
_aie® e
C 2ai 2
Res(z:—ai):zlirrbi (z+ai) f(2)
- lim (z+ai)—25
2o -ai (z+ai)(z—ai)
_(—ai)e'?
- 2ai
_ea
2
: : 7’ :
6. Find the residue of D' _2)2_3) at each of its poles.

3
<

(z=D*(z-2)(z~3)
Poles of f(z) are z=1, 2, 3.
z=11is a pole of order 4 and z=72,3 are simple poles.

Sol. Let f(2)=

31
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Res(z=2)=zlig§ (z—2)f(2)

= lim (z—2) . a -5 -
z—2 (Z—l) (2—2)(Z—3) (1)(_1)

Res(z=3)=21i_>n% (z—=3) f(2)

3
=1lim (z-3) 7 - = 247 22
73 (z=-1D"(z=-2)(z-3) (2)"d) 16

1 .. d’ 4
Res(z=1) =30 11{)111 [d_f{(z_l) f(Z)}}

3 3
:l lim |:d_3 {(Z_1)4 - Z }:|
6 :~1|dz (z—=1D"(z—2)(z—3)

1. | d <
R :1 :—1 ______ 1
es(z=1) 6 Zlﬂ{df{(z—z)(Z—?))H !
z’ =Az+B+ € .2
(z-2(z-3) 2 e

22 =(Az+B)(z-2)(z=-3)+C(z=3)+D(z-2)
put 7=72, 8=0+C(-1)+0
C=-8
put 7 =73, 27=0+0+D()
D =27
Coeff.of 7°, 1=A
Coeff.of z°, 0=-5A+B
0=-5(1)+B = B=5
z’ -8 27

=z+5+ +
(z=2)(z=3) =2 z-3

d’ z’ _d’ [z+5— 8 27}
dz’ | (z=2)(z=3) | d7’ z—2 z-3

d’? 8 27
=—|1+0+ > = 5
dz (z=2)" (z-3)
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d 16 54
=—10- +
dz{ (z-2) (2 —3)3}

_ 48 162
(z=2" (z-3)°
Hence equation (1) becomes

Res(z:l):l lim{ 48 - 1624}

6 =1 (z—2)" (z-3)
1] 48 162

Tl - (—2)4}
1[768-162

"6l 16 }
1[6067] 101

ZE_E}:E

7. Find the residue of f(z)= ZSSESZZ (or) tazz at each of its poles inside

the circle 1z1=2.

sinz _ @(z)

zcosz v (2)

Poles of f(z) are zcosz=0

z=0 (or) cosz=0

Sol. Given f(z)=

cosz=cos(2n+ 1)%

Z=(2n+1)§(n20,i§, ....... )
fz=0. 2% 27
2" 2

/4
z7=0, £— lies within the circle | z|=2, which are simple poles.

Res(z=0)=zli§(1) (z—0) f(2)

sinz _sin0 0

=lim (z-0) =
=0 zcosz cosO 1
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Now, z = %, — % are simple poles of f(z).

_ _ 9(z)
Res(z=1z)) = v z)

d(x12)

W' (rl2)

B sin(7/2)

r . (x V1
—~sin| = |+cos| =
2 [2J [2J

Res(z=x/2)=

P(—x/2)
v (-m/2)
sin(—7x/2)

Res(z=-x/2)=

34

#(z,) = P71 2) = sin(%

W(z,) =y (r/2)= %cos(%) =0

1#0

#(z,) =¢(—7/2) =sin (—

=—sin(

W(z)) =W(-1/2)= —%cos

NN

3
=——CO0S

K

)

jz—l;tO
-3
S

W(z)=2zcosz

W' (z) =—zsinz+cosz.1

el

-1
V4
—(D+0
2( )
_2
T
Z3
8. Find the residue of —; " at 7 =oo,
72—
3 3
Sol. Let f()= =% _=[1-L
-1 1 z
2 ==
Z
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2
<

-D(z-2)(z-3)
Sol. Res(z=o0) =}glgo [—z f(2)]

9. Find the residue of

[ 7=o0,

) z’
= lim |—z.
e | (z—Du—zxZ—a}

= lim

S E (= ]

~1
~ (1-0)1-0)1-0)
-1

Home Work

1. Find the residue of Le

at z=1.
(z—1

2. Find the residue of LT z=§.

3. Find the residue of T at its poles.

(z+1)

4. Find the residue of the following function at its poles.

L 1=e?F ..oel 01 . z

(i) - (i1) g (iii) —(Z2 +1)2 (iv) (Zz TDz_2)
e’” . -2z 2 z+1

v) 1) (vi) D244 (vii) 241 (viii) —Zz(Z—Z)

35
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Cauchy's Residue Theorem
If f(z) i1s analytic at all points inside and on a simple closed curve C, except at a
finite number of poles z,, z,, zs,......, z, within C, then

ff(z) dz =27i [Sum of the residues of f(z) at its poles]
C

=27wi[Res(z=2z)+Res(z=2,)+.......... +Res(z=2z,)]
Problems
2
1. Usin g Re sidue theorem evaluate IZZZ +1Z d z, where C is |z—1l=1.
c ¢ = ¥
2 F Y
Sol. Let f(z)=251%
7 -1
Poles of f(z) are z°—1=0 .
0
2 =1
z==1

z=11is a simple pole, which lies inside the circle |z —1I=1

z=-11is a simple pole, which lies outside the circle |z —1l=1

Res(z=1):£iiq (z=D f(2)

R PP TErsy
_2+1_3
2 2

. By Cauchy Re sidue theorem,

_[f(Z)dz =27iRes(z=1) =27xi 8} =37i.

2. Evaluate J‘ﬁ , where C is the circle 1z —il=2. T

w(z7+4)

1 1
Sol. Let f(z) _(Z2 14y = 1202220 (w

Poles of f(z) are 7 +4=0 \i_/
z=1%2i

z=2iis a pole of order 2, which lies inside the circle |z —il=2
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a1 d a2
Res(z—2z)—ﬁzll>rr21id—z[(z 20)° f(2)]

=2 =2 1
(40 —64i 32i
. By Cauchy Re sidue theorem,

If(z)dz=2ﬂiRes(z=2i) =27zi(L} _ 7
c 321

z—1 T

3. Evaluate I dz, where C is |z—il=2.

L(z+D)’(z-2)

— Z_l
Sol. Let f(z)_(z+1)2(z—2) (

Poles Of f(Z) are (Z+1)2(Z_2):O \0—/ > x
z=—-12

z=—1is a pole of order 2, which lies inside the circle |z —il=2

Res(z=-1) =% Zliﬁrr_lla%[(z +1)° £(2)]

= limi

Lz b }
oTtdg (2 #D* (z-2)

i {(z—2).(l)—(z—1)-(1)}

21 (Z_2)2
_(—3)—(—2)_—3+2__l
=3 9 9

. By Cauchy Re sidue theorem,

_[f(Z)dZ =27wi Res(z=-1) =27xi (%1) __ 27
c
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sin Z
4. Evaluate I(z—l)z(zz o)
C

sin z B sin z
(z=1(2+9)  (z=D*(z+30)(z=3i)
Poles of f(z) are z=1, 3i, —3i
z=23iis a simple pole, which lies inside the circle |z —3il=1.

Res(z=3i)= lin31_ (z=31) f(2)

d z, where C is the circle |z —3il=1.

Sol. Let f(z)=

= lim (z-3i) 3 sz. :
253 (z=D"(z+3i)(z—30)

_ sin@3i)
C Bi=1)*(6i)
_isinh3 Bi+1)° A
(6D Bi—1)>@Bi+1)>

_ sinh3 (-9 +1+6i) ()
O (6)(-9-1’ .
_ (6i—8)sinh3 0 >

600
. By Cauchy Re sidue theorem,

jf(z)dz = 27i Res(z=3i)

P [(61—8)smh3}

sin (ix) =isinh x

600
7i(6i—8)sinh3 7x(—6—8i)sinh3
300 300

5. Evaluate

_[ 4-3z
v 2(z-1)(z-2)
4-3z
2(z=D(z-2)
Poles of f(z) are z=0,1,2

d z, where C is the circle Izlzg.

Sol. Let f(2)=

z=0, 1 are simple poles, which lies inside the circle Izl=%.



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING

Res(z=0) =}1_I>I}) (z—0) f(2)

~lim (z-0)—F =%
20 2(z—=D(z-2)

_4-0

C(=D(=2)

=2
Res(zzl):liin1 (z=1D f(2)

lim (z—1)— =7
el z(z—=D(z-2)

_4-3
1D
=-1
. By Cauchy Re sidue theorem,

jf(z)dz = 27i [Res(z=0)+Res(z=1)]

=27i[2-1]
=27i
Home Work
1. Evaluate J. Z - d z, around the circle |z —11=3.
. (z+1)
3z° +2

2. Evaluate _[

5 d z, where C is the circle | z1=4.
¢ (z=D(z"+9)

()
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CONTOUR INTEGRATION

Type 1 Integration round the unit circle
2r

We proceed to evaluate the integrals of the form jf (sin@, cos®) db
0

ié -i6 ié -i6
: e'’ +e : e’ —e : :
Usin g the formula cos&zT and sm@zT in the denominator
i
: i0 . 06 dz
and if wetake z=e'" then dz=ie'"d0 —=df=—
iz

then the above takes the form
I¢)(z)d 72 =27i[Sumof residues of ¢(z) at its poles inside C ]

C
where C is the unit circle |z|=1.

Problems
T do
5+4sin8

2r _ié
Sol. Let I = j 0 =€

0

_ T do

. R . i6 .
i6 -6 le 17
e —e
05+4 (2j
l

B J‘ dzliz
c 5+2(Z_Z

1. Evaluate
0

5+4sin @ dz=ie'%dé

T~ o where C is the unit circle ‘ Z ‘: 1
l ]

J‘ dzliz

: 1

051+2(Z—j
<

[ —&
5zi+27*-2

c

_lj dz
¢ z2+§zi—1
2
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where f(z)= +

2+ =zi—1
2
, Si
Poles of f(z) are < +?z—1:0

5i 25
A e W |
\/ 4 =D

2
Z_
2.1
_Si, [F25+16 0 _siy [-9
__ 2V 4 _ 2 V4
2 2
_Siy3i
__ 22
2
5i 3i 5i 3i
_7+7 —_— —
2 2 2 2
2 ’ 2
-2 -=8i
4 7 4
=L 2

z=—2i lies outside the circle |z|=1
I

2==7 lies inside the circle |z| =1, which is the simple pole .

I ) ]
Res(z——aj = Zlir?; (Z+§j f(2)

1

= lim (z+§j , - ~
203 (z+lj(z+2i) (—l+2ij :
2 2

. By Cauchy Re sidue theorem,
.[f(Z)dZ =27 Res(z=—%) =2i EEJ — 4_7[
c

3i

]
)= I= Elf(z)dz

_ 14z _ 27
2\ 3 3

41
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¥ cos26
2. Evaluate I— de
o, d+4cosd
2
Sol. Let I = IM
v d+4cosd
2z i28
=RP. [————— db
0 e’ +e
544 ————
2
_ P-_[ Z _ Cf’z
v 5+2(z+z )iz
:RP.l_I < ~dz
lCS+2(z+j
Z
1 z*
=RP.- | ———d
[ +5z+2z2°+2
1 z*
=RP | K
200 2242 141
1
=RP.— [f()dz ————- )
207
Z2
where f(z)=
2, 9
Z +2z+1

5
Poles of f(2) arez +— z+1 0

—+‘/25—4 1.1

25 16

I+

I
24

[
N\UI
Il S
N | W

g=e€

dz=ie'%do

Sde=12 42
Le 1z

where C is the unit circle ‘ Z ‘: 1

42
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z=—2 lies outside the circle |z|=1

=Ty lies inside the circle |z| =1, which is the simple pole .
Re s z——l = lim Z+l f(2)
2 H_% 2
. 1 z? 1/4 1/4 1
T (z+j(z+2) (— 2)
2
. By Cauchy Re sidue theorem,
[£(2)dz = 27i Res(z=—lj —27i (lj -
2 2 6
1
)= I:R.P.—.J‘f(z)dz
2iv,
:R,p;(ﬂj _Z
2i\ 3 6
2r
3. Evaluate IL, lal <1 (or) —1<a<1
, 1 +asin @
2 _ i@
Sol. Let I = IL L=e
, 1 +asiné dz=ie'%de
- Zf 40 : —do = -dize ZQ
10 g BROPST ie iz
2i
_ I dzliz

43
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_ 2dz
K

2 dz

where f(z)=

22+ —z-1
a

210
Poles of f(z) are z’ +;z—1 =0

—Zii\/—i—4.l.(—1)

a a
Z:
2.1

_ 2 . _ _ 2

20, 4+24a _2i, ,N=d=ah)
__a a __a a
2 2
_—lil 1-—a?
a
—i+il-a® —i—i+l-d?
Let z, = , 2, =
a a

7, lies outside the circle | z| =1

z, lies inside the circle |z| =1, which is the simple pole .

Res(z=z) =lm (z—z) f(2)

) 1
= lim (z—2)
2oy (z—27z)(z2—2,)
1

44
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B 1

[—i+iﬂ]_[—i—i l—aZ]

a

a

2i Jl-a’

. By Cauchy Re sidue theorem,
[f(2)dz=27iRes(z=2)
C

=o7i| —2 = 24
2ivl-d? 1-a’

)= I= gjf(z)dz
a C

_g( Ta J 2z
a\1-a* 1-a*
sin’ @

2r
4. Evaluate j— de
,a+bcosd

¥ sin’ @ —e'?
Sol. Let I = j—de t=e
- a+bcos@ dz=ie'’do

(1—00529) NV d‘z :ﬂ
de

T 2 ie'? iz
0 a+bcosd

2z _i2e
_1 R.P.j 1-e
2

S ol 4 pi?
2

1-z7° dz

P. _l 2a+b(z+z_1) iz > where C is theunitcircle‘z‘zl

dé

1-7° dz

2a+b(z+1] Lz
Z

~ R.P. j
C

45
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IJ‘ 1-z2°

=R.P. - 5
i % 2az+bz” +b

dz

C

_rp L -2 d
- iJ- » | 2a ©
¢z +7Z+1

1 2
=R.P.—_Jf(z)dz _____ (D) where f(z)= -z
bi C 5 2a
T +—z+l1
2 2a b
Poles of f(z) are < +7z+1 =0
2
J2ay g
z= b b
2.1
_2a, [4a-a¥ 24, e
__ b b> b b
2 2
_—ai\/aZ—b2
b
—a +va’ -b’ —a —+a*-b*
Let le b R Z2: b

7, lies outside the circle |z| =1
z, lies inside the circle |z| =1, which is the simple pole.
Res(z=z) =lim (z-z) f(2)

) 1-7°
= lim (z—2z2) <
g (z—27z)(z2—2,)
_ 1_Z12
21724
2
1_[_0 +\/a2—b2]
b

b b
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192—(612+az—b2—2a\/az—b2)>< b
b’ 2\a® -
_ =2a*+2b* +2ava’ -b’
) 26 a® — b’
B —(a* -b*)+avNa® -b*
) b Na® —b?
—a*-b> a

b b
_ a—+a*—b*
b

.. By Cauchy Re sidue theorem,
_[f(z)dz =27iRes(z=12)
C

. [a—\/az —bZJ
b

=27

1
()= I=R.P. Eif(z)dz

{2751‘ (a=Ja* - b )}
b

_RP. L
bi

= i—f[a—\/az —b* ]

S. Evaluate J‘% where a > 0.
,a +sin” 6
Sol. Let I=J. Zad.ﬁz =J' adé
pa +sin" 6@ g o (1—00529)
a’+| —==
2 put 20 =t
T 2adf 2d6=dt
02a2+1—c0520 When 6 =0 =t=0
2 When 0= =t=2rx

_ J'” adt
0 2a* +1—cost
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B adt
it —it
09,42 +1_(e+e]
2
B a dz
c 2a2+1—(Z+Z
2
_1 2a dz
: C4a2+2—(z+1j <
Z
1 2a
= _ dz
- |

(4a*+2)z—-7> -1

C

__2a J~ 1
i 1 72°—4a*+2)z+1

h —
where 1) = v a4

Poles of f(z) are z° —(4a’>+2)z+1=0

(4a® +2) + /(4> +2)* —4.1.1
Z =
2.1

_(4a> +2) 164" +16a> +4—-4

2
 (4a° +2) +16a%(a* +1)
- 2

_ (4a* +2)t 4a Va* +1

2

= 2a*+1)* 2a Va* +1

48

l=e
dz=ie''dt
d d
:>dt:_ th:—Z
ie iz

1] iz’ where C is the unit circle ‘ Z‘=1

Let z,=2a’+1) + 2aNa’+1, z,=Qa’+1) —2a~a’ +1

z, lies outside the circle |z| =1

7, lies inside the circle |z| =1, which is the simple pole .
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= lim (z-2z,) f(2)

=2

Res(z=2z,)

49

1

= lim (z—2,)

=2

1
i T4

(z—z)(z2—2,)

} [(2a® +1) —
1

—4ava* +1

. By Cauchy Re sidue theorem,
ff(z)dz =2rxiRes(z=12,)
C

1
2ava* +11-[(2a* +1) + 2ava* +1]

Since j f(cosB) dO =2 j f(cos8) dé

f (cos@) db
0

l\)l'—‘

2r

= j f(cos @) d

1 -
=27 =
—4a\/a2+1j 2a+a’ +1
2
)= I=— "2 [ f(2)dz
It
_ 2a -
[ | 2a+a®+1
_ T
a’+1
T acosd
6. Evaluate j—dﬁ where a > 1.
< a+cosé
Sol. Let I= | _acost g
< a+cosé
_2” acosd
0 a+cos€
2 ae,‘g
=R.P.j , dé
0
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az dz
=R.P-I N\ . _ » where C is the unit circle‘z‘=1
. +(z+z jzz
Z:eiﬁ
= R.P-lj 2 dz dz=ie'’dd
(4 5 1 d dz
< le 1z
1 2
=RP—I aZ2 dZ
[ 4 2az+z"+1
_rp. 28 [———dz
[ 7z +2az+l
2
=RP.Z2 [f()dz ————- M
l C
where f(z)= <
24+2az+1

Poles of f(z) are 2°+2az+1=0

B —2a*A4a*-4.1.1

2.1
_—2a%x2 a’ -1
2

=—at+a® -1
Let zy=—a +~a’ -1, z,=—a —+a’ -1

7, lies outside the circle | z| =1

<

z, lies inside the circle |z| =1, which is the simple pole .
Res(z=z) = lijn (z—z) f(2)

. Z
= lim (z—z)
g (z=2z)(z2—2,)
_ %
474

_ —a++a’ -1 =—a+Va2—1
[—a++a’=1]-[~a—-+a*-11 2+a*-1
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.. By Cauchy Re sidue theorem,
[f()dz =27iRes(z=2)
c

P —a++a’ -1 _ﬂ'i(—a+\/a2—1)
2+/a* -1 va* -1

)= I1=RP. 2% [fydz

l C
2a _7[1' (—a++a*-1)
I va® -1

= R.P.

=2m{1—ﬁ}

2r
7. Evaluate I a6 —, lal <1
O1—2610036’+a
2z _i#
Sol. Let I = I a0 > cse
v1—=2acosf@+a dz=ie'%dé
7 de = do = d? =ﬁ
- .[ i ,if ie'? iz
01_2a(€2€J+a2

_ J‘ dzliz

l—a(z+z Y+a® where C is the unit czrcle‘z‘=1

C

I dzliz
1 2
Cl-a|z+—|+ta
<

_1J‘ dz
[ ¢ z—a(z’+1)+a’z

J' dz
. —az’+(@+)z—a
1 d 1
| — =— [f@dz ———-- (1)
—ai v, Zz_(a +1j _— —ai ¢,

a
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2
ZZ—(a +1jz+1
a
a®+1
Poles of f(z) are ZZ_[ ; jz+1=0

2 2 2
a +1i_\/£a +1j _411
a a

2.1
J(a2 +1)2 —4a>
aZ

where f(z)=

I+

a’+1
a

2
a’+1 a*+2a* +1-4a*

2
a a

2
az+li }a4—2a2+1
a a’

[+

2
az+1i /(az—l)2 a’+1 + a’ -1
a az — a a
2 2

a2+1+a2—1 2+l a*-1
__a a a a
2
a2
2a  2a
1
=a, —
a

= lies outside the circle |z| =1

z = a lies inside the circle | z| =1, which is the simple pole .

52
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Res(z=a) =1lim (z—a) f(2)
Z—a

= lim (z—a) ! = ! -

—a 2 _
e
a a

. By Cauchy Re sidue theorem,

If(Z)dZZZﬂl ReS(Z:a) :27Z-l( Za j . ZZZ'la
c a—1 a:—1
1
= I= — [f()dz
—ai v,
_ 1 27ia _ 27
—ai\a* -1 1—a>
Home Work
2r
L. Show that | 4do _3x
Y 4+sinf 415
2r
2. Show that Mw:ﬂ
v 5—4cosé 12
2r
3. Show that .d—g_zf
+13+5sin6 6
2:[ )
4. Show that ﬁdezf
v3—4cosd 4
2r
dé 27
5. ShOW Zhat — (k2<1)
'([+kcos6? N
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Type 2
Evaluation of integrals of the type If (2) d z where the function f(z) is such that

no pole of f(z) lies on the real line, but poles lie in the upper half of z-plane. We
evaluate the above integrals by considering them along a closed contour C
consisting of

1) Semi circle | z | = R in the upper half plane.

11) Real axis from —R to R.
Then we try to show that integral along T' vanishes as |z| — .

R
Thus | F(2dz = [ f(@)dz + [ f(x)dx ]
c r R
Taking limit as R — oo, we have
If(Z)dZ - If(x)dx R > 0 > R » X

By Cauchy's Residue theorem, this becomes

jf(x)dx =27i [Sum of the residues within C]

Cauchy's Lemma:
If f(z) is a continuous function such that |zf(z)| — 0 uniformly as |z| — o on

I', then }egmwj.f (2)dz =0 where T is the semi circle |z| = R above the real axis.
I

Jordan's lemma:
If f(z) is analytic except at finite number of singularities and if f(z) = 0

uniformly as z — oo then }egmwjeimzf(z) dz =0 (m>0) where T is the semi
r

circle |z| = R above the imaginary axis.

Problems
1. Evaluate I dx 5
7 1+x
Sol. Let f(z)= 5
1+z

Consider the integral _[ f(2)dz , where C is the closed contour consisting of T,
C

the upper half of the large circle ‘z‘ = R and thereal axis from —R to R
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Poles of f(z) are 2 +1=0
z=%1

55

z =1 lies within C, which is the simple pole.

Res(z=1i) = lig} [(z—1) f(2)]

= lim

_L
21
.. By Cauchy Re sidue theorem,

jf(z)dz =2xmi Res(z=1i)

=27 [LJ
21

[fdz=x

C

==
e (340 (z+1)

(ie.) Tf(x)dx =7 (by cauchy's lemma)

—o0

(ie.) T

+
of -
0 1+x
I d T
(le)f =
0
[ 2_
2. Evaluate I 4x sz dx
cox +10x"+9
—z74+2
Sol. Let =
¢ e J(2)= +1O +9

Consider the integral _[ f(2)dz , where C is the closed contour consisting of T,

C

the upper half of the large circle ‘z‘ =

R and thereal axis from —R to R
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Poles of f(z2) are z* +10z°+9=0
(22 +1)(2+9)=0
z=%*1i, £ 3i

z=1, 3i lies within C, which are the simple poles.

Res(z=1i) = gigli [(z—1) f(2)]

_ : 2P —z+2
=y {(94) D+ +9)}

P—i+2 —1—i+2 1—i 1—i

QDG +9) 2)(=1+9) (2i)(Q) 16i

Res(z=310) = Zli_)n;j [(z=30) f(2)]

= lim {(g/) 2P —z+2 }

(3-30)(z+30)(2* +1)

(Bi)>=3i+2  —9-3i+2 —7-3i T+3i

6)[(3i)>+1] (6i)(=9+1) (6i)(-8)  48i

. By Cauchy Re sidue theorem,
[f(ydz=2mi[Res(z=i)+Res(z=3)
C

1= T7+3i
=27 +
161 481

(3=-3i+7+3i
=27
48

_7
_C[f(z)dz—lz

(ie.) If(x)dx =?—Z (by cauchy's lemma)

(le)j XX —x+2 dx=57z
Jxt+10x° 49 12

56
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oo

3. Evaluate IL“
o (I+x7)

1
Sol. Let f(2) —m

Consider the integral _[ f(2)dz , where C is the closed contour consisting of T,
C

the upper half of the large circle ‘z‘ = R and thereal axis from —R to R
Poles of f(z) are 2 +1=0

z==*1

z =1 lies within C, which is the pole of order 2.

I Y
Res(z=1i) —1—!£1Lr1i d—z[(z ) f(2)]

T

< 1
z—>idz|:(z l) (}/i)2(2+i)2:|

: -2
=lim 3
71 |:(Z+l) }

_ -2 -2 1
(20 -8i 4i
. By Cauchy Re sidue theorem,
If(z)dz =27i Res(z=1)
C

T dx T

2| A+x2)7° 2

0

T dx T
(i.e.) =—

!(1 x*)? 4
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9]

4. Evaluate I

0

COS X
(x> +a*)(x* +b%)

iz

e
(22 +a*) (" +b%)

Sol. Let f(z)=

Consider the integral _[ f(2)dz , where C is the closed contour consisting of 1,
C

the upper half of the large circle ‘z‘ = R and thereal axis from —R to R

Poles of f(z) are (z>+a’*)(Z>+b*)=0
z=xai, * bi

z=ali, bi lies within C, which are the simple poles.

Res(z=ai)= lim [(z—ai) f(2)]

z—at

a

. . e'’
a zll)nr}i {(77/6”) (z//ai)(z+ai)(z2 +b2)}
e _ e
Qai)(-a*+b%)  (ai)(a®-b>)

Res(z=bi) = 1i_>nl}i [(z=bi) f(2)]

. . eiz
= lim {(5//’”) (3-bi)(z+bi) (2 +a2)}

-b b

e e
(2bi)(=b*+a*)  (2bi)(a* —b?)
. By Cauchy Re sidue theorem,

_[f(z)dz =2xi[Res(z=ai)+Res(z=>bi)]
C

_ —e e

—275{ . 2a —+ ._Z 2}
(2ai)(a”—=b") @2bi)(a”—b")

2 e_b_e_“
a’=b*\ b a

T e’ e
Jc‘f(z)dz_az—b2 ( b - a j
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b a

oo -b —-a
(i.e.) If(x)dxz zﬂbz (e _¢ j (by Jordan's lemma)
o a

oo ix -b —a
_[ 2 28 T dx= 27[ 2 =L
(x"+a’ )(x"+b") a —b b a

— oo

Equating Real part, we have

]3 COS X Jee T e_b_e_“
(x> +a*) (x> +b%) a’-b> | b a

— oo

° Cos x /4 e’ e
2 d_x: —_
j(x2+a2)(x2+b2) a’-b’ ( b a ]

0

T CoS X Jxe T e“b_e_“
(x> +a>) (x> +b?) 2@*-b*) | b a

0

5. Evaluate I xzsm); dx
, X~ +a
Sol. Let f(z)=—"—

z-+a

Consider the integral I f(2)dz , where C is the closed contour consisting of T,
C
the upper half of the large circle ‘z‘ = R and thereal axis from —R to R

Poles of f(z) are z°+a’ =0
z=%ai

z=ai lies within C, which is a simple pole.

Res(z=ai) = Zli_)rrali [(z—ai) f(2)]

. o ze's

= hm, {(77/“’) (zai)(z+ai) }
aie”

(2ai)

—a

2
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. By Cauchy Re sidue theorem,
[f()dz=27iRes(z=ai)
C

=27 {e—}
2

—a

=iTe

[fdz=ime

(ie.) _[f(x)dxz ize * (by Jordan's lemma)

© ix

xe L
_[ —— dx=izme "’
X" +a

Equating Imaginary part, we have

T xsinx _
_[ > . dx=me “
X" +a

X sin x _

2J. dx=me “
x*+a’

X sin x T
j 5 > dx=—e “
v X +a

72
6. Show that I = ; where a > 0.
xt+at 4a

Sol. Let f(z)= 41 7
zZ +a

Consider the integral I f(2)dz , where C is the closed contour consisting of T,
C

the upper half of the large circle ‘z‘ = R and thereal axis from —R to R
Poles of f(z)are z*+a*=0

Z4 -’
=(cosx+isinz)a’

=[cos2nz+ ) +isin Cnx +7)]a*
— ei(2n+1)7r.a4



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING

61

i2n+1)
Z=ae t, n=0,12,3.
7 37 5 17
Poles of f(z) are ae *, ae * , ae * , ae *.
T l,37z
But only two simple poles z=ae *, ae * lies within C
We know that if £(2) =2 then Res (z=z,) =250
w(z) v(z,)
Res (Z=0()=li£% ¢,((Z)) £(2)= 1 9@
Vi ZHvat w2
= lim - () =1
e bz w(z)=z"+a’
= lim —— v'(2) =47’
i—a 47
= lim o [since 7 +a* =0]
i»a —4q
__
4a’
,-ﬁ i3l 1 iﬁ i3l
Res(z=ae 4J+Res(z=ae 4)=— 4{ae ‘Yae 4}
4a
=—L3 el4+ei”el4}
4a” |
1 i iﬁ i =
——— | e 4—p
4a3_ }
=—L3 2isin£}
4a’ | 4

—-i 1

—1
248 «/5_2«/5 a’

. By Cauchy Re sidue theorem,
If(z)dz = 27i (Sum of residues within C)
C

T

=27 {2«/_5 a3} Z«/E(f
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If(z)dz= 72
2a

2
(i) jf(x)dx— >

]3 dx _ﬂ\/i
4 4

3
a

72

2'[x +a’ 2a’

(ie) j _ 72
x+a 4a
Home Work
o 2
1. Show that.[ > a > dx:Z
(x*+D(x"+4) 6
2. Show that j X +2 z
) x'+24x7 +144 T 483
3. Show that j—d :3—7[

X
D (71 16

62
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UNIT - IV Ordinary Differential Equations
Higher order Linear Differential Equations with constant coefficients

d
To solve the equation (aD” + bD + c)y=0where D= —

dx
1)  Write the Auxiliary Equation (A.E)
2)  Find the roots of the A.E say m; and m,.
3)  The solution is

1) y=Ae"" +Be™", if m #m,.
(1) y=(Ax+B)e"", if m =m,.

(iii) y=e""[Acos fx+ Bsin B x], if the roots are imaginary.

In general to solve n™ order linear differential equation

d
D"y +a; D"y + a,D"y + ........ +a,y = 0 where D = o
1)  Write the Auxiliary Equation (A.E)
2)  Find the roots of the A.E say m;, m,, ms,....... m,

3)  The solution is
Case (1) If all the roots are real and different, then the solution is

y=Ae"" + Be"*" +Ce"™" + De" " +.................
Case(il) If two roots are equal and other roots are real and different,
then y=(Ax+B)e"' " +Ce™ " + De"*" +.................

Case(ii1) If m; = m, and m; = my and other roots are real and
different, then

y=(Ax+B)e""" +(Cx+D)e™ "+ Ee" " +..............
Case(iv) If three roots are equal & real and other roots are real and
different, then y = (Ax* + Bx+C)e™" + De"** +.................

Case(v)  If two roots are imaginary but other roots are real and
different, then

y=e"" (Acos Bx+ Bsin Bx)+Ce™" +................

Case(vi) If m; =a + i = my and m3 = a —i3 = my but other roots are
real and different, then

y=e""[(Ax+ B)cos fx+ (Cx+ D)sin S x]+ Ee™*" +................
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Problems

2
1. Solve : d—f—5ﬂ+4y=0 (or) y'=5y"+4y=0
dx dx

Sol. The given equation can be written as (D> —5D+4)y =0
AEis m>-5m+4=0
(m-1)(m—-4)=0
m=1,4
The solution is y=Ae* +Be**
2. Solve: (D’ +2D+1)y=0
Sol. AEis m’+2m+1=0
(m+1)(m+1)=0
m=-1,—-1
The solutionis ¥y =(Ax+ B)e~
3. Solve: (D*-3D+5)y=0

X

Sol. AEis m*-3m+5=0
~(-3)£4/(-3)’ ~4.L5
m=
2.1

34411

2
L

SEEIR I NS (KR

2 20 2

3
X 11 LAl
The solution is Y =€’ {A cos——x + BSlnTx}

4. Solve: (D’ +2D>*-D-2)y=0
Sol. AEis m’+2m*-m-2=0

1|1 2 -1 -2
m = 1 is a root. ‘O 1 2
The other roots are m”+3m+2=0 1 3 0
(m+1)(m+2)=0 —
m=-1,-2
sm=1,-1,-2

The solutionis y=Ae* +Be *+Ce

5. Solve: (D’ -3D+2)y=0
Sol. AEis m -3m+2=0 10 3 2

m = 1 is a root. 0 1 1 —2




MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING

The other roots are m* +m—2=0
(m—-1)(m+2)=0
m=1,-2
Saom=1,1,-2

The solutionis y=(Ax+B)e* +Ce ™"

6. Solve: (D*-2D°+D?)y=0
Sol. AEis m'-2m’+m*> =0
m*(m* =2m+1)=0
m>=0 or m>-2m+1=0
m=0,0  (m=D)(m-1)=0
m=1,1
The solution is y=(Ax+ B)e’* +(Cx+ D)e*
y=(Ax+B)+(Cx+D)e"

7. Solve: (D’ -3D*+3D—-1)y=0
Sol. AEis m’-3m*+3m-1=0

1| 1 -3 3 -1
m = 1 is a root. 0 1 2 1
The other roots are m* —2m+1=0 1 -2 1 0
(m—-1)(m—-1)=0 -
m=1,1
~m=111
The solution is y =(Ax” +Bx+C)e"
8. Solve: (D’ +2D*+4D+8)y=0
Sol. AEis m’+2m*+4m+8=0 Sl ) 4 3
m = -2 is a root. 0 -2 0 -8
The other roots are m” +0m+4=0 1 0 4 |10
m*+4=0
m* =—4
m=12i
om==-2, £2i

The solution is y =€ (Acos2x+ Bsin2x)+Ce >

y=Acos2x+ Bsin2x+Ce "
(or) y=Ae > +e”(Bcos2x+ Csin2x)
y=Ae > +Bcos2x+Csin2x
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9. Solve: (D*-1)y=0

Sol. AEis m'-1=0
(m* =1)(m* +1)=0
m* =1 or m>=-1
m=x%1 m==%i
m=1,-1, i

The solutionis y=Ae +Be *+Ccosx+ Dsin x

10. Solve: (D*+8D*+16)y=0
Sol. AEis m"+8m*+16=0
(m* +4)(m* +4)=0
m*=—4 or m* =-4
m=1%x2i m=12i
The solution is y = e"*[(Ax + B)cos 2x + (Cx + D)sin 2x]
y=(Ax+ B)cos2x+(Cx+ D)sin2x

11. Solve: (6D>-5D—-6)y=0
Sol. AEis 6m’-5m—-6=0
6m* —9m+4m—-6=0
3m(2m—-3)+2(2m—-3)=0
(2m-3)3m+2) =0
w3 2
2 3
The solutionis y=Ae’** + Be>"*"

Home Work

1. Solve: (D’ +6D*>+11D+6)y=0

2. Solve: (D> —4D*+5D—-2)y=0

3. Solve: (D*+2D*+D*)y=0

4. Solve: (D’ =3D*+4)y=0

5. Solve: (D> =1)y=0

6. Solve: (D’ -D)y=0

7. Solve: (D*+4D*+8D*+8D+4)y=0
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Particular Integral (P.I)

Suppose the differential equation is (aD” + bD + c)y=X
(or) f(D)y =X where f(D) = aD> +bD + ¢

Then the complete solution is y = C.F + P.I

C.F (Complementary Function) :-
This is the solution of the given equation assuming R.H.S to be zero.

P.I (Particular Integral)
1

Pl.=—X
f(D)
NS S
aD* +bD + ¢

Type -1

Let X be of the form ¢“”

1 e
f(D)
_ 1

f(a)

If f(a)=0, then P.Il.=

ax

Pl.=

e, if f(a)#0 [put D=al]

1
e
f(D)
X ax

= e
Diff . Coeff. of Dr.

ax

Problems
1. Solve: (D> -3D+2)y=¢"
Sol. AEis m*-3m+2=0
(m-1)(m-2)=0
m=1,2
C.F=Ae" +Be™
1 5x

Pl=———c¢
D" -3D+2
— 1 eSx
25-15+2
_eSx
12
y=C.F+PlI

5x

ie) y=Ae* +Be** +e_
(le) y T
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2. Solve: (D*-4D-5)y=¢"
Sol. AEis m> —4m-5=0
(m-=5(m+1)=0
m=5, -1
CF=Ae* +Be™
1 5x
—_— €
D> —-4D-5
5x

= e [Since f(5) = 0, multiply x on Nr. and
5 -5 Diff. Dr. w.r.to ‘D’]

y=C.F+PlI
(ie) y=Ae* +Be ™" +xgesx

3. Solve: (D’-D*-D+1)y=2¢"

Sol. AEis m’-m>—m+1=0
m*(m—-1)—1(m-1)=0
(m=1(m*-1)=0

m=1, m==%1

~m=1,1,-1
C.F=(Ax+B)e"+Ce™"
Pl.=2 ! *

e
D’—-D*-D+1

ZZ/E%e g [Since f(1) = 0, multiply x on Nr. and
—1+1 Diff. Dr. w.r.to ‘D’]

'x X
3D"-2D-1
= e’ [Again, since f(1) = 0, multiply x on Nr. and
-1 Diff. Dr. w.r.to ‘D’]
X2 X
= e
6D -2
2 2
=2 er =2 ¢
2
y=C.F+PlI

2
(ie) y=(Ax+B)e"+Ce™" +x7ex
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3
4. Solve: (6D>-5D—6)y=2e? —5
Sol. AEis 6m*-5m—-6=0
6m* —9m+4m—-6=0
3m(2m—-3)+2(2m—-3)=0
2m-3)3m+2)=0
3 2
m=—, ——
2 3
CF=Ae*"+Be*
1 3/2x
Pl.=— (2 -5
6D* —5D_6 "¢ )
1 e3/2x _5 1 er
6D*-5D-6 6D>*-5D—-6

_r e =5 L [Since f(3/2) = 0, multiply x on Nr. and
12D -5 -6 Diff. Dr. w.r.to ‘D’]

X o312

18—5 6

2 5
L VT2 S

13 6

2
(ie) y=Ae’*  + Be™ "+ = xe¥'** +§
13 6

5. Solve: (D?>-5D+6)y =sinh x

Sol. AEis m°-5m+6=0
(m—-2)(m-3)=0

m=2,3
CF=Ae*" +Be™

P.1.=2; sinh x
D" -5D+6
_ 1 ex_e—x
D?>-5D+6 2

:l[;ex _;e_x}
2| D*-5D+6 D> -5D+6

1 1 . 1 e
=— e - e
2[1—5+6 1+5+6 }

11, 1 ] e e*
=—|—-e ——e =—-
20127 12 4 24

X —-X

ie) y=Ae™ + Be** +e__e
(Le)y 4 24
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6. Solve: (D’ —12D+16)y = (e* +e **)*

. 3 _
Sol. AEis m —-12m+16=0 ) 1 0 ~12 16
m =2 is aroot. 0 2 4 -16
The other roots are m’> +2m—-8=0 1 2 -8 0
(m+4)(m—-2)=0
m=-4,2
.m=2,2,—-4
C.F=(Ax+B)e* +Ce™
Pl.=—; ! (e*+e )
D" —-12D+16
=— ! (e +e ™ +2e e ™)
D’ —-12D+16
1 2x 1 —4x 1 —x
=— e +— e " +—=
D" —-12D+16 D" —-12D+16 D" —-12D+16
Tt e R R
3D° —12 3D° —12 —-1+12+16
2 . .
X 2x X 4y 1 _, [Since f(2) =0 & f(- 4) = 0, multiply x on Nr. and
=——e't——e "+2—e¢ : Iy
2 ) [Again, since f(2) = 0, multiply x on Nr. and
:x_ 2X.|_i e 4 -x Diff. Dr. w.r.to ‘D’]

e — e
12 36 27
2x X _ax 2 —-X
—€

2
e) y=(Ax+B)e™ +Ce ™ + ™ +—e* +
(ie) y=( )e e 126 366 >7

7. Solve: (D’ —1)y=(e" +1)’

m = 1 is a root. 0 1 1 1
The other roots are m”> +m+1=0 1 1 1 |0

—1++1° —-4.1.1

T
_—1£-3
2
_ClEiV3_ -1 V3
2 27 2

C.F =e¢™* Acos§x+Bsin73x +Ce”
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1
P.l.= e’ +1)*
D1 .
1 2
= e +1+2e"
S )
1, 1, 1
= T+ T+ 2 2e”
D’ -1 D’ -1 3 -
:Lezx-p ! +2 * e’ [Since f(1) = 0, multiply x on Nr. and
8—1 0-1 3D*? Diff. Dr. w.r.to ‘D’]
—lezx—1+2£ex
3

\/g e2x

3 )
(ie) y=e > Acos£x+Bs1n7x +Ce" +

+gxex -1
3

8. Solve: (D’-3D+2)y=¢"" given thaty =3 and Dy = 3 when x = 0.
Sol. AEis m*-3m+2=0
(m—1)(m—-2)=0
m=1,2
C.F=Ae* + Be**
1 3x
—_— €
D> -3D+2
1 3x
= e
9-9+2

€3x

)

Pl.=

3x

(ie) y=Ae' +Be™ +% ————— (1)

3x
Dy=% _ ppryope 43 _____ (2)
dx 2

When y = 3 and x = 0, equation (1) becomes
3:A+B+l
2

A+B:3—l
2

5
A+B=— ————— 3
5 3)
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When Dy = 3 and x =0, equation (2) becomes
3=A+2B+ 3
2

A+ZB:3—é
2

A+ZB=% ————— (4)

(4) — (3) implies

2B-p=2-2
2

B=—Z=-1
2

Sub. B = -1 in equation (3) we have

A-1=2
2

a=41=2
2 2
Sub. A =7/2, B =-1 in equation (1) we get
y:_ex _ €2x +i
2 2

Home Work

1. Solve: (D*—-5D+6)y=¢e"

2. Solve: (3D*+D—-4)y=13¢>"
Solve: (3D>*—4D+2)y=¢e"

Solve: (4D* 12D +9)y=5¢"*" -1
Solve: (D*—-2D+4)y=¢""+3
Solve: (D*—=2D+1)y=¢e"" +¢"
Solve: (D*—=5D+6)y=cosh” x
Solve: (D> +4D+8)y=(1+e")’

© ® N e W

when x =log, 2.

Solve: (D*—3D+2)y=¢" given that y=0 when x=0 and also

10
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Type — 2
Let X is of the form sinax (or) cosax
1
P.I.= sinax (or) cosax
f(p?
= sinax (or) cosax, if f(-a*)#0 [put D* =—a’]
f(=a*)
If f(=a®)=0, then P.1.= al sinax (or) cosax

Diff. Coeff. of Dr.

Note: D(x*)=2x, D(sinax)=acosax
1 x* 1 . —COS ax
—(x)=—, —(sinax)=———
D () 2 D ( ) a
Problems
1. Solve: (D?>-3D+2)y=sin3x

Sol. AEis m*-3m+2=0
(m—1)(m—=2)=0

m=1,2
C.F=Ae"+Be™”
P.I.=2; sin 3x
D”-3D+2
=——sin3x
-9-3D+2
= sin3x
= (=3D+7) sin3x
(-3D-7)(-3D+17)
_ D)
9D" —-49
_(BD+T) a
9(-9)—-49
_ —3D(sin3x)+7sin3x _ —3(3cos3x)+7sin3x
-81-49 —130
~ —9c0s3x+7sin3x
—130
_ 9cos3x—7sin3x
130

9cos3x—7sin 3x

ie) y=Ae +Be* +
(ie) y 130




MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING

2. Solve: (D> +16)y=e"" +cos4x

Sol. A.Eis m’>+16=0

m=x%x4i

C.F =e"(Acos4x+ Bsin4x) = Acos4x+ Bsin 4x

1 -3x
—S L, e
D" +16
1 —3x
= e
9+16

A =

S cosdx
2D

_1(sin4xj
2 4

_ xsin4x

8

(i.e.) y=Acosd4x+ Bsin4x+ 625 +

[Since f(-16) = 0, multiply x on Nr. and
Diff. Dr. w.r.to ‘D’]

S ysindx

8

3. Solve: (D> —-D+3)y=e"" +cos” x

Sol. A.Eis m* —-m+3=0

. —(-DE(-)*-4.13

2.1
R EAET
-
RESNTHR
2 2

1 \/ﬁ

I+

11

1 —

2

Vi1

C.F =e5x AcCos——x+ Bsin——x
2 2

12
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1
D*—D+3

cos’ x

P,

A= = = = = = = R o=

1
(ie) y=e? | Acos

Vi1

13

1 1+cos2x

D*—D+3

>

-D+3

1

3
1

3
1
3
1
3
1
3
1
3
1
3

5

D*-D+3

2
1

Ox

cosS ZxJ

—————CO0S2x
—4-D+3 j

+

CcoS 2xj

—D+1
COS
(-D-1)(-D+1)
—-D+1
D* -1
—D+1
+
(—-4)—1

Lo D(cos2x)+cos2x

e

2

cos 2xj

cos 2xJ

)

2sin2x+cos2x

—x+ Bsin—x |+
2 2 }

10

Vi1

2x
e

5

2sin2x+cos2x
1 B 2sin 2x + cos 2x

iy
6 10

4. Solve (D?> —4D +3)y = sin 3x cos2x

Sol. AEis m* —4m+3=0
(m=1)(m—3)=0
m=1,3

CF=Ae" +Be’*

2sinAcosB = sin(A + B) + sin(A — B)
1
sinAcosB = E [sin(A + B) + sin(A — B)]

l[sin(Sx +2x) +sin(3x — 2x)]

) 1 .
sin 5x+2—sm X
D —4D+3

Pl.=— sin 3xcos 2x

D" —4D+3

B 1

" D>-4D+32

=12; (sin5x +sin x)
2D —-4D+3

1 1

_5{D2—4D+3
1 1

2

|

———sinSx
—-25-4D+3

+;sinx
—1-4D+3 }
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—sin5x+;sinx
| —4D-22 —4D+?2

—4D+22 —4D-2

sin Sx +
| (=4D —22)(-4D +22) (4D +2)(-4D-2)
[ —4D+22 —4D-2
—————-sinSx+————sinx
| 16D" —484 16D° -4
[ —4D+22 ~4D-2 |
sin Sx + ———sinx
| 16(-25)—484 l6(-1)—-4
[ —4D(sin5x) + 22sin 5x N —4D(sin x) —2sin x
- 884 -20
1 —200035x+22sin5x+—4cosx—231nx
2 —884 -20
_100035x—llsin5x+ZCosx+sinx

884 20
10cosS5x —11sin5x N

884

R|—= N~ N=, = N~
I

2COs x +sin x
20

y=Ae  +Be’ +

5. Solve (D’ -3D*+4D—-2)y =e" + cosx
Sol. A.Eis m’-3m*>+4m-2=0

m =1 1s a root.

sin

|

14

The other roots are m”> —2m+2=0

() 1(-2)7 —4.12
" 2.1
2444
==
_2%2i
)
=1t
C.F =¢*[Acosx+ Bsinx|+ Ce*

Pl = ! e’ = e e
D —3D*+4D -2 V3442
X

X

—ex
3D*-6D+4
x X
e
3-6+4

X

=Xxe
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(ie) y=e*[Acosx+ Bsinx]+ Ce* + xe* +

1
PlI, = Cosx

3 2
D3 —3D*+4D -2 b
_ 1 =D(-1)
= COS X
D(-1)=3(-1)+4D -2

= COS X
3D+1

(3D-1)
“GBD+yGBD-1)
_(3D-1)
S 9D?—1

(3D-1)
9(-1)—1
_ 3D(cosx)—cosx
- ~10
_ 3(—sinx)—cosx
- ~10
_ 3sinx+cosx
- 10

COS X

COS X

3sin x + Ccos x

10
Home Work
1. Solve: (D*+4D+4)y=e">" +cosx
2. Solve: (D> —10D+25)y=7¢e’* +cos5x
3. Solve: (D*+16)y=sindx+e " +3
4. Solve: (D2—6D+9)y=%+sinx
e

5. Solve: (D*—4D+1)y =2cos4xcos2x
6. Solve: (D’ +1)y =sin 3x—cos2(§]
7. Solve: (D*+5D—6)y=sin4xsinx

2
8. Solve: d x+2§+4x=200s2t given that t =0, x=0=§.

dr* dt dt

15
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Type -3
Let X is of the form x™

m

Pl.=—x
f(D)

To evaluate this, expand !
f(D)

Then operate each term on x".

(ie) [f(D)]" in powersof D by Binomial series upto D".

Note : 1 Before applying the Binomial series, first make the constant term unity.
Note : 2 Some standard Binomial series are

(1-D)'=1+D+D*+D* +..........
(1+D)"'=1-D+D* =D’ +..........
(1-D) > =14+2D+3D* +4D° +...........
(1+D)?>=1-2D+3D* 4D +..........
Problems
1. Solve (D> +3D+2)y = x’

Sol. AEis m*+3m+2=0
(m+1)(m+2)=0

m=-1,-2

CF=Ae* +Be ™
) -1
PI=2;'X:2: 1 xzzl 1+w xz
T D*+3D+2 D’ +3D 2 2
21+——
_1|,_(p+3D) (D*+3DY |

[Since R.H.S function is X%, we can neglect D’ - E o 2 + 9 X
and higher powers of D] L

1 D* 3D 9D*| ,
— -——+ X
2 2 2 4

N | =
)

. ——<x2>+7%<x2>}

x* —%(2;@ +%(2)}

L = N = N
1 T

7
x? —3x+—}
2

(ie) y=Ae *+Be ™ +%[ 2

=
|
(oY)
=
+
SRR
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2. Solve (D’ -D*-6D)y =x"+1
Sol. AEis m’ -m’-6m=0
m(m* —m—6)=0
m=0 or m>—m—-6=0
(m—-3)(m+2)=0

m=3,-2
m=0,3,-2
CF=A+Be*+Ce™
1 ) 1 )
PI.= (x> +1) = (x% +1)
D*-D’-6D S_D?
-6D 1+7D b
-6D
2 -1
= 1 —D (x2+1)
-6D 6
i 2
[Since':R.H.S function is x%, we canneglectD3 — 1 1+(D2 _DJ+(D2 _Dj }(xz +1)
and higher powers of D] —6D 6 6
- 2 2
! b D (x* +1)
—-6D| 6 6 36
B 2
_ L D7D (x> +1)
-6D| 6 36
1 [, D , 7D>
=— +1)—— +1)+—— +1
—op| & DTG D0 D)
1 [, 1 7
= | X +1-=Q20)+—(2
“6n|" 6 Y 36()}
1 [, x 25
= -4 —
—6D|" 3 18
__ 1 2725
6|3 6 18
: _ 1| X > 25
(ie) y=A+Be* +Ce > —— L
6|3 6 18

3. Solve (D°+4D+5)y =e* +x’ +cos2x
Sol. AEis m>+4m+5=0

m_—4iJ@f—415

2.1

17
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C.F =e¢>*[Acos x + Bsin x]

1 . 1 . e
Pli=—5———e¢" = el =—
D" +4D+5 1+4+5 10
P.I, :2; X’ = ! x°
D> +4D+5 [ D2+4Dj
5| 1+———
5
5 -1
5 5
1 (D2+4DJ (D2+4DJ2 (Dz+4Dﬂ .
=—|1- + - X
[Since R.H.S function is x3, we can neglect D* L S S S
and higher powers of D] _l_l_Dz _4D 16 D2 _64D3 R
50 5 5 25 125
_1}, 4D 1D* 64D’ ]
5| 5 25 125
1] , 4D 11D2 64D° |
=—| x —— +— - X
5| 5( %) (x*) 125( )
i .
=—|x’ ——3 +—6 ——6
5| (3x%) (6x) 125( )}
_l_xs_E 2, 06 144
51 5 25 125
Ply=————c0s2x =——————Cos2x = cos2x
D" +4D+5 —44+4D+5 D +1
= @D-D cos2x
4D +1)(4D-1)
:wcoﬂx
16D" —
_ 4D(cos2x)—cos2x
16(—4)—-1
_ 4(-2sin2x)—cos2x
—65
_ 8sin2x+cos2x
65
. oy . e’ 1 12 66 _ 144 |  8sin2x+cos2x
(ie)y=e *[Acosx+ Bsinx]+—+—| x’ ——x* + +
10 5 5 25 125 65
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4. Solve (D*+D’+D?)y=5x>+cosx
Sol. AEis m'+m’+m*=0
m*(m*+m+1)=0

m>=0 or m>*+m+1=0

= —1++1° -4.1.1

m=0,0
2.1
_—1£4/-3  —1%i3
2 2
C.F=(Ax+B)+e*? Ccos§x+DSin§x
1 1
P.I =5 ’=5 2
i piep? D*[1+(D* + D)] )

:%[1+(D2 +D)]" &
:%[l—(D2 +D)+(D*+D)*] x°
:§[1—D2 - D+ D?] x*
:%[1—1)] x’

=2 = D)

:%[x2 —2x]

:%F_z_}

x2
3 2
zs{ﬁ_ﬁ}

12 3
1 1
Pl,=—; 3 5 COsX = 5 cosx = cosx
D*"+D +D D"+ D(-1)-1 1-D+1
=——COSx
-D

=—sinx

4 3
(ie.) y=(Ax+B)+e“2{Ccos§x+Dsin%x}+5{f—2—%}—sinx

19
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5. Solve: (D’ +D*+D+1)y =2x"+3x" —4x+5

Sol. AEis m’+m*>+m+1=0
m*(m+1)+1(m+1)=0
(m+1D(m* +1)=0
m=-1, m* =—1
m==%i
C.F=Acosx+Bsinx+Ce™™
PI=—; 1 2x* +3x* —4x+5)
D +D +D+1
= 3 ! 5 (2x> +3x* —4x+5)
[1+(D°+ D" +D)]
= [1+(D’+D*+D)]"" 2x° +3x* —4x+5)
=[1-(D’+D*+D)+(D*+D*+D)*— (D’ +D*+ D)’ ] 2x’ +3x> —4x+5)
=[1-D’-D*-D+D*+2D’ -D’]1 2x’ +3x> —4x+5)
=[1- D] 2x* +3x*> —4x+5)
=(2x> +3x° —4x+5) -D2x> +3x> —4x+5)
=(2x° +3x% —4x+5)—(6x> +6x—4)
=2x"=3x*-10x+9
(ie) y=Acosx+Bsinx+Ce ™" +2x’ —3x*—10x+9
Home Work
1. Solve: (D*+D+1)y=x’
2. Solve: (D’ +3D*>+2D)y=x"
3. Solve: (D> =1)y=e" +x’ +cos2x
4. Solve: (D’ —D)y=e" +sinx+x
5. Solve: (6D>—-D-2)y=e" +x°
6. Solve: (D> —4D+1)y=x"+e>"
7. Solve: (D*+1)y=x"
2
8. Solve: d Z=a+bx+cx2 given thatﬂ=0 when x =0

and y

dx dx
=d when x=0.

20
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Type —4
Let X is of the form €™V, where V is any function of x.
1 ax
= e’V
f(D)
__ _ax 1
f(D+a)
Note: When X = xV(x) where V(x) is of the form sinax (or) cosax
= ! xV
f(D)
=X b V——f (D)2 Vv
f(D) Lf(D)]
Problems

1. Solve: (D> —4D+3)y =¢ “sinx
Sol. AEis m>-4m+3=0

(m—1)(m-3)=0
m=1,3
CF=Ae"+Be™
PlL=— ' o sinx
D" —-4D+3

1 sin x
(D-1)*-4D-1)+3
! S
D’ -2D+1-4D+4+3

-X

inx

=e z—sinx
D-—6D+8

—————— sinx
-1-6D+38
(=6D —-17)
(=6D +T7)(=6D —T)
. —6D-7 .
=e¢ " ———— sinx
36D* - 49
—6D -7 S
36(-1)—49
C o —6D(sin x) —7sin x g —6cosx—7sinx g 6cos x +7sin x
-85 -85 85

=e¢ " inx

(le) y:Aex+Be3x+e—x|:6COSX+7SIHx:|

85
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2. Solve: (D> +2D+5)y = xe"
Sol. AEis m*+2m+5=0

—2+4,(2)*-4.15

2.1
:—2i -16 :—2i4i — 1+ 9;
2 2
C.F =e¢ "[Acos2x+ Bsin 2x]
P.I:%xex =e" ] x
D" +2D+5 D+1)"+2(D+1)+5
— X 1 X
D> +2D+14+2D+2+5
. 1
= ———— X
D> +4D+8
1

=e X

2
8[“1) ;40}

e (. D*+4D)"
=S 1+ =1
8 8
e | (D*+4D
=S - =2 x
8 | 8
=< 1—4—D} X
s| 8
=< x—lD(x) = x—l
8" 2 8 2

(ie.) y=e "[Acos2x+ Bsin2x]+ %(x — %j

3. Solve: (D> +4)y = xsinx
Sol. AEis m>+4=0
m* =—4
m=%x2i
C.F =¢" (Acos2x+ Bsin2x) = Acos 2x + Bsin 2x

Pl.= 21 xsin x
D" +4

. 2D
sin x —

—————— sinx
D’ +4 [D* + 4]

=X

22
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Pl.=x sinx—z—D2 sin x
-1+4 [-1+4]
1. D .
=x —sinx———sinx
3 9

X . 2
=—s1nx—§cosx

. ) 2
(i.e.) y=Acos2x+ Bsin 2x+§smx—§cosx

4. Solve: (D> =2D+1)y = xe*sinx

Sol. A.Eis m*-2m+1=0
(m-1)(m-1)=0

m=11

C.F=(Ax+B)e"

Pl.=————— xe"sinx
D" -2D+1
=e” 5 ! xsin x
(D+1)2=2(D+1)+1
x 1 .
=e xsin x

D?*+2D+1-2D—-2+1

R S
=e —ZXSIHX

Jor 2D
=e x—2 smx—T Sin x
D (D)

I . D .
=e X— SInx— ) S1in x
-1 (=1 }

=e” [—xsinx—2cosx]
=—¢* [xsinx+2cosx]

(ie) y=(Ax+B)e" —e"(xsin x+2cos x)

5. Solve: (D’ —2D+4)y = e*cosx
Sol. AEis m’-2m+4=0

2|1 0o 2 4
m = -2 1S a root. 0 -2 4 —4
The other roots are m° —2m+2=0 I 2 2 0

23
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(D) £(2)* 412
B 2.1
_2+4-4

===

242i

2

=1+

C.F =¢*[Acosx+ Bsinx]+ Ce >

Plzﬁ e’ cosx
— +
=e" ! COS X
(D+1)° =2(D+1)+4
B 1
=e COS X

D’ +3D*+3D+1-2D-2+4

1
=e COS X

D +3D*+D+3

LA
=e COS X
D) +31+F D +3

=e" 2; CcOS X
3D"+6D+1

X

COS X
3(-)+6D+1

=e" COos X

6D -2
6D+2
COS
(6D —-2)(6D+2)

6D +2 }
COS X

[
x|t
{ 6D +2 COSX}
x|

36(-1)—-4
6D(cos x)+2cos x}

— 40

x[—6smx+2005x} x{3sinx—2003x
=Xxe =xe

-40 20

" y=ex[Ac0sx+Bsinx]+Ce_

3sinx—2cos x
2x+xex[

24
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6. Solve: (D> +4)y = x*sinx
Sol. AEis m*+4=0
m* =—4
m=12i
C.F =¢"(Acos2x+ Bsin 2x) = Acos 2x + Bsin 2x

Pl.= ! x*sinx

" D*+4
ix 1 x2
(D+i)* +4
1 )
2 .2 X
D +2Di+i"+4
1 >
2 . X
D +2Di—1+4
1
2—.x2
D +2Di+3
1 >

X
2 .
3{1_{_ D -;2Dlj|

_ ) o
=l [.P.e" 1+D+—2Dl x*
3 3

2 . 2 2\ 2
:l IPe | 1- D~ +2Di N D™ +2Di 2
3 3 3

=[.P.e"

=[.P.¢"

=[.P.e'"

=[.P.¢"

=— [.P.e" |1-
3 3 3 9

1 | D2_2Di_4D2}x2

~

N

NN
-

22T
-5 @0 9(2)}

I.P. (cos x+isin x) sz —%)—i%}

25
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=l I.P. xz—E cosx+4xsmx +i4] x* —E
3 9 3 9

1 ( ) 14) . 4xcosx
=—|| X —— |SInx—
3 9 3

. y=Acos2x+Bsin2x+%sz—%]smx—
Home Work
1. Solve: (D*+2D—-3)y=e"cosx+e "
2. Solve: (D’ -3D*+3D-1)y=x"¢"
3. Solve: (D-1)’y=e*—xe** —2sinx
4. Solve: (D’ —1)y=xe"+cos” x
5. Solve: D’y=x"sinx
6. Solve: (D*—4D+4)y=(x+1)e"
7. Solve: (D> +4)y=xe™
8. Solve: y'+2y'+y=e"logx+e”

4xcosx
3

S x —

|

4 xcosx

i

26
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Homogeneous Linear Equations with Variable coefficients

A homogeneous linear equation is of the form

n n—1 n—-2
X" Zxr),; +Px" d nj; +Px" d n_g oo, 4+Py=X —————— )

where Py, P,,.....P, are constants and X 1s a function of x.

To solve this equation put z =logx

e =x
We have Q:ﬂﬂ
dx dz dx
dy 1
== — ————(2
dz x )
xﬂ:Dy where D:i
dx dz

Diff. (2) wrt. x

Py 14y )
dx*  x d7* dx  dz

2
X

_ld’y 1 dy(lj

_xdz2°x dz

X
d’ d
x’ —szzy—Dy where D =—
X dz
2
52 d”y

> =
X

D(D-1)y
3
Similarly, x° ﬂ D(D-1)(D-2)y and so on.
X

3=

dy ,d’y

Substitute these values of X——, X" ——-, €IC in equation (1) we will get a

dx dx
linear equation with constant coefficients which can be solved.

Note:

; X =x“'[x_“_1X dx
06—«

If R.H.S. is unknown function (other than the previous four types), we have

to use the above formula to find P.I. in variable coefficients.
[when we apply this formula change the operator D to 0].

27
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Problems
3 2
y »dy | dy
+3x +x—+y=x+logx
dx® dx? dx Y 8

1. Solve: x’

28

(or) X’y +3x’y " +xy +y=x+logx (or) (x’D* +3x>D> +xD +1)y = x +logx

Sol. put z=logx
=e' =X
Then the equation becomes
DD -1)(D-=2)y+3D(D-1)y+Dy+y=e+7
[D(D?>-3D+2)+3D>-3D+D+1]y=¢°+z2
[D’-3D*+2D+3D>-3D+D+1]ly=¢"+z
(D> +1)=¢"+7

AEis m’+1=0 11 0 1
m = —1 is a root. 0 -1 —1
The other roots are m”>—m+1=0 I -1 L
—(=DED) P -4.11
B 2.1
1£4-3
2
_1EiV3_ 1, j:
2 2
1
C.F=e21 Acos £ +Bsm£z +Ce*
2 2
=+/x | Acos ﬁlogx + Bsin ﬁlogx +£
2 2 X
1 1 e’
P.I = e =——e° =—==— 1
' D+l 1+1 2 2 e? = (e = x" = Vx
1 3\—-1
P-12=D3+1Z=(1+D) Z efz:(ez)—l: —lzi_
=(1-D" z )
D
—2-0 (2)
=log x

" y=\/; {Acos {@10gx}+Bsin[%logxﬂ+£+%+logx
X
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2. Solve: (x’D*> +4xD+2)y = xlogx

Sol. put z=Ilogx

=e‘=x

Then the equation becomes

D(D-1)y+4Dy +2y= ze~
(D* —=D+4D+2)y =z¢°
(D*+3D+2)y=ze"

AE.ism’>+3m+2=0

D) =1

(m+1)(m+2)=0
m=-1,-2
CF.=Ae*+Be * . o
e = (e”)
A B
X X
1 . 1
Pl.=————ze" = > Z
D +3D+?2 D+D"+3(D+1)+2
— Z 1 z
D*+2D+1+3D+3+2
. 1
D +5D+6
. 1
- ¢ D?*+5D :
6{1+}
6
-1
e (D2+5D
=—|1+| ———=1]| z
6 . -
e’ (D*+5D)]
6 i 6 |
_e 1_5_0%
6| 6
ol
6| 6
—1(10 x—éj
6l 56
——+—+—(lo x—i)
Y x  x° 8 6
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3. Solve: (x’D* —4xD +6)y = x(1+x)
Sol. put z=logx = x=¢°
Then the equation becomes
DD -1)y-4Dy +6y= e (I1+e°)
(D*—=D—-4D+6)y =e*(1+¢°)
(D> =5D+6)y =¢* +e**
AE.ism*-5m+6=0
(m-2)(m-3)=0

m=2,3
CF.=Ae**+Be’ =Ax*> +Bx’
1 2
— (e*+e™ )
PL=Dp""5pve
1 z 1 27
=— e’ +— e
D" -5D+6 D" -5D+6
1 4 < 2z . .
= e + e [Since f(2) = 0, multiply z on Nr. and
1-5+6 2D -5 Diff. Dr. w.r.to ‘D’]
=e_+i62z
2 -1
=§—x210gx

. y=Ax*+Bx’ +§—x2 log x

4. Solve: x’y” " +xy’+y = 4sin(logx)
Sol. put z=logx = x=e¢°
Then the equation becomes
DD -1)y+ Dy +y=4sinz
(D* =D+ D+1)y =4sinz
(D* +1)y=4sinz
AE.ism’+1=0
m=+*i
C.F.=Acosz+ Bsinz =Acos(logx)+ Bsin(logx)

. Z . . _ _ .
sinz =4 sin z [Slpce f(-1)=0, ‘rm}ltlply z on Nr. and
D2 +1 2D Diff. Dr. w.r.to ‘D’]

PL =4

=27 (— cos z) = — 2log x [cos(log x)]
-y =Acos(logx)+ Bsin (logx) —2log x[cos(logx)]
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5. Solve: (x’D?* —2xD —4)y = 32(logx)*
Sol. put z=logx = x=¢"
Then the equation becomes

D(D - 1)y - 2Dy —4y = 322z°

(D* 3D —4)y =327>
AE.ism*~3m-4=0
(m—4)(m+1)=0
m= 4, -1

CF.=Ae** +Be * = Ax* +£

1

P.I =

=—8[(10gx)2

.y =Ax? +£—8{(logx)2 -
X

2—32Z2 =32
D -3D—-4 _4[“_

3(log x)

2

13

+_
8

|

_ 3(logx) N E}

8
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6. Solve: (x’D*> +4xD+2)y = e*
Sol. put z=logx = x=e¢"

Then the equation becomes

Z

D(D—1)y+4Dy +2y= €°
( D2 —D+4D + 2) y = ee‘"‘ [This function is different from the previous

four types]
(D*+3D+2)y =¢"
AE. ism’+3m+2=0
m+ DHm+2)=0

m=-1,-2
CF.=Ae¢ *+Be * L o L1
e " = (e") = X = >
_A B !
__-|-—2
X X

Z

[ R.H.S functionis € ‘ To find P.I. we have to use the formula

b X = x“jx_a_lX dx}

-«
1 . :
Pl =—— ¢ [When we apply this formula, change the
92 +38+2 operator D to 0]
1

X

@10+ ¢

:(0-1'_2) :x‘IJ.xH e’ dx]

= ! _lj.ex dx}
@+2) | x

_ 1 e
0+ | x

X
2f.2-1€
=X _[x — dx

X

=i2_|.xidx =L2J.exdx =<
X X

2

A B e
‘. y:—+—2
X

X X



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING

1
(1-x)*

7. Solve: (x’D*+3xD+1)y =

Sol. put z=logx = x=e¢"
Then the equation becomes

DD -1y +3Dy +y=

(1-e*)’

D>*—D+3D+1D)y =(1-¢°)? [On expansion using Binomial series, we
y
have infinite number of terms]

(D’ +2D+1)y=

(1-x)*
AE. is m*+2m+1=0
(m+1D(m+1)=0

m=-1, -1
C.F.=(Az+B)e™
__Alogx+B
X
Pl.=— ! ) 1 5
9 +20+1 (l_x) J_ dx =J.(1_x)_2dx:(1_x)—l
-1 (1-x? )
@+D(O+1) (1-x) o
Tl-x
= 1 xflj.xlfl 1 de
@ +1) 1-x)

_ 1 lJ‘ 1 2dx} | __A, B
@+1) :x (1=x) x(l—x)_x 1-x
_ 1 1 1= A(l—x)+ B.x
@+ [ x(1-x) put x=0, 1=A(1)+0

1 A=1
:x_ljxl_lx(l_x) dx put x=1, 1=0+B(1)
B=1
S et S S
x 7 x(1=-x) x(1-x) x 1-x
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8. Solve: (x’D* =3xD+4)y = x* given that y(1)=1, y'1)=0
Sol. put z=logx = x=e¢"
Then the equation becomes
D(D - 1)y - 3Dy +4y= e’*
(D> —4D +4)y = **
AE.ism’—4m+4=0
(m-2)(m-2)=0
m= 2,2

C.F.=(Az+B)e** =[Alogx+ B]x*

PI _ 1 €2Z: < 2Z:i82z:x2(10gx)2
T D*—4D+4 2D -4 2 2
2
X
Ly :(Alogx+B)x2+7(logx)2 .......... (1)

2
y =(Alogx+ B)(2x) + xz(é)-f— %2(log x).l + (log x)2.2—2x
X X

=(Alogx+ B)(2x)+ Ax+ x(logx) + (10gx)* X =mmmennn 2)
When y(1) = 1, Equation (1) becomes

1:(A10g1+B)(1)+%(10g1)2
1=0+B+0
B =1
When y'(1) =0, Equation (2) becomes
0=(Alogl+B)(2)+ A+logl+ (logl)2
0=0+2B+A+0+0
0=2(1H)+A
A=-2

2
. y=(1-2logx )x2+x?(logx)2
Home Work

1. Solve: (x*D*+xD+1)y=logx
2. Solve: (x’D’+3x*D*+xD+1)y=x"+logx

3. Solve: x’y” +3x*y”+xy"+ y =sin(log x)
4. Solve: (3x*D*+xD+1)y=x
5. Solve: x*y”—xy —3y=x"logx

34



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING

6. Solve: x*y”+2x’y"—x*y +xy=1 (H int : Divide by x)

d’y d*y d’y d’y

7. Solve: x*—=—4x +6 =4 H int : put =u
A de | de (ot put = 5 =1
8. Solve : x*y”+xy +y = log x.sin(log x)

9. Solve: (x*D* +4xD+2)y = x* + =
X

10. Solve: (x’D* +8xD +13)y = x°

Equations reducible to homogeneous linear differential equation

The equation of the form

n n-1
(@b Y P by Yy APy=X —————— (1)
dx" dx"
can be reduced to homogeneous linear differential equation by using the
substitution
ax+b=e"

= log(ax+b) =7z

We have Qzﬂ%
dx dz dx
_dy a

dz ax+b

(ax+b)Q=aDy where D=i
dx dz
2

d
Similarly, (ax+b)’ dxf =a" D(D-1)y

d’y
dx’
Substitute these values in equation (1) we will get a linear equation with
constant coefficients which can be solved.

(ax+b)’ a’D(D-1)(D-2)y and so on.

35
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Problems
1. Solve: (5+2x)*y " —6(5+2x)y +8y = 6x
Sol. put 5+2x=e"

= z=1log(5+2x)
Then the equation becomes

e =5
2’D(D - 1)y - 6(2Dy) +8y= 0|
3
= by 4, we get (D* =D =3D+2)y 21(62 -5)

(D> —4D +2)y =%(ez —5)
AE.ism>—4m+2=0

(4 412

2.1
_4%48
2
+
- 4—5\5:24_“/5

C.F=Ae? Dy el 10:
= A(5+20) 2V £ B(5+20)2 VY

! é(eZ—S)

Pl= D aps2s

Alw AW M|lw

i 1 z 1 Oz:|
. 4 —52—6
D" —4D +?2 D" —4D +?2

! ez—Sl
[ 1-4+2 2

5 _z[swx_z}
-1 2

= 3 —5—2x—§}
2

-2 8
3x_45
2 8

2

4
g' 15} 3x 45
41

Ly =AGH20 Y L B(5+2x0)2 TV -

36
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2. Solve: (1+x)°y " +(1+x)y +y = 2sin[log(l + x)]
Sol. put 1+x=¢°
= z=log(l1+ x)
Then the equation becomes
DD - 1)y +Dy +y= 2sinz
(D*-D+D+1)y =2sinz
(D* +1)y=2sinz
AE.ism +1=0
m==i
C.F.=Acosz+ Bsinz
=Acos{log(1+x)}+ Bsin{log(1+ x)}

Pl =2 sinz:22isinz

D* +1
=z(—cos z2)
= —log(1 + x).cos{log(1+ x)}
-y =Acos{log( + x)}+ Bsin{log(l + x)} —log(1+ x).cos{log(l + x) }

Home Work

1. Solve: (2x—1)*y”"—4(2x-1)y +8y=28x

2. Solve: (2x+3)*y’—2(2x+3)y 12y =6x

3. Solve: (x+a)’y’—4(x+a)y +6y=x

4. Solve: (x+1*y”+(x+1)y + y=sin[2log(x +1)]
5. Solve: (x+1)’y”+(x+1)y +y=4coslog(l+ x)
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Simultaneous Linear Differential Equations

Problems
dx dy . dx dy
2—+—-3x=e', —+—+2y=cos2t
1. Solve o o y

Sol. The given equation can be written as
2D-3)x+Dy=¢' ————-— 1)
and Dx+(D+2)y=cos2t ————— (2)
(Hx(D +2) —(2) xD, we get
2D -3)(D+2)x—D*x = (D+2)¢e' — D(cos2t)
(2D*+4D-3D—-6—D*)x=¢"+2 ¢' +2sin2¢
(D*+D—6)x =3¢ +2sin2t
AE ism°+m-6=0
(m-2)(m+3)=0
m=2,-3
C.F.=Ae* +Be ™™
. 1 . 3e'

-3 e
P.Iy= 1+1-6 4

—2 e
D +D-6

P.12 = Z#HSHI 2t = 2ﬁ8in 2t

=2 sin 2t

D-10
D+10 )
sin 2t
(D-10)(D +10)

00

_ 2D(sin 2t) +10sin 2t
—104
_ 2c0s2t+10sin 2t
- ~52
€02t +5sin 2t
- ~26
3e' cos2t+5sin2t
- 26

. x=Ae* +Be ™ -
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Now, (2D-3)x+Dy=e¢'
= Dy=¢'-2Dx+3x

_o! _ZD{AeQ, L Be Y 3¢ cos2t -2k65s1n2t}

23| Ao + Be 3¢’ cos2t+5sin2t
26
—o' —2 |2 A —3Be Y — 3e.  —2sin2¢+10cos2s
4 26

43 Aezt+Be_3t_3e _ €082t +5sin2¢
4 26

Dyv=—Ae® +9Be~ +i+ 17 cos2t —19sin 2¢
g 4 26
2t -3t t

y=—Ae—+9Be +i_|_17s1n2t+19cos2t
2 -3 4 52

2t+17sin2
. y:Aezt+B€73,+e_+19cos t sin 2t
4 52

where A:_g’ B=-3B

dx , d
2. Solve Z+y=€’ X—E:f
Sol. The given equation can be written as
Dx+y=e ————— (1)
and x—-Dy=t ————— (2)

(DxD + (2), we get
D*x+x=D(e')+t

(D> +D)x=e' +1t
AE.is m*+1=0
m* =-1
m==x1i
C.F.=Acost + Bsint
1 1 e
D+l 1+41° 2

P.Il =
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1 251
=—1t=0+D t
P.I, Dia1 ( )
=(1-D*)1t
=t—0
=t
. x=Acost+Bsint+%+t
ﬂ+y—e’:>y—e[—ﬂ
Now, dt dt

t
= y:e’—[—Asint+Bcost+%+l

t

oy =Asint—Bcost+%—1

dx d
3. Solve ~-=3x+8y, ?f=—x—3y, x(0)=6, y(0)=-2

Sol. The given equation can be written as

Dx—-3x—-8y=0
and x+Dy+3y=0
ie. (D-3)x—-8y=0—-————— ()
and x+(D+3)y=0—-————— (2)

(D)x(D + 3) + (2) x8, we get
D-3)(D+3)x+8x=0

(D* —9+8)x=0
(D* -1 x=0
AE. is m*—1=0
(m+ 1D(m-1)=0
m=1,-1
x=Ae +Be”’

Now @2 3X+8y
> dt

=>8y=—-3x
=(Ae' —Be ')-3(Ae' +Be™")

8y=—2Ae' —4Be™’

1 1
———Ae¢' ——Be™'
YT 2

40
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Given x(0)=6, y(0)=-2
When x(0) = 6, equation (3) becomes
6=A+B oo (5)
When y(0) = -2, equation (4) becomes
A B
2 D) —>-8=-A-2B _________ (6)
Adding (5) & (6), we get
6-8=B-2B
B=2
~A=6-B
=6-2=4

x=4e +2e¢", y=—e —e”’

Home Work

1. Solve: ﬁ+2x—3y:t, ﬂ—3x+2y=e2t
dt dt

2. Solve : %+y:sint, §+x:cost given that x=2 and y=0 at t=0.
4 4

3. Solve: ﬂ+2x+3y=262’, ﬂ+3x+2y=0
dt dt

4. Solve : ﬂ— =t, ﬂ-l—x:tz
dt

5. Solve : ﬂ+2y:—sint, Q—Zx:cost
dt dt
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Variation of Parameters

d2y
a
Let o

d
+ bd_)yc +cy =X where X is a function of x be the given differential

equations.
Let the C.F. be c¢,f; + c,f; where ¢, and ¢, are constants and f; and f, are
functions of x.

PI= Pfl + Qf2
where P = Ifz—dx 0= I fl dx
1 -Kf
Then the complete solutionis y = C.F + P.I
Problems
2
1. Solve J x{ +y=secx using variation of parameters.
Sol. A.E.is m’+1=0
2
=—1
m==%1i

C.F.=Acosx+ Bsinx
P.I. = Pf; + Qf, where f, =cosx, f, =sinx
f,' =—sinx, f,’ = cosx

fi fo— flf, =cos x(cos x) — (—sin x)(sin x)

= cos? x+sin’ x

=1
I HLX I :_Js1nxsecx i

L= 1
=—I MY o =—Itanx dx

cosx
=—log(secx)

0= _[ f1 :Icosxsecx I
Ve 1
:Jcosx =Idx .
cosx
~ PI.=Pf +0f,

=— cosxlog(secx)+ x sin x
- y=Acosx+ Bsin x—cosxlog(secx) + xsin x
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2. Solve: (D?-3D+2)y = ¢" using variation of parameters.
Sol. AE.ism’—3m+2=0

(m-1)(m-2)=0
m=1,2
CF.=Ae“+Be™
P.I =Pf, + Qf, where f; = e*, f,= e**
fl': ex, f2'= 2€2x
’ ’ :ex262x _eerX :2e3x _e3x :e3x
hh=-Hh1

£,X e _J. o2t

= J.f X dx
Hhlhh—-H K €
e6x 3 e3x
=—J‘e3xdx=—J‘e dx =— 3
X x _4x
Q=I fl y x=Ie ix dx
hh-1H ) e
S5x 2x
_ e _ 2x _e
—Ie3de—Ie dx = 5
~ PI1.=Pf +0Ff,
3x 2x
:—e ex_'_e er
3
4x 4x
__6 e
3 2
_e4x
6
4x

L y=Ae +Be* +S—
2}’ 2
3. Solve ——5+ 4y =tan” 2x ysing variation of parameters.
Sol. AE.is m’+4=0
m’=—4
m=12i
C.F.=Acos2x+ Bsin2x
P.I. = Pf; + Qf, where f; = cos2x, f, = sin2x
f,'=—2sin2x, f,’= 2 cos2x
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fi fa—fi [y =cos2x(2cos2x)—(=2sin 2x)(sin 2x)
=2co0s? 2x+2sin’ 2x

=2(cos? 2x+sin?2x)=2(1)=2

. 2
_ szX : dx:_Js1n2xtan Zxdx
L h=h 2
1 ¢sin2x sin® 2x
=—— dx

29 cos?2x

1 ¢sin2x(1—cos® 2x)

=—— > dx
27 cos” 2x

_ 1 ( sin 2x

2

—sin 2x] dx
cos” 2x

1-( 1 sin2x

) —sin 2)6) dx
Cos2x cos2x

=—— (sec2x tan2x —sin 2x)dx

1 [sec 2x cos 2Xi|
= +

2| 2 2

sec2x cos2x

4 4

=[5 =

= ———dx dx
f1f2_f1f2

j cos2xtan’ 2x
2

< 2
FCOS2x sin” 2x

dx

= N~ = -

cos’ 2x
R _ 2
(I—cos™ 2x) I

Ccos2x
(1 cos’® 2x .
{cos2x cos2x

i (sec2x—cos2x)dx

_ 1] log(sec2x+tan2x) sin2x
2 2 2

_ log(sec2x+tan2x) sin2x
4 4

44
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e P.I.:Pf1+Qf2
_(_ 1 _ cos 2x cos x4 log(sec2x + tan 2x) _ sin 2xj sin2x
4cos2x 4 4

= —l —lcos2 2x—lsin2 2x+lsin 2x log(sec2x + tan 2x)
4 4 4 4

1 1 1
————(1)+—sin2x log(sec2x + tan 2x
4 4( ) 4 8l :

_% + i sin 2x log(sec2x + tan 2x)

.. y=Acos2x+ Bsin2x +isin 2xlog(sec2x + tan 2x) —%

4. Solve (D* +2D+5)y =e " tan x using variation of parameters.
Sol. AE.ism +2m+5=0

-2+,/4-4.1.(5)

2.1
_—2+-16  —2+4i
2 2
C.F.=¢ "(Acos2x+ Bsin2x)

P.I. =Pf; + Qf, where f, =e "cos2x, f,=e "sin2x

f/=-2e "sin2x—e “cos2x, f,=2¢ "cos2x—e *sin2x

m =

—-1£2i

fifs—ff,=e " cos2x(2e *cos2x—e *sin2x)—(e " sin 2x)(—2e *sin 2x—e " cos 2x)

2 2 2

=2¢ * cos’2x—e **sin2xcos2x+2e **sin? 2x+e **sin 2xcos 2x

=2¢ **(cos’ 2x+sin’ 2x) =2e "

dx

_ X dx——J'e_x sin2x e “tanx
flfz,—fl,fz e

= —lJ.sin 2xtanx dx
2

1 ) sin x
=——J.281nxcosx. dx
2 COSX

=—'fsin2x dx

dx

1—cos2x
_J'T

1 { sin 2;1 X sin2x
=——| x- +
2 4
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Ycos2x e tan x

e= Iflfz 2 ol
=—j(2cos x—1).

dx

sin x

COS X

:EI(Zsinxcosx—tanx) dx

¢, .
= 5-[ (sin2x—tan x) dx

1| —cos2x
= E{ 5 - log(secx)}
cos2x 1
=— 1 - Elog(secx)
~ PI1L.=Pf+0f,
_( x sin2xj . ( cos2x 1 j e
=l-=+ e " cos2x+| — ——log(secx) |e " sin2x
2 4 4 2
_ xe ' cos2x N e “sin2xcos2x B e "sin2xcos2x B e " sin2xlog(secx)
2 4 4 2
_ xe ' cos2x B e " sin2xlog(secx)
2 2

xe “cos2x e "sin2xlog(secx)

- yv=e "(Acos2x+ Bsin2x)—
y ( ) 5 5

Home Work

Using variation of parameters solve
1. (D> +4)y=4tan2x

(D* +4)y =sec2x

(D> +1)y =tan x

(D* +4)y =cosec2x

A

(D* +1)y =sec xcosecx

d’y
-+ 121y =tanllx

N

dx

7. (D*+4)y =cot2x
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Answers
Page No. 4
l.y=Ae*+Be > +Ce™ 2. y=(Ax+B)e* +Ce™
3.y=Ax+B+(Cx+D)e™ 4. y=(Ax+B)e™ +Ce™"

V3

5.y:e_X/2|:ACOS§x+BSin7x:|+C€x 6.y=A+Be*+Ce™"

7. y=e¢* [(Ax + B)cos x + (Cx + D)sin x]

Page No. 10
l.y=Ae* +Be’* +xe’* 2. yerx+Be“”“+%e“
3. y=e* Acos£x+Bsin£x +e* 4. y=(Ax+B)e3/“+§x2e3’“—l
3 3 8 9
. 1 2 x 2x xz X
5.y=e" [Acosx/gx+Bsm\/§x]+Z(e"+3) 6. y=(Ax+B)e" +e +76
—2x
7.y=AeZ’C+Be3x+l —xe? + & +l
4 20 3
~ 1 er 2) . 3 - e3x
8. y=e " |Acos2x+ Bsin2x|+—+—+-—¢" 9. y=e'—= e +—
y=e ™ [Acos2x A AT Y 2 2
Page No. 15
2 .
1.y:(Ax_'_B)e_“_'_x_e_u+4smx+3cosx
2 25
2 .
2. y=(Ax+ B)etr 4 12 g SO
50
x e—4x 3
3. y=Acos4x+ Bsin4x ——cos4x+ +—
8 32 16
-3x :
4.y=(Ax+B)e3"+e +4smx+3cosx
36 50
5. y= A2 HVDx L B p—Vhx _ (24 sin 6x +35c0s6x)  (8sin 2x + 3 cos 2x)
1801 73
6. y=e*"? ACOS£x+Bsin£x +Ce_x+s1n3x+27cos3x_l_(cosx—smx)
2 2 730 2 4
7 y:Aex+Be_6x+sm3x—cos3x+310055x—2531n5x
60 3172

o0

1 sin 2t
cx=e | ———sin/31 |+
{ V3 } 2

47
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Page No. 20

1 _—x/2

y=e

2. y=A+Be_"+Ce_2"+?—

3.y=Ae"

X 3x° 7_x

4 4

X
xe Ccos2x
— —x—6x

+Be "+

Acos—3x+Bsin—3x +x* =2x
2 2

4, y=A+Bex+Ce‘x+%(xex+cosx—x2)

5.y=Ae

4x
x/2+362/3x+€ _l xz—x+2
90 2 2

2x

J

6. y=Ae? N B In —%+x2 +8x+30

7. y=Acosx+ Bsinx+x* —12x> +24

8.y=d+

ax® bx’ cx'
+ +

Page No. 26

1. y=Aex+Be_3x+ex(

2.yv=(Ax*+Bx+C)e* +
y=( ) po

2 6 12

—-2x

17

5

4sinx—cosxj e

X
e X

2

3

3. y=(Ax+B)e"+x76" —e**(x—2)—cosx

4. y=e"?

5. y=(Ax
6. y=(Ax
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7. y:Acost+Bsin2x+e8 (x_lj

8. y=(Ax
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Page No. 34 & 35

1. y = Acos(log x) + Bsin(log x) + log x

2.y=x/;

Acos (glog xJ + Bsin [glog xﬂ
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e
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+—+—+logx
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3.y =/x {Acos[glong+Bsin {?10gxﬂ+£+%[cos(logx)+sin(10gx)]
X

4. y=x" {Acos[glog xj + Bsin {glogxﬂ +%

2
5. y=é+Bx3—x—(logx+gj
x 3 3

log x

6. y=(Alogx+B)+£+
X

X
Ax Bx®* x* Cx*
= +—+
60 120 9

+Dx+E

1.y

1 .
8. y =Acos(logx) + Bsin(logx) + 2 [10g x.sin(log x) — (log x)* cos(logx)]

A B x> logx
9. y=—+—+—-
Y x x> 12 X

3

10.y= x Acosﬁlog)w Bsinﬁlogx +x_
2 2 43

Page No. 37
l.y =AQx-1)+B(2x-1)* +%—(2x—1)log(2x—1)

B 3x 3

+_
2x+3 8 16
3x+2a

2.y =A2x+3)’ +

3.y =A(x+a)’+B(x+a)’ +

4. y=Acoslog(l+x)+ Bsinlog(l+ x)— %sin[210g(1 +x)]
5. y=Acoslog(l+ x)+ Bsinlog(1+ x) + 2log(1+ x).sinlog(1+ x)

Page No. 41
1.x=Ae_5’+Bet—£+§e”—£, y=—Ae_5‘+Be’—ﬁ+ﬁez’—2
5 7 25 5 7 25
2.x=e' +e', y=—e'+e ' +sint
t t 6 2t

3.)c=Aet+Be_5t+§e2 , y=—Ae' +Be”’ —;e

4. x=Acost+ Bsint+t> —1, y=—Asint+ Bcost+t¢
5. x=Acos2t+ Bsin2t—cost, y=Asin2t— Bcos2t—sint
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Page No. 46

1. y=Acos2x+ Bsin2x —cos 2xlog(sec 2x + tan 2x)

. 2
2.y = Acos2x+ Bsin 2x — =%

log(sec2x) + %sin 2x

3. y=Acos x + Bsin x — cos xlog(sec x + tan x)
sin 2x

4. y=Acos2x+ Bsin2x+ log(sin 2x)—§cos 2x

5. y=Acos x+ Bsin x —cos xlog(sec x + tan x) —sin xlog(cos ecx + cot x)

cosllx

6. y=Acosllx+ Bsinllx— log(secl1x+tanl1x)

sin 2x

7. y=Acos2x+ Bsin2x— log(cos ec2x + cot 2x)
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