
 

 

UNIT I 

 

                

 

                Probability is a mahematical measurement of  uncertainty. 

            Example : 

                 * In a tossing of a coin one is not sure if a head or tail is 

                    obatined. 

                 * If a dice is thrown we may get any of faces 1,2,3,4,5or6 but  

                   nobody knows    

                    which one wii actually occur. 

        *A tossing of a coin is a trial. 

       * Getting a head or trial is an event. 

       * The set of all possible oucomes of an experiment is called as a 

                sample space and it is denoted by S. 

  Example: 

        i) tossing a coin    S ={H,T} 

  ii)Throwing a dice  S = {1,2,3,4,5,6} 

  iii)Tossing  2 coins  S = {HH,HT,TH,TT} 

  iii)Tossing  2  dice  S = { (1,1)  (1,2)  (1,3) (1,4)  (1,5)  (1,6) 

                                                           ( 2,1)  (2,2)  (2,3) (2,4)  (2,5)  (2,6) 

                  - - -  - - - - - - - - -  - -  - - - - - - - -  - 

         (6,1)  (6,2)  (6,3) (6,4)  (6,5)  (6,6)} 

                    *  The Probability of an event A Occuring is denoted as P(A)  

           is  defined by  
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RANDOM VARIABLE 

      A random variable is a rule that assigns a numerical value to 

each possible outcome of an experiment. 

  Example : 

  An experiment consist of tosses of two coins  consider the random 

variable X which is the number of heads 
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  Outcomes     :    HH          HT            TH            TT 

  getting  Head X    :     2               1                1              0 

           ∴X= {0,1,2} 

 

 DISCRETE RANDOM VARIABLE  

  A random variable which can assume only a countable number 

of real values is called a discrete random variable.  

 

PROBABILITY MASS FUNCTION  (pmf) 

  if X is a discrete random variable which takes the values 

X1,X2,X3 etc. Then )()( ii xPxXP ==  is called probabllity mass function. 

  It is denoted by tabular format 

                      X                  x1                             x2                            x3 

 

   P(x)             P(x1)        P(x2)               P(x3) 

     This called probability distribution P(xi) must satisfy the following 

condition 

  i) P(xi)  ≥ 0                   ii) 1)P(x
1i
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CONTINUOUS RANDOM VARIABLE 

  A random variable X is said to be continuous if it takes all 

possible values between certain limits. 

 

PROBABLITY DENSITY FUNCTION (pdf) 

 

  The probability function f(x)  of a continuous random variable 

X is called a probability density function. 

 The function f(x) satisfies the following conditions 

  i) 0)( ≥xf   ii) ∫
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CUMULATIVE DISTRIBUION FUNCTION (cdf) 

                       (or) 

DISTRIBUTION FUNCTION  

  If X is a random variable discrete or continuous then 

)()( xXPxF ≤=  is called the cumulative distribution function . 

 For discrete Random variable  
  ∑=≤= )()()( xPxXPxF  



For continuous Random variable 
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PROBLEMS 

            1. If a random variable X takes the values 1,2,3,4 such that 

    2 P(X=1)=3P(X=2)=P(X=3)=5P(X=4).  Find the probability 

distribution of X 

Solution:         

 Assume P(X=3)  = α  By the given equation      
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 The probability distribution is given by    
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2. A random variable X has the following probability 

distribution.  

                 X: 0 1 2 3 4 5 6   

       f(x): 0 k 2k 2k 3k k
2
 2k

2
 7k

2
+ k  

 Find (i) the value of k (ii) p(1.5 < X < 4.5 |  X > 2)  and 

 (iii) the smallest value of λ such that p(X≤λ) > 
2

1
.  

 Solution:         
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 (iii)           

  X p(X)  F(X)       

           0 0  0       

           2 2k = 0.2 0.3       

           3 2k = 0.2 0.5       

           4 3k = 0.3 0.8       

           5 k
2
=0.01 0.81       

           6 2k
2
 = 0.02 0.83       

           7 7k
2
+k = 0.17 1.00      

 From the table for X = 4,5,6,7 p(X) > 
2

1
 and the smallest value 

is 4   Therefore   λ = 4. 

 

3. Let X be a continuous random variable having the probability 

density function
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4.A random variable X has the probability density function f(x) 

given by    






≥=
−

otherwise
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0,)( .  Find the value of c 

and CDF of X.   

Solution:         
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5.A continuous random variable X has the probability density 

function f(x) given by ∞<<−∞=
−

xcexf
x

,)( . Find the value of c and 

CDF of X.     
Solution:     
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6.If a random variable has the probability density
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.  Find the probability that it will take on a 

value between 1 and 3.  Also, find the probability that it will take 

on value greater than 0.5.   

 



Solution:         
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7.Is the function defined as follows a density function?  
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Solution:          
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 Hence it is density function. 

 

8.The cumulative distribution function (CDF) of a random 

variable X is 0,)1(1)( >+−=
−

xexXF
x

.  Find the probability density 

function of X.  Solution:     
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9.A continuous random variable X has the distribution function 
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 Find k, the probability density function f(x) and P(X <2).  

  Solution:         

 Since it is a distribution function 
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10.If the cumulative distribution function of a R.V X is given by 

( )
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  Solution:          

 (i) P(X < 3) = F(3) = 
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11.A continuous random variable X has the distribution function 
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 Find k, the probability density function f(x) and P(X <2).  

  Solution:         

 Since it is a distribution function 
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12.If the cumulative distribution function of a R.V X is given by 

( )
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  Solution:          

 (i) P(X < 3) = F(3) = 
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−

25

4
1 -

100

9

4

3

25

21

4

4
1

2
=−=














−  

 (iii) P ( X ≥3) = 1- F(3) = 1 - 
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 13.Given the p.d.f of a continuous r.v X as follows:
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Solution:         
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14.A continuous random variable X has the probability function 

52),1()( ≤≤+= xxkxf .   Find P(X<4).    

 Solution:         
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the p.d.f of a continuous R.V X as follows: 
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 Solution:         
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16.If a RV X has the pdf 
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Obtain (i) p(X <1) (ii) p( X >1)  (iii) p( 2X+3  > 5)   

  (iv) p ( X  < 0.5  | X < 1      

   Solution:        
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EXPECTIATION (MEAN) 

    The average process when applied to the random variable 

is called expectation . It is denoted by E[X]  or mean value of X. 

For discrete  case : ∑= )(][ xxPXE  

For continuous case : ∫
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MOMENT 

  For discrete  case 
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PROPERTIES OF EXPECTATION 

1. E[a] = a 

2.E[aX] = aE[X] 

3. E[aX+b] = aE[X]+b 

 

VARIANCE 

    Var(X)  =  E[X
2
] -  [E(x)]

2 

   Standard Deviation = )(XVar  

MOMENT GENERAING FUNCTION FUNCTION(mgf) 

    The mgf  of a random variable X is denoted by    

                ][)( tx

X eEtM =  

  

 NOTE: 

   ′
=

′
1)0( µXM   and    ′

=
″

2)0( µXM  

         

 



17.Find the MGF of the RV X, whose pdf is given by 
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 Mean = E(X) = (coefficient of t) 1! = 0      

 E(X
2
) = ( coefficient of t

2
)2! =2      

 Variance = E(X
2
) - E(X)

2
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18.The p.m.f of a RV X, is given by ...3,2,1,
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Find 

MGF, mean and variance.        
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 Differentiating twice with respect to t     
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 put t = 0 above ( ) 20)( =′= XMXE      
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19.Find MGF of the RV X, whose pdf is given by ( ) 0, >=
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and hence find the first four central moments.    

  Solution:         
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 Expanding in powers of t        
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  Taking the coefficient  we get the raw moments about origin 
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   and the central moments are      
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20.If the MGF of a (discrete) RV X is 
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distribution of X and p ( X = 5 or 6).      

  Solution:         
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By definition   
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21.If X has the probability density function ( ) 0,
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   Find (i) k  (ii) p(0.5 ≤X≤1)  (iii) Mean of X.   
   Solution:           
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22.If X has the distribution function       
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  (1)As there is no x terms in the distribution function given is a 

discrete random variable.  Hence the probability distribution is given 
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       23.If the MGF of a continuous R.V X is given by  ( )
t

tM X
−

=
3

3
.  

Find the mean and variance of X.       
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      24.If the MGF of a discrete R.V X is given by ( )
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By definition of MGF ,        

 ( ) ∑ ++++==
tttttx

X epepepeppxpetM
432

)4()3()2()1()0()(    

On comparison with above expansion the probability distribution is  

 

81

16

81

32

81

24

81

8

81

1
)(

43210

xp

X

 

   25.Find the MGF of the R.V X whose p.d.f is 
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Given the probability density function ∞<<∞−
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26.The density function of a random variable X is given by 

( ) 20,2)( ≤≤−= xxkxxf .  Find k, mean , variance and r
th

 moment. 

 Solution:           
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27.The monthly demand for Allwyn watches is known to have the 

following probability distribution.      

            

   Demand:                1   2   3   4 5  6  7   8   

Probability:              0.0 0.3k 0.19 0.24 k
2
 0.1      0.07  0.04

 Determine the expected demand for watches.  Also, compute the 

variance. Solution:         
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28.The number of hardware failures of a computer system in 

a week of operations has the following probability mass 

function:  

 No of failures:        0   1   2   3   4   5   6 

 Probability    :         0.18 0.28 0.25 0.18 0.06 0.04 0.01

 Find the mean of the number of failures in a week.  

  Solution:         
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                         STANDARD   DISTRIBUTION 

DIRCRETE DISTRIBUTION        CONTINUOUS DISTRIBUTION 

  *Binomial        *Uniform 

  *Poisson               *Exponetial 

  *Geometric        *Normal 

BINOMIAL DISTRIBUTION 

  A  random variable X is said to follow binomial distribution if  

Probability mass function  

xnx

xn qpCxXPxP
−=== )()(

 

   X =  0,1,2…..n 

   p = probability for success 



   q = probability for failure 

      p+q = 1 

⇒

 q = 1-p 

  where n,p are parameters of binomial distribution. 

MOMENT GENERATING FUNCTION 
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 MEAN  AND  VARIANCE 

   Mean    =  np 

   Variance  =  npq 

29. The mean of a binomial distribution is 20 and SD is 4. Find the 

parameter of the disbution. 

Soltion: 

 Mean = 20               S.D = 4 
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24. Four coins are tossed simultaneously. What is the probability of 

getting i) two heads    ii)  atleast 2 heads    iii) atmost 2 heads. 

Solution: 

 X  denotes the number of heads 

   n = 4                                    X=0,1,2,3,4 
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  Binomial distributon is 
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   ii)atleast 2 heads 
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  iii)atmost 2 
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If 10% of the screw produced by an automatic machine are defective. 

Find the probability that out of 20 screw selected at random there are 

i)exactly 2 defective    ii)atmost 3 defective  iii)atleast 2 defective  

iv)between one and three defective (inclusive) 

Solution: 

              X  denotes the number of heads 

   n = 20                                    X=0,1,2,3,…20 
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   iii)atleast 2 heads 
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The recurrence relation  for the moments of the Binomial 

distribution. 

   The thk  order central moment is given by  
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This is the recurrence  relation  for the moments of the Binomial 

distribution 

 

POISSON DISTRIBUTION 

  A Random variable X is said to follow poisson distribution if 

its probability if its probability mass function is given by   
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   λ  - parameter of the distribution 

NOTE: 

• The number of trials is infinitely large .  ie, ∞→n  



• P  is the  probability  of success in each trial. It is very small  

• λ=np   

 

29.  Prove that poisson distribution is the limiting case of  Binomial 

distribution. 

                                     (or) 

Poisson distribution is a limiting case of  Binomial distribution  under 

the  following conditions 

(i) n , the no.of trials is indefinitely large , i.e, ∞→n  

(ii) p, the constant probability of success in each trial is very 

small ,i.e 0→p  
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n
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Soln: If Xis binomial r.v with parameter n & p ,then 
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Taking limit as ∞→n     on both sides 
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 and it is poisson distbn. 

        Hence the proof. 



 

30. Find the recurrence relation for the central moments of the 

poisson distbn. and  hence find the first three central moments . 

  Soln: The thk  order central moment kµ  is given by  
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Diff. (1) w.r.to  we have 
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which is the recurrence formula for the central moments of the poisson 

distbn. 

 

 since  01 10 == µµ and  

    put  k= 1 in (2) 
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    put  k= 2 in (2) 
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31.Prove that the sum of two independent poisson variates is a 

poisson variate,  while the difference is not a poisson variate. 

  

Soln:  Let  1X  and 2X  be independent r.v.s that follow poisson distbn. 

with  

      Parameters  1λ   and 2λ   respectively. 

  Let 21 XXX +=  
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This is poisson with parameter ( 1λ + 2λ ) 

(ii) Difference is not poisson 

          Let 21 XXX −=  

              

[ ]

21

21

21

)()(

)(

λλ −=

−=

−=

XEXE

XXEXE

 

 

( )[ ]
[ ]
[ ] [ ] [ ] [ ]

)()(

)()(

)(2)()(

2

2

)(

21

2

21

21

2

21

212

2

21

2

1

21

2

2

2

1

21

2

1

2

1

2

21

2

λλλλ

λλλλ

λλλλλλ

−+−≠

++−=

−+++=

−+=

−+=

−=

XEXEXEXE

XXXXE

XXEXE

 

     It is not poisson. 

 

32.  If X and Y are  two independent poisson variates , show that the 

conditional distbn. of X, given the value of X+Y is Binomial. 

  Soln: Let X and Y follow poisson with parameters 1λ   and 2λ   

respectively. 
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      This is binomial distbn. 

 

33.  It  is known  that the probability of an item produced by a certain 

machine will    be defective is 0.05. If the produced items are sent to 

the market in packets of 20,  find the no. of packets containing atleast 

,exactly,atmost 2 defectives in a consignment of 1000 packets using 

poisson. 

  Soln: Give  n = 20 , p = 0.05  , N = 1000 

        Mean   1== pnλ  

     Let X denote the no. of  defectives. 
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 Therefore , out of 1000 packets , the no. of packets containing atleast 2 

defectives 
                       [ ] packetsxpN 2642642.0*10002. ≅=≥=  
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    Out of 1000 packets,=N*p[x=2]=184 packets 
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       For 1000 packets = 1000*0.91975=920 packets approximately. 

 

34.  The atoms of radio active element are randomly disintegrating. If  

every gram of this element , on average, emits 3.9 alpha particles per 

second, what is the probability during   the next second the no. of 

alpha particles emitted from 1 gram is  

   (i) atmost 6  (ii) atleast  2  (iii) atleast 3  and atmost 6  ? 

 

Soln:  Given  9.3=λ  

     Let X denote the no. of alpha particles emitted 
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35.The no. of monthly breakdowns of a computer is a r.v. having 

poisson distbn  with mean 1.8. Find the probability that this computer 

will function for  a month with only one breakdown. 



   Soln: 8.1,
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36.A discrete r.v X has mgf ����� � ����
�	
� .Find E(x), var(x) , and 

p(x=0). 

  Soln:  Given  ���� � ����
�	�� 

 We know that mgf of poisson is ���� � ����
�	�� 

Therefore      λ=2 

In poisson  E(x) = var(x) = λ 
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GEOMETRIC DISTRIBUTION 

  A discrete random variable X is said to follow geometric 

distribution if its probability mass function is given by  
......3,2,1,)( 1 === − xpqxXP x  

   Where X denotes the number of trials needed to obtain the first success. 

P(X= 1)    =   probability of success in first trial 

P(X= 2)    =   fail in first and success in second trial 

P(X= 3)    =   fail in 1
st
 and 2

nd
 trial  and success in third  trial 

 

 

MGF of geometric distribution. 

    

     The pmf of geometric distribution is given by 
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Mean and Variance of Geometric distribution . 

 

 The pmf of Geometric distbn is given by 
        ,.....3,2,1,)( 1 === − xqpxXp x  
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37. Establish the memoryless property of geometric distbn. 

 

     Soln:  If X is a discrete r.v. following a geometric distbn. 
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               Now  
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38.  If 21 , XX  be independent r.v. each having geometric distbn  

,....2,1,0, =kpq k  

      Show that th conditional distribution of  1X  given 21 XX +  is 

Uniform distbn. 

 

Soln:       
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39. Suppose that a trainee soldier shoots a target in an independent  

fashion. If the probability That the target is shot on any one shot is 

0.7. 

        (i) What is the probability that the target would be hit in 10 th 

attempt? 

        (ii) What is the probability that it takes him less than 4 shots? 

       (iii)What is the probability that it takes him an even no. of 

shots? 

       (iv) What is the average no. of shots needed to hit the target? 

 Soln: Let X denote the no. of shots needed to hit the target and X 

follows geometric 

           distribution with pmf    [ ] ,....2,1,
1 === −

xqpxXp
x  

      Given  p=0.7 , and  q=1-p=0.3 
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(iv) 
Average no. of shots  = 4286.1
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CONTINUOUS DISTRIBUTION 

UNIFORM DISTRIBUTION 

  A random variable X is said to have uniform distribution if its 

probability density function is given by  
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Where  a  and   b  are parameters. 
 

40.Find the MGF of triangular distribution whose density function is 

given by 
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  expanding the above in powers of t, we get    
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41.Show that for the uniform distribution axa
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  42.The number of personel computer (pc) sold daily at a computer 

world is uniformly  distributed  with a minimum of 2000 pc and a 

maximum of 5000 pc. Find 

        (1) The probability that daily sales will fall between  2500 and 

3000 pc 

                 (2)What is the probability that the computer world will sell 

atleast 4000 pc’s? 



        (3) What is the probability that the computer world will sell 

exactly  2500 pc’s? 

Soln: Let X~U(a , b) , then the pdf is given by 
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      (3) [ ] 02500 ==xp  , (i.e) it is particular point ,the value is zero. 

   

43.  Starting at 5.00 am every half an hour there is a flight from San 

Fransisco  airport  to Losangles .Suppose that none of three planes is 

completely sold out and  that they  always have room for passengers . 

A person who wants to fly to  Losangles arrive at  a random time 

between 8.45 am and 9.45 am. Find the  probability that she waits  

(a)Atmost 10 min       (b) atleast 15 min 

    Soln:  Let X be the uniform r.v. over the interval (0,60) 

     Then  the pdf is given by    
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    (a) The passengers will have to wait less than 10 min. if she arrives at 

the airport 
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   (b)The probability that she has to wait atleast 15 min. 
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EXPONENTIAL DISTRIBUTION  

  A continuous random variable X is said to follow an 

exponential with parameter 0>λ  if  its probability function is given  by   
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44. Define exponential density function and find mean and variance 

of the same. 

 

         Soln:  The density function of exponential distribution is given by 
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   45.Suppose that the duration ‘X’ in minutes of long distance calls 

from your home, follows exponential law with p.d.f 0,
5

1
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5
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.  

Find p(X > 5), p(3≤X≤6),mean and variance.     
  Solution:         
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46.Establish the memoryless property of exponential distbn. 

  Soln: If X is exponentially distributed , then 

               [ ] [ ] 0, >>=>+> tsanyfortxpsxtsxp  

    The pdf of exponential distbn is given by 
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  47. The time (in hours) required to repair a machine is exponentially 

distributed with parameter  
2

1
=λ .   

 (a)What is the probability that the repair time exceeds  2 hrs ? 

 (b)What is the conditional probability that a repair takes atleast 

11 hrs given      that  Its direction exceeds  8 hrs ? 

 

Soln:  If X represents the time to repair the machine, the density 

function 

            Of X  is given by 
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  48. The time (in hours) required to repair a machine is exponentially 

distributed  with parameter  
2

1
=λ .   

 (a)What is the probability that the repair time exceeds  2 hrs ? 

 (b)What is the conditional probability that a repair takes atleast 

11 hrs given      that  Its direction exceeds  8 hrs ? 

 

Soln:  If X represents the time to repair the machine, the density 

function 

            Of X  is given by 
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GAMMA DISTRIBUTION 

   A continuous random variable X having the following 

density function is said to follow gamma distribution with parameters λ  

and k 
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49.In a certain city the daily consumption of electric power in millions 

of kilowatt hrs can be treated as  central gamma distbn with 

3,
2

1
== kλ . If the power plant has a daily capacity of 12 million 

kilowatt hours . What is the probability that the  power  supply will 

be inadequate on any given day. 

   

Soln: Let X  be the daily consumption of electric power 

  Then the density function of X is given by 
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   p[ the power supply is inadequate]=p[x>12] 
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50. The daily concemption of milk in a city in excess of 20,000 litres is 

approximately distributed as an Gamma distbn with parameter 

2,
10000

1
== kλ  . The city has a daily stock of 30,000 litres. What is the 

probability that the stock is insufficient on a particular day. 

 

  Soln:     Let X  be the daily consumption ,so ,the r.v. Y=X-20000.  



             Then 
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p[ insufficient stock]=p[X>30000] 

           =p[Y>10000] 
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NORMAL DISTRIBUTION 

 

A continuous random variable X with parameters µ and �� is said to 

follow a normal distribution if its probability density function is given by 
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 X is called normal random variable. 

 

Note: 

 

1. 1.Since the normal distribution is used frequently in statistics , a 

special notation is used for it. 



         The notation X ~N(µ , ��) means X is normally distributed with 

         mean µ and variance    ��. 

2. The  graph of the normal distribution is called the normal curve . It 

is a bell shaped curve symmetric about  x = µ . 

3. In the Binomial distribution with parameters  n and p , when n is 

very large and p is nearly 1/2 the binomial  approaches normal. We 

shall now prove that the parameters  µ and   �� are the mean and 

variance of the normal distribution. 

 

Standard Normal Distribution 

 

 Let  X ~N(µ , ��) . Since X is a continuous random variable ,  

 

 ∫=<<
x

x

dxxfXp xx
2

1

)()(
21

 = ∫
x

x

2

1

�

�√��
�	

������

���  , - ∞ < x < ∞ 

 

 The area    ∫
z

dzz
0

)(φ  is computed for different values of z and the area 

table is constructed , which can be used to compute the probabilities 
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        = 0.5 + ∫
z

dzz
1

0

)(φ  if z1 > 0  

     = 0.5 - ∫
z

dzz
1

0

)(φ  if z1 < 0 

 because area left of z=0 is o.5 and the area right of  z= 0 is 0.5 . 



 

Area Property 

 

P(µ - σ < X < µ + σ) = P(-1<Z<1) = 0.6826 

 

P(µ - 2σ < X < µ + 2σ) = P(-2<Z<2) = 0.9545 

 

P(µ - 3σ < X < µ + 3σ) = P(-3<Z<3) = 0.9973 

 

Therefore , outside the interval (µ - 3σ , µ + 3σ) the area is 0.0027. This 

property forms the basis for the entire large sample theory. 

 

 

Normal   Distribution Problems 

 

51.  X is a normal variate with mean 30 and SD 5. Find the 

probabilities that (i) 26" # " $%       (ii) X& '   (iii) |# ) *%| � 5 

 

Solution : Given µ=30 ,σ=5 

  We know that , Z = 
,	-

�
  

(i)  When X= 26 ,   Z = 
�.	/0

1
 = - 0.8 

      When X = 40 ,  Z = 
20	/0

1
 = 2 

 

3    P(26" 4 " 40� =  P(-0.8" 6 " 2�      

            =  P(-0.8" 6 " 0�+ P(0" 6 " 2�    

            =  P(0" 6 " 0.8� + P(0" 6 " 2� 
            = 0.2881 + 0.4772   

            = 0.7653 

(ii) When X= 45 , Z =  
21	/0

1
 = 3 

 

 P(X& 45�   = P(Z& 3� 



       = 0.5 - P(0" 6 " 3�  
              = 0.5 - 0.4987 

       = 0.0013 
 

 

(iii) P (|4 ) 30| " 5)= P(25" 4 " 35� 
                           

 When X = 25 ,   Z = 
�1	/0

1
 = - 1 

       When X = 35 ,  Z = 
/1	/0

1
 =  1 

 

   = P(-1" 6 " 1�  
   = 2 P(0" 6 " 1� 
   = 2 X 0.3413 

   = 0.6826 

    3 P (|4 ) 30| � 5) = 1 - P (|4 ) 30| " 5) 

                                       = 1 - 0.6826 

                                       = 0.3174 

52. The savings bank account of a customer showed an average balance of 

Rs.1500 and a standard deviation of Rs.50. Assuming that the account 

balance are normally distributed. 

  1. What percentage of account is over Rs. 200? 

 2. What percentage of account is between Rs. 120 and Rs. 170? 

 3. What percentage of account is less than Rs.75? 

Solution: 

 Given 50,150 == σµ  

1. P(X& 200�    

 We know that , Z = 
,	-

�
 

        When X= 200 ,   Z = 
�00	�10

10
 = 

10

10
 = 1 

 P(X& 200�   = P(Z& 1� 
       = 0.5 - P(0" 6 " 1�  
                      = 0.5 - 0.3413 



             =0.1587 

         Percentage of account is over Rs.200 is 15.87% 

2. P(120 < X < 170) 

When X= 120 ,   Z = 
��0	�10

10
 = - 0.6 

             When X = 170 ,  Z = 
�<0	�10

10
 = 0.4 

 

3    P(120 < X < 170� =  P(-0.6< Z < 0.4�      

            =  P(-0.6= 6 = 0�+ P(0= 6 = 0.4�    

                    =  P(0= 6 = 0.6� + P(0= 6 = 0.4� 
            = 0.2257 + 0.1554   

            = 0.3811 

          Percentage of account is between Rs.120 and Rs. 170  is 38.11% 

3. P(X < 75) 

When X= 75 , Z =  
<1	�10

10
 = -1.5 

 P(X= 75�   = P(Z= )1.5� 
       = 0.5 - P(0= 6 = 1.5�  
              = 0.5 - 0.4332 

       = 0.0668 

Percentage of account is less than  Rs.75 is 6.68% 

 

 



UNIT – II 

TWO DIMENSIONAL RANDOM VARIABLES 

DEFINITON: 

  Let S be the sample space of a random experiment. Let X 

& Y be two random variable defined on S then  the pair (X,Y) is 

called two dimensional random variable. 

TWO DIMENSIONAL DISCRETE RANDOM VARIABLE 

  If the possible values of (X,Y) are countable then (X,Y)  is 

called a two dimensional discrete random variable. 

  It can be represented as ),( ji yx  where i = 1,2,3….n   

  j = 1,2,3…n 

TWO DIMENSIONAL CONTINUOUS  RANDOM VARIABLE 

  If (X,Y) can takes all the values in certain interval then 

(X,Y) is called two dimensional continuous random variable. 

JOINT PROBABILITY MASS FUNCTION  

  If (X,Y) is a two dimensional discrete random variable 

such that ijjiji PyYxXPyxP ==== ),(),(  is called the joint probability 

function or joint probability mass function of  (X,Y) provided the 

following conditions are satisfied. 
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 Y 

X 

Y1 Y2 Y3 Y4 

X1 P11 P12 P13 P14 

X2 P21 P22 P23 P24 



X3 P31 P32 P33 P34 

X4 P41
 

P42
 

P43 P44 

 

MARGINAL PROBABILITY   MASS   FUNCTION OF X 
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MARGINAL PROBABILITY   MASS   FUNCTION OF Y 
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CONDITIONAL PROBABILITY OF X GIVEN Y 
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CONDITIONAL PROBABILITY OF Y GIVEN X 
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INDEPENDENT  RANDOM  VARIABLES  



  Two R.V’s X  and Y are said to be independent if 

)()(),( yPxPyxP •=  

TWO DIMENSIONAL CONTINUOUS RANDOM VARIABLE 

JOINT PROBABILITY DENSITY FUNCTION 

  A joint  probability density of the two dimensional random 

variable (X,Y) is denoted by f(x,y) and it satisfies the following 

conditions. 
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MARGINAL  DENSITY   FUNCTION OF X & Y 
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CONDITIONAL DENSITY OF Y GIVEN X 
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INDEPENDENT  RANDOM  VARIABLES  

  Two R.V’s X  and Y are said to be independent if 

)()(),( yfxfyxf •=  

CUMULATIVE DISTRIBUTION  FUNCTION 
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             Properties of joint distribution of ( )YX ,  are 
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PROBLEMS  

1.Three balls are drawn at random without replacement from a 

box containing 2 white, 3 red and 4 black balls. If X  denotes the 

number of white balls drawn and Y   denotes the number of red 

balls drawn, find the joint probability distribution of ( )YX , . 

Solution:     

  As there are only 2 white balls in the box, X  can take the 

values 0, 1 and 2 and Y  can take the values 0, 1, 2 and 3 since 

there are only 3 red balls.  

                  [ ] [ ]redorwhiteiswhichofnoneballsdrawingPYXP 30,0 ===  

                                            [ ]
21

1

9

4

3

3 ===
c

c
blackaredrawnballsthreeallP  

                 [ ] [ ]
14

3

9

43
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3

21 =
×
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c
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blackandredballsdrawingPYXP                         

                [ ] [ ]
7

1

9

43
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3

12 =
×
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c

cc
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                [ ] [ ]
84

1

9

3
33,0

3

3 =====
c

c
ballsreddrawingPYXP  

                [ ] [ ]
7

1

9

42
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3

21 =
×

====
c
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                [ ] [ ]
7
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111 =
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c
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1
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               [ ] 03,1 === YXP  [ since only 3 balls are drawn ] 
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21
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              [ ] [ ]
28

1

9

32
121,2

3

12 =
×

====
c

cc
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              [ ] 02,2 === YXP  [ since only 3 balls are drawn ] 

 

               [ ] 03,2 === YXP  [ since only 3 balls are drawn ] 

                     The joint probability distribution of ( )YX ,  may be 

represented in the form  

        of   a table as given below 

 Y 

X 

0 1 2 3 

0 
21

1
 

14

3
 

7

1
 

84

1
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7

1
 

7

2
 

14

1
 0 

2 
21

1
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 0 0 

 

2. The joint probability mass function of ( )YX ,  is given by 

( ) ( )yxkyxp 32, += , 2,1,0=x , 3,2,1=y . Find all the marginal and 

conditional probability distributions. Also find the 

probability distribution of YX +  . 

Solution: 

The joint probability distribution of ( )YX ,  is given below 



                                     

 Y 

X 

1 2 3 

0 3k 6k 9k 

1 5k 8k 11k 

2 7k 10k 13k 

 

                                   Since ( )yxp ,  is a probability mass function, we 

have 

                          ( )∑∑ = 1, yxp  

                         1131071185963 =++++++++ kkkkkkkkk  

                                                                     172 =k  
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                   Marginal probability distribution of X  
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                   Marginal probability distribution of Y  
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                  Conditional distribution of X given   
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                  Conditional distribution of X given 2=Y   
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                  Conditional distribution of X given 3=Y   
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                    Conditional distribution of Y given 0=X   
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                   Conditional distribution of Y given 1=X   
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                   Conditional distribution of Y given 2=X   
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YX +  p  
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3. Let X and Y be integer valued random variables with   

         [ ] ............,2,1,,, 22 ==== −+ mnpqnYmXP nm  and 1=+ qp . Are YandX

independent? 



                   The marginal pmf of X is 
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 The marginal pmf of  Y is 
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               ( ) ( ) [ ]nYmXPpqpqpqypxp
nmnm ===== −+−− 2211

.  

             Therefore YandX  are independent random variables. 

 4. The joint distribution of ( )YX ,  where X and Y are discrete is 

given in the  

   following table 

           

 

  Verify whether X and Y are independent. 

     Solution: 

         Marginal distribution of X is 

 Y 

X 

0 1 2 

0 0.1 0.04 0.06 

1 0.2 0.08 0.12 

2 0.2 0.08 0.12 



              [ ] 2.006.004.01.00 =++==XP  

              [ ] 4.012.008.02.01 =++==XP  

              [ ] 4.012.008.02.02 =++==XP  

         Marginal distribution of Y is 

              [ ] 5.02.02.01.00 =++==YP  

              [ ] 2.008.008.004.01 =++==YP  

              [ ] 3.012.012.006.02 =++==YP  

X and Y are independent if [ ] [ ] [ ]jYiXPjYPiXP ====×= ,  for all i

and j  

        (ie) We have to show that 

[ ] [ ] 1.05.02.000 =×==×= YPXP ------------------(1) 

 [ ] 1.00,0 == YXP       -------------------------------(2) 

From (1) and (2), we have 

   [ ] [ ] [ ]0,000 ====×= YXPYPXP  

               [ ] [ ] [ ]1,004.02.02.010 ====×==×= YXPYPXP

 [ ] [ ] [ ]2,006.03.02.020 ====×==×= YXPYPXP  

 [ ] [ ] [ ]0,12.05.04.001 ====×==×= YXPYPXP  

 [ ] [ ] [ ]1,108.02.04.011 ====×==×= YXPYPXP  

 [ ] [ ] [ ]2,112.03.04.021 ====×==×= YXPYPXP  

 [ ] [ ] [ ]0,22.05.04.002 ====×==×= YXPYPXP  

 [ ] [ ] [ ]1,208.02.04.012 ====×==×= YXPYPXP  

 [ ] [ ] [ ]2,212.03.04.022 ====×==×= YXPYPXP  

Therefore for all i and j , [ ] [ ] [ ]jYiXPjYPiXP ====×= ,  



Hence, the random variables X and Y are independent. 

5. The joint probability density function of the random variable 

( )YX ,  is given by ( ) ( ) 0,0,,
22

>>= +− yxeyxkyxf yx . Find the value of k.  

   Solution: 

                 Given ( )yxf , is the joint pdf , we have 

                       ( ) 1, =∫∫ dydxyxf                                     put tx =2  

                                                     dtdxx =2     

                     1
0 0
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∞ ∞
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e
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 1
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           Therefore, the value of k  is 4=k . 

6. The joint pdf of the random variable ( )YX ,  is 

( )
( )
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20;20,
,  .   Find the value of k  . 

    Solution: 

                 Given ( )yxf , is the joint pdf , we have 
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22

2

0

2
2

0 =






















+

y
yk  

                           ( ) ( )[ ] 104022 =−+−k  

                                              18 =k  

                                               
8

1
=k  

7. The joint pdf of the random variable ( )YX ,  is 

( )


 <<<<

=
otherwise

yxyxc
yxf

,0

20;20,
,  .     Find the value of c  . 

    Solution: 

              Given ( )yxf , is the joint pdf , we have 



 

                  ( ) 1, =∫∫ dydxyxf  

                            1

2

0

2

0

=∫ ∫ dydxyxc          

                          1

2

0

2

0

=∫ ∫ dydxyxc                       

 1
2

2

0

2

0

2

=







∫ dy

x
yc  

                          ( )∫ =−
2

0

102 dyyc  

                          1
2

2

2

0

2

=






 y
c  

                          [ ] 104 =−c ⇒  14 =c ⇒   
4

1
=c  

           Therefore the value of c  is 
4

1
=c . 

8. If two random variables YandX  have probability density 

function 

           ( ) ( )yxkyxf += 2,  for 3020 ≤≤≤≤ yandx . Evaluate k .    

Solution: 

                Given ( )yxf , is the joint pdf , we have 

                           ( ) 1, =∫∫ dydxyxf  

                            ( ) 12

3

0

2

0

=+∫ ∫ dydxyxk                               

                         ( ) 1
2

2

3

0

2

0

2

0

2

=













+








∫ dyxy

x
k  



                          ( )∫ =+
3

0

124 dyyk  

                         ( ) 1
2

24

3

0

2
3

0 =






















+

y
yk  

                        [ ]
21

1
1211912 =⇒=⇒=+ kkk  

 9.  If the function ( ) ( )( ) 10,10,11, <<<<−−= yxyxcyxf is to be a density 

function,  find  the value of c. 

    Solution: 

                   Given ( )yxf , is the joint pdf , we have 

                           ( ) 1, =∫∫ dydxyxf  

                            ( )( ) 111

1

0

1

0

=−−∫ ∫ dydxyxc   

                           ( )∫ ∫ =+−−
1

0

1

0

11 dydxxyyxc                              

                         ( ) ( ) 1
22

1

0

1

0

2
1

0

1

0

2
1

0 =






















+−








−∫ dy

x
yxy

x
xc  

                          1
22

1
1

1

0

=





+−−∫ dy

y
yc  

                          1
22

1
1

0

=







−∫ dy

y
c    

                         ( ) 41
4

1
4

1

2

1
1

22

1

2

1
1

0

2
1

0 =⇒=⇒=





−⇒=























− c

c
c

y
yc  

           Therefore the value of c is 4=c  

10. The joint pdf of a two dimensional random variable ( )YX ,  is 

given by     ( ) 10;20,
8

,
2

2 ≤≤≤≤+= yx
x

yxyxf . Compute (1) [ ]1>XP  (2) 









<

2

1
YP  (3) 





<>

2

1
1 YXP     (4) 





>< 1

2

1
XYP (5) [ ]YXP <  and (6) [ ]1≤+YXP   

Solution: 

(1) [ ] dy
xx

ydydx
x

yxXP ∫∫ ∫






















+








=








+=>

1

0

2

1

3
2

1

2
2

1

0

2

1

2
2

38

1

28
1  

              ( ) ( ) ∫∫ 





+=








−+−=

1

0

2

1

0

2

24

7

2

3
18

24

1
14

2
dyydy

y
 

              ( ) ( ) ( )
24

19

24

7

2

1
01

24

7
01

2

1

24

7

32

3 1

0

1

0

3

=+=−+−=+







= y

y
 

 

 (2) dy
xx

ydydx
x

yxYP ∫∫ ∫






















+








=








+=





<

2

1

0

2

0

3
2

0

2
2

2

1

0

2

0

2
2

38

1

282

1
  

 

 ( ) ( ) ∫∫ 





+=








−+−=

2

1

0

2
2

1

0

2

3

1
208

24

1
04

2
dyydy

y
 

 

 ( )
4

1

6

1

24

2
0

2

1

3

1
0

8

1

3

2

3

1

3
2 2

1

0

2

1

0

3

=+=







−+








−=+








= y

y
 

(3) 







<







<>

=





<>

2

1

2

1
,1

2

1
1

YP

YXP

YXP  

  dy
xx

ydydx
x

yxYXP ∫∫ ∫






















+








=








+=





<>

2

1

0

2

1

3
2

1

2
2

2

1

0

2

1

2
2

38

1

282

1
,1  

                                ( ) ( ) ∫∫ 





+=








−+−=

2

1

0

2
2

1

0

2

24

7

2

3
18

24

1
14

2
dyydy

y
     



                                            

( )
24

5

48

7

16

1
0

2

1

24

7
0

8

1

2

1

24

7

32

3
2

1

0

2

1

0

3

=+=







−+








−=+








= y

y
 

                      
6

5

4

1
24

5

2

1
1 ==





<> YXP  

  (4)   
[ ] 19

5

24

19
24

5

1

2

1
,1

1
2

1
==

>







<>

=





><

XP

YXP

XYP  

(5)   [ ] dy
xx

ydydx
x

yxYXP

yyy

∫∫ ∫






















+








=








+=<

1

0 0

3

0

2
2

1

0 0

2
2

38

1

28
 

 

 ( ) ( ) ∫∫ 







+=








−+−=

1

0

341

0

32
2

242
0

24

1
0

2
dy

yy
dyyy

y
 

 

 ( ) ( )
480

53

96

1

10

1
01

96

1
01

10

1

424

1

52

1
1

0

4
1

0

5

=+=−+−=







+








=

yy
 

 

            (6)  [ ] dy
xx

ydydx
x

yxYXP

yyy

∫∫ ∫






















+








=








+=≤+

−−− 1

0

1

0

3
1

0

2
2

1

0

1

0

2
2

38

1

28
1  

                   ( )( ) ( )( )∫ 







−−+−−=

1

0

32
2

01
24

1
01

2
dyyy

y
 

                                      ( ) ( )∫∫ −+−=
1

0

3
1

0

22 1
24

1
1

2

1
dyydyyy  

                                      ( ) ( )∫∫ −++−=
1

0

3
1

0

22
1

24

1
21

2

1
dyydyyyy  



 

 ( ) ( )∫∫ −++−=
1

0

3
1

0

432 1
24

1
2

2

1
dyydyyyy  

                                       
( )

1

0

41

0

5
1

0

4
1

0

3

4

1

24

1

54
2

32

1









−

−
+























+








−








=

yyyy
 

                                       ( ) ( ) ( ) ( )10
96

1
01

5

1
01

2

1
01

3

1

2

1
−−





−+−+−=     

                                       
480

13

96

1

60

1

96

1

5

1

2

1

3

1

2

1
=+=+





+−=  

11. Find the marginal density functions of YandX  if 

( ) ( ) 10,10,52
5

2
, ≤≤≤≤+= yxyxyxf  . 

Solution:
   

                      Marginal density of X is 

                            ( ) ( )∫= dyyxfxf X ,   

                                      ( ) ( )






















+=+= ∫

1

0

2
1

0

1

0
2

52
5

2
52

5

2 y
yxdyyx      

                                     10,1
5

4

2

5
2

5

2
≤≤+=





+= xxx  

                    Marginal density of Y is 

                            ( ) ( )∫= dxyxfyfY ,  

                                      ( ) ( )













+








=+= ∫

1

0

1

0

21

0

5
2

2
5

2
52

5

2
xy

x
dxyx      

                                     [ ] 10,2
5

2
51

5

2
≤≤+=+= yyy  

 



12. The joint pdf of a two dimensional random variable ( )YX ,  is 

given by ( ) ( ) 20;20,,
33 ≤≤≤≤+= yxxyyxkyxf . Find the value of k  and 

marginal and  conditional density functions. 

    Solution:  

            Given ( )yxf ,  is the joint pdf, we have 

                    ( ) 1, =∫∫ dydxyxf    

                 ( )∫ ∫ =+
2

0

2

0

33 1dydxxyyxk  

                1
24

2

0

2

0

2
3

2

0

4

=






















+








∫ dy

x
y

x
yk  

               ( ) 124

2

0

3 =+∫ dyyyk  

               1
4

2
2

4

2

0

4
2

0

2

=






















+







 yy
k  

               [ ] 116188 =⇒=+ kk  

                 
16

1
=k  

              Therefore, ( ) ( ) 20,20;
16

1
, 33 ≤≤≤≤+= yxyxyxyxf  

 Marginal density of X is 

                         ( ) ( ) ( )∫∫ +==
2

0

33

16

1
, dyyxyxdyyxfxf X  

                                    ( ) ( )







−+−=























+








= 016

4
04

216

1

4216

1
3

2

0

4
2

0

2
3 xxy

x
y

x  

 [ ] 20,
8

2
42

16

1
3

3 ≤≤
+

=+= x
xx

xx  



 Marginal density of Y is 

                         ( ) ( ) ( )∫∫ +==
2

0

33

16

1
, dxyxyxdxyxfyfY  

                                    ( ) ( )







−+−=























+








= 04

2
016

416

1

2416

1
3

2

0

2
3

2

0

4
yyx

y
x

y  

 [ ] 20,
8

2
24

16

1
3

3 ≤≤
+

=+= y
yy

yy  

   Conditional density of X given Y is 

              ( )
( )

( )

( ) ( )
( )2

.
16

8

8

2

16

1

,
2

23

3

33

+

+
=

+

+
==

yy

xyxy

yy

xyyx

yf

yxf
yxf

Y

YX
 

            ( ) ( )
( )

20,
22 2

23

≤≤
+

+
= x

y

xyx
yxf YX  

   Conditional density of Y given X is 

              ( ) ( )
( )

( ) ( )
( )2

.
16

8

8

2

16

1

,
2

32

3

33

+

+
=

+

+
==

xx

yyxx

xx

xyyx

xf

yxf
xyf

X

XY  

                       ( ) ( )
( )

20;
22 2

32

≤≤
+

+
= y

x

yyx
xyf XY . 

13.If YandX  have joint pdf ( )


 <<<<+

=
otherwise

yxyx
yxf

;0

10,10;
, . Check 

whether  YandX  are independent.  

                              ( ) ( )∫= dyyxfxf X ,   

                                        ( ) ( ) 10,
2

1

2

1

0

2
1

0

1

0

<<+=







+=+= ∫ xx

y
yxdyyx  

                            ( ) ( )∫= dxyxfyfY ,   



                                        ( ) ( ) 10,
2

1

2

1

0

1

0

21

0

<<+=+







=+= ∫ yyxy

x
dxyx  

                         ( ) ( ) ( )yxfyx
yx

xyyxyfxf YX ,
4

1

222

1

2

1
. ≠+≠+++=








+








+=  

         Therefore, YandX are not independent variables. 

14. Given the joint pdf of ( )YX ,  ( )
( )



 >>

=
+−

elsewhere

yxe
yxf

yx

,0

0,0,
, . Find the 

marginal densities of X and Y . Are X and Y independent? 

    Solution:  

 Marginal density of X is 

                               ( ) ( )∫= dyyxfxf X ,  

                                         ( )∞−−
∞

−−
∞

−− −=== ∫∫ 0

00

yxyxyx eedyeedyee  

                                         ( ) 0,10 >=−−= −−
xee

xx  

 Marginal density of Y is 

                               ( ) ( )∫= dxyxfyfY ,  

                                         ( )∞−−
∞

−−
∞

−− −=== ∫∫ 0

00

xyxyyx eedxeedxee  

                                         ( ) 0,10 >=−−= −−
yee

yy  

                 ( ) ( ) ( ) ( )yxfeeeyfxf XY

yxyx

YX ,.. === +−−−  

 Therefore X and Y are independent. 

15. Given the joint pdf of ( )YX ,  as ( )


 <<<

=
otherwise

yxyx
yxf

,0

10;8
, . Find the 

marginal and conditional probability density functions of X and Y

Are X and Y are independent? 



     Solution:  Marginal density of X is 

                         ( ) ( )
1

211

2
888,

xxx

X

y
xdyyxdyyxdyyxfxf 








==== ∫∫∫  

                                   ( ) 10,14 2 <<−= xxx  

 

 Marginal density of Y is 

                         ( ) ( )
yyy

Y

x
ydxxydxyxdxyxfyf

0

2

00
2

888, 







==== ∫∫∫  

                                   ( ) 10,404 32 <<=−= yyyy  

 ( ) ( ) ( ) ( )yxfxyyxxyfxf XYYX ,84.14.
32 ≠≠−=  

 Therefore X and Y are not independent. 

Conditional density of X given Y is 

              ( ) ( )
( )

yx
y

x

y

yx

yf

yxf
yxf

Y

YX <<=== 0,
2

4

8,
23

 

Conditional density of Y given X is 

              ( ) ( )
( ) ( )

1,
1

2

14

8,
22

<<
−

=
−

== yx
x

y

xx

yx

xf

yxf
xyf

X

XY
 

16. Given ( )
( )



 <<−<<−

=
otherwise

xyxxyxcx
yxf XY

;0

,20;
, .(1) Evaluate c,  find (2) 

( )xf X   (3) ( )xyf XY  and (4) ( )yfY . 

      Solution:(1) Given ( )yxf ,  is the joint pdf, we have 

                       ( ) 1, =∫∫ dydxyxf    

                  ( )∫ ∫
−

=−
2

0

2
1

x

x

dxdyxyxc  



                 ( ) 1
2

2

0

2
2 =























−∫

−

− dx
y

xyxc

x

x

x

x  

  ( )( ) ( )∫ =





−−−−

2

0

222
1

2
dxxx

x
xxxc  

                 ( ) 1
4

212102

2

0

42

0

3

2

0

3 =







⇒=⇒=− ∫∫

x
cdxxcdxxc  

                 [ ]
8

1
181016

2
=⇒=⇒=− cc

c
 

                   Therefore , ( ) ( ) xyxxxyxyxf <<−<<−= ,20;
8

1
, 2  

              (2) ( ) ( ) ( ) ( )






















−=−==
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−

−

∞
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∫∫
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x

x

x

x

x

X

y
xyxdyxyxdyyxfxf

28

1

8

1
,

2
22  

                             ( )( ) ( ) ( )[ ] .20,
4

02
8

1

28

1 3
2222 <<=−=





−−−−= x

x
xxxx

x
xxx   

(3) ( ) ( )
( )

( ) ( )
xyx

x

yx

x

yxx

x

xyx

xf

yxf
xyf

X

XY <<−
−

=
−

=
−

== ,
28

4

4

8

1

,
233

2

  

(4) ( ) ( )∫= dxyxfyfY ,  

                 

( )

( )
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2
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y

yindxxyx

yindxxyx
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y
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( ) ( )












≤≤





−−−

≤≤−





−−+

=

204
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8
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1

8

1
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2

8
3

1
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1
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y

y
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y

y
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=

20
48

1
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02
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yiny
y
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17. Suppose the pdf ( )yxf ,  of ( )YX ,  is given by     

  ( )
( )







≤≤≤≤+

=

otherwise

yxyx
yxf

;0

10,10;
5

6

,

2

. Obtain the marginal pdf of X , the  

  conditional pdf of Y  given 8.0=X  and then [ ]8.0=XYE . 

     Solution: Marginal density of X is 

   ( ) ( ) ( )∫∫ +==
1

0

2

5

6
, dyyxdyyxfxf X  

                               ( ) 10,
3

1

5

6

35

6
1

0

3
1

0
≤≤





+=























+= xx

y
yx  

Conditional density of Y given 8.0=X is 

              ( ) ( )
( )

( )

3

1

3

1

5

6

5

6

, 2
2

+

+
=









+

+
==

x

yx

x

yx

xf

yxf
xyf

X

XY  

 

[ ]
4.3
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3

1
8.0

8.0 22
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yy
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+
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+

+
==  

[ ] ( )∫== dyxyfyxXYE XY
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1

0

4
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0
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1

0
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3

1

1

3

1
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x

x
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x
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x
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( )
( )134

123

4

1
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3
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+
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+

+
=

x

xx
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[ ] ( )[ ]
( )[ ]

5735.0
6.13

8.7

18.034

18.023
8.0 ==

+

+
==XYE  

18.If  YandX are random variables having the joint density    

    function ( ) ( ) 42,20,6
8

1
, <<<<−−= yxyxyxf  , find [ ]3<+ YXP  .  

Solution: 
          [ ] ( )∫∫=<+ dydxyxfYXP ,3  

                              ( ) ( )( )∫ ∫ ∫
− −

−























−−=−−=
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0
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1
y y
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45
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1
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19.Let YandX  be continuous random variable with joint pdf  

       ( ) ( ) 10,10,
2

3
, 22 <<<<+= yxyxyxf XY

. Find ( )yxf YX .         

       Solution: 

             ( ) ( )∫= dxyxfyfY ,  



                             ( ) ( ) 
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+








=+= ∫

21
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2

1

0

31

0
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3

1

2

3
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3

2

3
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x
dxyx  
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3 2 += y  

                  ( ) ( )
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3

1

3

1

2

3

2

3

,

2
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2
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+
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+
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y

yx

y

yx
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yxf

Y
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COVARIANCE , CORRELATION  AND  REGRESSION 

COVARIANCE 

  If X and Y are random variables , then co-variance 

between them is defined as  

  )()()(),( YEXEXYEYXCov −=  

NOTE: 

 If X & Y are independent then ),( YXCov  = 0 

 CORRELATION  CO-EFFICIENT 

  Let X and Y be given random variables. The Karl 

Pearson’s co-efficient of correlation is denoted by ),( YXrorrXY  and 

defined as 

     
YX

XY

YXCov
r

σσ

),(
=

 

where  )()()(),( YEXEXYEYXCov −=  

          )()(
22

YVarandXVar YX == σσ  

NOTE: 

• 11 ≤≤− xyr  



• If X & Y are independent then 0=xyr  

• The correlation co-efficient is also denoted by xyρ  

• If  0=r  then X and Y are called uncorrelated. 

• If  0≠r  then X and Y are called  correlated. 

20. Let X and Y be two discrete random variable with joint pmf  

        [ ]






==

+

===

otherwise

yx
yx

yYxXP

,0

2,1;2,1,
18

2

, . Find the marginal pmf of X    

        and [ ]XE . 

       Solution: 

          The joint pmf of ( )YX ,  is given by  

       

X    

Y      

1 2 

1 
18

3
 

18

4
 

2 
18

5
 

18

6
 

 

            Marginal pmf of X  is 

           [ ]
9

4
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8

18

5

18

3
1 ==+==XP   

         [ ]
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5
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6
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4
2 ==+==XP  

         [ ] ( ) ( ) ( )∑ =+=
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== .

9

14

9

10

9

4

9

5
2

9

4
1xpxXE  

21. If the joint pdf of ( )YX ,  is given by ( ) 10;2, ≤<≤−−= yxyxyxf  , find 

     [ ]XE . 

       Solution: 



 
                       [ ] ( )∫∫= dydxyxfxXE ,  

                                [ ] dydxyxx

y

∫ ∫ −−=
1

0 0

2  

                                ( ) dy
x

y
xx

dydxxyxx

yyyy

∫∫ ∫






















−








−








=−−=

1

0 0

2

0

3

0

21

0 0

2

232
22  

                                
1

0

4
1

0

31

0

1

0

32
33

2

46

5

36

5

23 







−








=








−=








−−= ∫ ∫

yy
dyyydy

yy
y  

                                
8

1

24

3

24

5

3

1
==−= . 

22.Let YandX  be random variable with joint density function                              

       ( )


 ≤≤≤≤

=
otherwise

yxyx
yxf XY

,0

10,10;4
, . Find [ ]YXE . 

       Solution: 

                  [ ] ( )∫∫= dydxyxfxyXYE ,  

                           ( ) ∫∫ ∫∫ ∫ 







===

1

0

1

0

3
2

1

0

1

0

22

1

0

1

0
3

444 dy
x

ydydxyxdydxyxxy  

                              .
9

4

3

1

3

4

33

4

3

4
1

0

31

0

2 =







=








== ∫

y
dyy  

23.Let YandX be any two random variables and ba ,  be constants. 

Prove that   ( ) ( )YXabbYXaCov ,cov, = . 

       Solution: 

                  ( ) [ ] [ ] [ ]YEXEXYEYXCov −=,  

                  ( ) [ ] [ ] [ ]bYEaXEbYaXEYbXaCov −=,  

                                          [ ] [ ] [ ] ( ) ( ) ( )[ ]YEXEXYEabYEbXEaYXEab −=−=  

                                          ( )YXCovba ,= . 



 

24. If 32 +−= XY , find ( )YXCov , . 

       Solution: 

                    ( ) [ ] [ ] [ ]YEXEXYEYXCov −=,  

                                     ( ) [ ] [ ][ ]3232 +−−+−= XEXEXXE    

                                     [ ] [ ] [ ]( )3232 2 +−−+−= XEXEXXE  

                                  [ ] [ ] [ ]( ) [ ]XEXEXEXE 3232
22 −++−=  

                                  [ ] [ ]( )[ ] XVarXEXE 22
22 −=−−= .  

25. Find ( )YXCorr ,  for the following discrete bivariate distribution 

                             

 

 

 

      Solution: 

      Correlation co-efficient  
[ ] [ ] [ ]

YX

YEXEXYE

σσ

−
=  

         Marginal distribution of X is 

              [ ] 5.03.02.05 =+==XP  

              [ ] 5.01.04.015 =+==XP  

        Marginal distribution of Y is 

              [ ] 6.04.02.010 =+==YP  

               

              [ ] 4.01.03.020 =+==YP  

 X 

Y 
5 15 

10 0.2 0.4 

20 0.3 0.1 



        [ ] ( )∑= xpxXE  

                  105.75.25.0155.05 =+=×+×=  

         [ ] ( )∑= ypyYE  

                  14864.0206.010 =+=×+×=  

         [ ] ( )∑= xpxXE 22  

                  ( ) ( ) 1255.02255.0255.0155.05
22

=×+×=×+×=  

         [ ] ( )∑= ypyYE 22  

                  ( ) ( ) 2204.04006.01004.0206.010
22 =×+×=×+×=  

[ ] [ ]( )222
XEXEX −=σ  

                 ( ) 2510012510125
2

=−=−=  

 5=Xσ   

[ ] [ ]( )222
YEYEY −=σ  

                 ( ) 2419622014220
2

=−=−=  

 89.4=Yσ   

[ ] ( )∑= yxpxyXYE ,  

            1301.020153.02054.010152.0105 =××+××+××+××=      

 

      Correlation co-efficient  
[ ] [ ] [ ]

YX

YEXEXYE

σσ

−
=  

                            ( ) ( )( )
4089.0

45.24

10

89.45

1410130
, −=

−
=

×

−
=YXCorr . 

26. Find the correlation co-efficient for the following data 

X 10 14 18 22 26 30 



Y 18 12 24 6 30 36 

 

             Solution:   Here 6=n  

 

 

 

 

 

 

20
6

120
===

∑
n

X
X  

21
6

126
===

∑
n

Y
Y  

( ) ( ) 83.620
6

26801 222 =−=−= ∑ XX
n

Xσ  

( ) ( ) 25.1021
6

32761 222 =−=−= ∑ YY
n

Yσ  

( )( )

YX

XY

YXXY
nefficientconCorrelatio

σσ
ρ

−
==−
∑

1

 

                                         
( )( )

( ) ( )
6.059.0

25.10083.6

2120
6

2772

==
−

= . 

27. If 1X  has mean 4  and variance 9  while 2X  has mean 2−  and 

variance 5  and the  

    two  are independent, find ( )52 21 −+ XXVar . 

Solution:   

                  Given [ ] [ ] 9,4 11 == XVarXE  

X  Y  XY  2X  2Y  
10 18 180 100 324 

14 12 168 196 144 

18 24 432 324 576 

22 6 132 484 36 

26 30 780 676 900 

30 36 1080 900 1296 

120 126 2772 2680 3276 



                             [ ] [ ] 5,2 22 =−= XVarXE   

                  ( ) 2121 452 XVarXVarXXVar +=−+  

                                                ( ) 41536594 =+=+= . 

28. If the independent random variables X and Y have the 

variances 36  and 16  respectively, find the correlation co-efficient 

between YX +  and YX − . 

         Solution:  Let YXU +=  and  YXV −=  

                         Given 636
2

=⇒== XXXVar σσ   

 416
2

=⇒== YYYVar σσ  

Correlation co-efficient  
[ ] [ ] [ ]

VU

UV

VEUEUVE

σσ
ρ

−
==  

   [ ] [ ] [ ] [ ]YEXEYXEUE +=+=  

   [ ] [ ] [ ] [ ]YEXEYXEVE −=−=  

    [ ] ( )( )[ ] [ ] [ ] [ ]2222 YEXEYXEYXYXEUVE −=−=−+=  

   [ ] ( )[ ] [ ]2222
2 YXYXEYXEUE ++=+=  

                           [ ] [ ] [ ]22 2 YEXYEXE ++=  

                           [ ] [ ] [ ] [ ]22 2 YEYEXEXE ++=   [ since X and Y are 

independent ] 

 [ ] ( )[ ] [ ]2222 2 YXYXEYXEVE +−=−=  

                           [ ] [ ] [ ]22
2 YEXYEXE +−=  

                           [ ] [ ] [ ] [ ]22 2 YEYEXEXE +−=   [ since X and Y are 

independent ] 

            [ ] [ ] [ ] [ ]( ) [ ] [ ]( ) [ ]( ) [ ]( )22
YEXEYEXEYEXEVEUE −=−+=  

       [ ] [ ]( )222
UEUEU −=σ  



               [ ] [ ] [ ] [ ]( ) [ ] [ ]( )222 2 YEXEYEYEXEXE +−++=  

               [ ] [ ] [ ] [ ] [ ]( ) [ ] [ ] [ ]2222 22 YEYEXEXEYEYEXEXE −−−++=  

               [ ] [ ]( )[ ] [ ] [ ]( )[ ]2222 YEYEXEXE −+−=  

               521636
22

=+=+= YX σσ  

         52=Uσ  

     [ ] [ ]( )222
VEVEV −=σ  

               [ ] [ ] [ ] [ ]( ) [ ] [ ]( )222 2 YEXEYEYEXEXE −−+−=  

               [ ] [ ] [ ] [ ] [ ]( ) [ ] [ ] [ ]2222 22 YEYEXEXEYEYEXEXE −+−+−=  

               [ ] [ ]( )[ ] [ ] [ ]( )[ ]2222 YEYEXEXE −+−=  

               521636
22

=+=+= YX σσ  

       52=Vσ  

[ ] [ ][ ] [ ]( ) [ ]( )[ ]
52.52

2222 YEXEYEXE
UV

−−−
=ρ  

   
[ ] [ ]( )[ ] [ ] [ ]( )[ ]

52

1636

5252

222222 −
=

−
=

−−−
= YXYEYEXEXE σσ

 

 
13

5

52

20
== . 

29. Find the correlation between X and Y if the joint probability 

density of X and Y is ( )


 <+>>

=
elsewhere

yxyxfor
yxf

;0

1,0,02
, . 

      Solution: 

Correlation co-efficient  
[ ] [ ] [ ]

YX

YEXEXYE

σσ

−
=  

[ ] ( )∫∫= dydxyxfxXE ,  



          ( ) ( )∫∫∫ ∫ −=







==

−− 1

0

2
1

0

1

0

21

0

1

0

1
2

22 dyydy
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dydxx
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( ) ( )
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1
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3

1
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1
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−
=

y
. 

[ ] ( )∫∫= dydxyxfyYE ,  

          ( ) ( ) ( )∫∫∫ ∫ −===
−

− 1

0

1

0

1

0

1

0

1

0

1222 dyyydyxydydxy
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          ( )
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=−= ∫

1

0

3
1

0
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0

2

32
22

yy
dyyy  
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1

3
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2

1
2 =





−=  

[ ] ( )∫∫= dydxyxfxXE ,22  

          ( ) ( )∫∫∫ ∫ −=







==

−− 1

0

3
1

0

1

0

31

0

1

0

2
1

3

2

3
22 dyydy

x
dydxx

yy

 

                      
( ) ( )

6

1
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6

1

4

1

3

2
1

0

4
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−

−
=

y
 

[ ] ( )∫∫= dydxyxfyYE ,22  

          ( ) ( ) ( )∫∫∫ ∫ −===
−

− 1

0

2

1

0

1

0

2

1

0

1

0

2
1222 dyyydyxydydxy
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y
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−








=−= ∫

1

0

4
1

0

31

0

32

43
22

yy
dyyy  

          
6

1

4

1

3

1
2 =





−=  

[ ] [ ]( )222
XEXEX −=σ  

                 
18

1

9

1

6

1

3

1

6

1
2

=−=







−=   
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1
=Xσ   

[ ] [ ]( )222
YEYEY −=σ  

                 
18

1

9

1

6

1

3

1

6

1
2

=−=







−=  

   
18

1
=Yσ   

[ ] ( )∫∫= dydxyxfxyXYE ,  

            ( ) ( )∫ ∫∫ ∫ −=







==

−− 1

0

1

0

2

1

0

21

0

1

0

1
2

22 dyyydy
x

ydydxxy

yY

 

            ( ) ( )∫∫ +−=+−=
1

0

32

1

0

2 221 dyyyydyyyy  
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1

4

1

3

2

2

1

43
2

2

1

0

4
1

0

3
1

0
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=

yyy
 

( )
2

1

18

1
36

1

18

1
9

1

12

1

18

1
.

18

1

3

1

3

1

12

1

, −=

−

=
−

=

















−

=YXCorr  

30. If ( )


 ≤≤≤≤−−

=
elsewhere

yxyx
yxf

;0

10,10,2
,  is the joint pdf of the random 

variables X and Y , find the correlation co-efficient of X and Y . 

     Solution: 

 Correlation co-efficient  
[ ] [ ] [ ]

YX

YEXEXYE

σσ

−
=  

[ ] ( )∫∫= dydxyxfxXE ,  

          ( ) ( )∫ ∫∫ ∫ −−=−−=
1

0

1

0

2

1

0

1

0

22 dydxxyxxdydxyxx  



          ∫∫∫ 
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−−=























−








−








=

1

0

1

0

1

0

1

0

2
1

0

3
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0

2

23

2

23

1
1

232
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y
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y
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x
y

xx
 

          ( )
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5

4

1

3

2

22

1

3

2
1

0

2
1

0 =−=







−=

y
y  

[ ] ( )∫∫= dydxyxfyYE ,  

          ( ) ( )∫ ∫∫ ∫ −−=−−=
1

0

1

0

2

1

0

1

0

22 dydxyxyydydxyxy  
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1
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2
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x
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3
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3
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=
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[ ] ( )∫∫= dydxyxfxXE ,22  

          ( ) ( )∫ ∫∫ ∫ −−=−−=
1

0

1

0

232

1

0

1

0

2 22 dydxyxxxdydxyxx  

       ∫∫∫ 
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=

1

0

1

0

1

0

1

0

3
1

0

4
1

0

3

312

5
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1

3

2
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y
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y
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x
y
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  ( )
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1

6

1

12

5

23

1

12

5
1

0

2
1
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y
y  

[ ] ( )∫∫= dydxyxfyYE ,22  

          ( ) ( )∫ ∫∫ ∫ −−=−−=
1

0

1

0
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1

0

1

0

2 22 dydxyxyydydxyxy  
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1
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1

2

1
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3

2

3
1

0

4
1

0
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0
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dyyy  

[ ] [ ]( )222
XEXEX −=σ  

                 
144

11

144

25

4

1

12

5

4

1
2

=−=
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11
=Xσ   

[ ] [ ]( )222
YEYEY −=σ  

                 
144

11

144

25

4

1

12

5

4

1
2

=−=







−=  
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11
=Yσ   

[ ] ( )∫∫= dydxyxfxyXYE ,  

            ( ) ( )∫ ∫∫ ∫ −−=−−=
1

0

1

0

22

1

0

1

0

22 dydxxyyxxydydxyxxy  
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1
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REGRESSION 



 Regression is a mathematical measurement of average 

relationship between two or more variables. 

• The lines of  Regression of y on x is given y by  

)( xxryy
X

Y −=−
σ

σ
 

• The lines of  Regression of x on y is given y by  

)( yyrxx
Y

X −=−
σ

σ
 

REGRESSION COEFFICIENTS 

• Regression coefficient of y on x is 
X

Y

yx rb
σ

σ
=  

•  Regression coefficient of x on y is 
Y

X

xy rb
σ

σ
=  

Correlation  coefficient xyyxbbr ±=  

 31. From the following data, find (1) the two regression equations 

       (2) the co-efficient of correlation between the marks in 

       Mathematics and Statistics. (3) the most likely marks in  

       Statistics when marks in Mathematics are 30.  

Marks in 

Mathematics 

25 28 35 32 31 36 29 38 34 32 

Marks in 

Statistics 

43 46 49 41 36 32 31 30 33 39 

Solution: Here 10=n  

x  y  xy  2x  
2y  

25 43 1075 625 1849 

28 46 1288 784 2116 

35 49 1715 1225 2401 

32 41 1312 1024 1681 

31 36 1116 961 1296 



 

23
10

320
===

∑
n

x
x  

38
10

380
===

∑
n

y
y  

( ) ( ) 74.332
10

103801 222 =−=−= ∑ xx
n

xσ  

( ) ( ) 31.638
10

148381 222 =−=−= ∑ yy
n

yσ  

( )( )

yx

XY

yxxy
nrefficientconCorrelatio

σσ

−
==−
∑

1

 

                                         
( )( )

( ) ( )
4.039.0

31.674.3

3832
10

12067

−=−=
−

=  

The line of regression of y on x is 

               ( )xxryy
x

y
−=−

σ

σ
 

              ( )32
74.3

31.6
4.038 −×−=− xy  

              ( )3267.038 −−=− xy  

       44.2167.038 +−=− xy  

      3844.2167.0 ++−= xy  

                 44.5967.0 +−= xy  

36 32 1152 1296 1024 

29 31 899 841 961 

38 30 1140 1444 900 

34 33 1122 1156 1089 

32 39 1248 1024 1521 

320 380 12067 10380 14838 



The line of regression of x on y is 

               ( )yyrxx
y

x −=−
σ

σ
 

              ( )38
31.6

74.3
4.032 −×−=− yx  

              ( )3824.032 −−=− yx  

       12.924.032 +−=− yx  

      3212.924.0 ++−= yx  

                         12.4124.0 +−= yx  

When marks in Mathematics are 30  (ie) when 30=x , we have 

             ( ) 34.3944.591.2044.593067.0 =+−=+−=y  

Therefore marks in Statistics = 34.39  

32. If 32 −= xy  and 75 += xy  are the two regression lines, find the 

mean values of x  and  y . Find the correlation co-efficient between 

x  and y . Find an estimate of x  when 1=y . 

       Solution: Given    32 −= xy -----------------(1) 

                                      75 += xy ----------------- (2) 

              Since both the lines of regression passes through the mean 

values x  and y , the point ( )yx ,  must satisfy the two given regression 

lines. 

 32 −= xy -------------(3) 

          75 += xy ------------- (4) 

         Subtracting the equations (3) and (4), we have 

                         
3

10
103

−
=⇒−= xx  



 
3

29
3

3

10
2

−
=−







 −
=y  

       Therefore mean values are 
3

10−
=x  and 

3

29−
=y . 

        Let us suppose that equation (1) is the line of regression of y on 

x  and equation          

        (2) is the equation of the line of regression of x on y , we have 

                   
2

32)1(

=

−=⇒

xyb

xy
 

                    75)2( −=⇒ yx         

                                  
5

7

5

1
−= yx  

 
5

1
=yxb  

  63.02
5

1
±=×=×= xyyx bbr  

       Since  both the regression co-efficients are positive, r  must be 

positive. 

                     Correlation co-efficient  =  63.0=r  

       Substituting 1=y  in (2), we have 

                     6715 −=−=x  

                        
5

6
−=x . 

33. Find the acute angle between the two lines of regression. 

      Solution: 

        The equations of the regression lines are 

                                    ( ) ( )1−−−−−−−−−−−−=− xx
x

y
ryy

σ

σ
 



                                    ( ) ( )2−−−−−−−−−−−−=− yy
y

x
rxx

σ

σ
 

             Slope of line ( )1  is 
x

y
rm

σ

σ
=1

 

 

             Slope of line ( )2  is 
xr

y
m

σ

σ
=2

 

   If θ  is the acute angle between the two lines, then  

                      
21

21

1
tan

mm

mm

+

−
=θ  

                               

( ) ( )

2

22

2

2

2

2 1

1

1

.1
x

yx

x

y

r

r

x

y

x

y

r

r

xr

y

x

y
r

xr

y

x

y
r

σ

σσ

σ

σ

σ

σ

σ

σ

σ

σ

σ

σ

σ

σ

σ

σ

+

−
−

=

+

−

=

+

−

=  

                               
( )

( )22

21

yxr

yxr

σσ

σσ

+

−
=   . 

34. If  YandX are random variables such that bXaY += where a  and 

b are realconstants, show that the correlation co-efficient ( )YXr ,  

between them has  magnitude one. 

Solution: 

                    Correlation co-efficient ( ) ( )

YX

YXCov
YXr

σσ

,
, =                            

                  ( ) [ ] [ ] [ ]YEXEXYEYXCov −=,  

                                     ( ) [ ] [ ][ ]bXaEXEbXaXE +−+=    

                                     [ ] [ ] [ ]( )bXEaXEXbXaE +−+= 2  

                                  [ ] [ ] [ ]( ) [ ]XEbXEaXEbXEa −−+=
22  

                                  [ ] [ ]( )[ ] 222

XaXVaraXEXEa σ==−= .  



                          [ ] [ ]( )222
YEYEY −=σ  

                                 

( )[ ] [ ]( ) [ ] [ ]( )222222
2 bXEabXabXaEbaXEbaXE +−++=+−+=  

                                 [ ] [ ] [ ]( ) [ ] 222222 22 bXEabXEabXEabXEa −−−++=  

                                 [ ] [ ]( )[ ] 222222

XaXVaraXEXEa σ==−=  

       Therefore   XY aσσ =  

                  and  ( ) 1
.

,

2

==
XX

X

a

a
YXr

σσ

σ
 

      Therefore, the correlation co-efficient ( )YXr ,  between them has 

magnitude one. 

TRANSFORMAION OF  RANDOM VARIABLES 

   Let X,Y be a continuous random variables with joint 

density function ),( yxf  and u & v be transformation such that  

   ),( yxgu =                         ),( yxhv =  

Then the joint probability density function of u,v is ),(),( yxfJvuf = . 

Where J is the jacobian  of X and Y with respect to u and v. 

35.  If the joint pdf of ( )YX ,  is given by ( ) ( )
0,0;, ≥≥= +−

yxeyxf
yx

XY , 

find the pdf  of 
2

YX
U

+
= . 

      Solution: Given  ( ) ( ) 0,0;, ≥≥= +− yxeyxf yx

XY  

             Introduce the auxiliary random variable YV =  

                         YV
YX

U =
+

=
2

 

                         yv
yx

u =
+

=
2

 



                         vyyxu =+=2  

                         
vux

vxu

−=

+=

2

2
  

                         02 =
∂

∂
=

∂

∂

u

y

u

x
 

                         11 =
∂

∂
−=

∂

∂

v

y

v

x
 

 202
10

12
=−=

−
=

∂

∂

∂

∂

∂

∂

∂

∂

=

v

y

u

y

v

x

u

x

J  

                  22 ==J  

            Therefore, the joint density function of UV  is given by 

                   ( ) ( ) 0,0,, ≥≥= yxyxfJvuf XYUV     

                                   ( ) 0,022 ≥≥−= +− vvue yx  

                                   ( ) 0,22 2 ≥≥= +−− vvue vvu  

                                   uve
u

202
2 ≤≤= −  

The pdf of U  is given by 

 ( ) ( ) [ ] uu

u

u

u

u

UVU vedvedvedvvufuf
2

0

2

2

0

2

2

0

2
222,

−−−
∞

∞−

==== ∫∫∫  

                             ( ) 0,4022 22 ≥=−= −− ueuue uu . 

 

     36. If the joint pdf of ( )YX ,  is given by ( ) 1,0;, ≤≤+= yxyxyxf XY , 

find the pdf of XYU = . 

      Solution: Given  ( ) 1,0;, ≤≤+= yxyxyxf XY  

             Consider the auxiliary random variable YV =  



                         YVXYU ==  

                         yvxyu ==  

                         vyvxu ==  

                         
v

u
x =   

                         0
1

=
∂

∂
=

∂

∂

u

y

vu

x
 

                         1
2

=
∂

∂
−=

∂

∂

v

y

v

u

v

x
 

 
vv

v

u

v

v

y

u

y

v

x

u

x

J
1

0
1

10

1
2 =−=

−
=

∂

∂

∂

∂

∂

∂

∂

∂

=  

                  
vv

J
11

==  

            Therefore, the joint density function of UV  is given by 

                   ( ) ( ) 10,10,, ≤≤≤≤= yxyxfJvuf XYUV     

                                   ( ) 10,10
1

≤≤≤≤+= v
v

u
yx

v
 

                                   10,0
1

≤≤≤≤







+= vvuv

v

u

v
 

                                   101
2

≤≤≤+= vu
v

u
 

The pdf of U  is given by 

 ( ) ( ) ∫∫∫∫ +=







+== −
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1

2
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uuu
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                              ( ) 10,2222 ≤≤−=−= uuu . 

37. If the joint pdf of ( )YX ,  is given by ( ) ( ) 0,0;, ≥≥= +− yxeyxf yx

XY , 

find the pdf  of 
2

YX
U

+
= . 

      Solution: Given  ( ) ( )
0,0;, ≥≥= +−

yxeyxf
yx

XY  

             Introduce the auxiliary random variable YV =  

                         YV
YX

U =
+

=
2

 

                         yv
yx

u =
+

=
2

 

                         vyyxu =+=2  

                         
vux

vxu

−=

+=

2

2
  

                         02 =
∂

∂
=

∂

∂

u

y

u

x
 

                         11 =
∂

∂
−=

∂

∂

v

y

v

x
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10

12
=−=

−
=

∂

∂

∂

∂

∂

∂

∂

∂

=

v

y

u

y

v

x

u

x

J  

                  22 ==J  

            Therefore, the joint density function of UV  is given by 

                   ( ) ( ) 0,0,, ≥≥= yxyxfJvuf XYUV     

                                   ( )
0,022 ≥≥−= +−

vvue
yx  

                                   ( )
0,22

2 ≥≥= +−−
vvue

vvu  

                                   uve u 202 2 ≤≤= −  



The pdf of U  is given by 

 ( ) ( ) [ ] uu

u

u

u

u

UVU vedvedvedvvufuf
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0

2

2

0

2

2

0

2
222,
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                             ( ) 0,4022 22 ≥=−= −− ueuue uu . 
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UNIT – IV   Analytic Functions 

Function 

Let A and B be any two sets. A relation f from A to B is called a function if for 

every Ax ∈  there is a unique By ∈  such that .),( fyx ∈  

A function is also called a map or a mapping or transformation. This map is 

denoted by f : A →B. The set A is said to be domain of f and B is said to be the 

co-domain of f. 

 

Example: 

             

1)  
 

 

 

 

2)  

 

 

 

 

3)  

 

 

 

If fyx ∈),(  then we say that y is the image of x under f and we write  f (x) = y. 

The set of all image points is called range. In Example (1), Range f = {m, o} 

In general, Range f = { AxsomeforxfyBy ∈=∈ )(/ } 

 

 

 

This is a function. 

This is not a function, since a∈A is associated 

to two elements in B. 

This is not a function, since d∈A is not associated 

to any element in B. 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                 2 

 

Functions of a Complex Variable 

     Let S be a set of complex numbers. If there is a rule of which assigns to each 
Sz ∈ , a complex number ω  then ‘f ’ is said to be a function defined on S and the 

value of ‘f ’ at z is denoted by f (z) so that ).(zf=ω  The set S is called the domain 

of ‘f ’ and the set of values of ‘f ’ is its range. 

     If for each z in S there is only one f (z) of ‘f ’. Then ‘f ’ is called a single 

valued function. Otherwise it is called a multiple valued function.  

                .sin)( 2 functionvaluedgleaiszzf =  

               .)( 2/1 functionvaluedtwoaiszzf =  

Note:  Since z = x + iy, f (z) will be in the form u + iv where u and v are functions 

of two real variables x and y. We usually write .),(),()( yxviyxuzf +==ω  
 

Limit of a function 

     Let f (z) be defined in some neighbourhood of z0 except possibly for the point 

z0 itself. Then f (z) is said to tend to a limit 0ω  as z approaches z0 (along any path) 

if given ε  > 0, there exists a δ  > 0 such that 

              δεω <−<<− ||0|)(| 00 zzwheneverzf  

This fact is symbolically written as 

                            .)(
lim

0

0

ω=
→

zf
zz

 

Note:  The limit when it exists is always unique, in whatever manner z approaches 

z0. 
 

Example: 
 

2/122/122/1222

2/122

0

0

)1(

1

)1(

1

0

lim

)(0

lim

||

)Re(

0

lim

,0

)(0

lim

||

)Re(

0

lim
)2

lim
)1

mmxxmx

x

xz

z

z

thenxmypathanyalongapproachxLet

yx

x

zz

z

z

zz
zz

+
=

+→
=

+→
=

→

=

+→
=

→

=
→

 

 

This limit is different for different values of m. (i.e.) the limit is different for 

different paths. Hence the limit does not exist. 
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Continuous function 

A function is continuous at a point z0 if the following conditions are satisfied. 

i)    existszf
zz

)(
lim

0→
      ii)   existszf )( 0            iii)  )()(

lim
0

0

zfzf
zz

=
→

 

Statement (iii) says that for each ε  > 0, there exists a δ  > 0 such that 

         δε <−<− |||)()(| 00 zzwheneverzfzf  
 

Example:  1)  Polynomial function )0(.......)( 2

210 ≠++++= n

n

n azazazaazP  

                 2)  e
z
, sinz, cosz, tanz, etc. 

                 3)  constant function is always continuous. 
 

Bounded function 

A function f(z) is said to be bounded in a region R, if there exists a non-negative 

real number M such that .|)(| RzallforMzf ∈≤   
 

Derivative 

The derivative of f at z0 is defined by the equation 

          .lim
)()(lim

)(
0

0

0

0 existsittheprovided
zz

zfzf

zz
zf

−

−

→
=′  

The function f(z) is said to be differentiable at a point z0, when its derivative at z0 

exists. 
 

Note: 

)1(
)()(

0

lim
)(

,)1

00
0

0

−−−−−
∆

−∆+

→∆
=′

−=∆

z

zfzzf

z
zf

becomesdefinitionabovethezzzIf

 

      which is another form of definition for derivatives of f at z0. 

zzdz

d

becomesequationthenzffor
dz

d
andzfzzfIf

∆

∆

→∆
=

′−∆+=∆

ωω

ω
ω

0

lim

)1(,)()()()2 000

 

      which is also another form of definition for derivatives of f at z0. 
 

Analytic function 

A function f(z) is said to be analytic at a point z0 if its derivative exists not only at 

z0 but also at each point z in some neighbourhood of z0. 

     Example:  1) f(z) = z
2
 is analytic everywhere. 

                      2) f(z) = e
z
 is analytic everywhere. 

A function is said to be analytic in a region R if it is analytic at each point in R. 

Note:  The term holomorphic (or) regular is also used for analyticity. 
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Entire function 

An entire function is a function which is analytic at each point of the entire finite 

plane.  

     Example:  1) Every polynomial is an entire function. 

                      2) f(z) = e
z
 is an entire function. 

 

Harmonic function 

A function u(x,y) or v(x,y) is called harmonic function, if first and second order 

partial derivatives of u or v are continuous and satisfy Laplace’s equation  

            
0)(0.).(

0)(0
2

2

2

2

2

2

2

2

=+=+

=
∂

∂
+

∂

∂
=

∂

∂
+

∂

∂

yyxxyyxx vvoruuei

y

v

x

v
or

y

u

x

u

 

 

Definition   

Two families of curves u(x,y) = c1, v(x,y) = c2 are said to form an orthogonal 

system, if they intersect at right angles at each of their points of intersection.  

[(i.e.) product of their slopes = –1] 

 

Necessary condition for f(z) to be analytic 

Cauchy-Riemann equations in Cartesian coordinates (CR equations) 

     The necessary condition for a complex function  f (z) = u(x,y) + iv(x,y) to be 

.xyyx vuandvuareanalytic −==  
 

Sufficient condition for f(z) to be analytic 

     The function  f (z) = u(x,y) + iv(x,y) is analytic in a domain D if 

     xyyx vuandvuandDinabledifferentiareyxvandyxui −==),(),()  

    .,,,) DincontinuousallarevvuusderivativepartialTheii yxyx  
 

Cauchy-Riemann equations in Polar coordinates  

     
rr vu

r
andv

r
u

arescoordinatepolarinequationsCRThe

−== θθ

11  
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Problems 

.)(.1 22
notoranalyticanisyixzffunctionthewhetherTest +=   

.)(

..).(

,

2,0

0,2

,

.).(

)(.

22

22

22

analyticnotiszf

satisfiednotareequationsCRei

vuvu

yvu

vxu

yvxu

yixviuei

yixzfSol

xyyx

yy

xx

∴

−=≠⇒

==

==⇒

==⇒

+=+

+=

 

 

.)()(.2 analyticorabledifferentinowhereiszzffunctionthethatShow =
 

.)(

..).(

,

1,0

0,1

,

.).(

)(.

analyticnowhereiszf

satisfiednotareequationsCRei

vuvu

vu

vu

yvxu

yixviuei

zzfSol

xyyx

yy

xx

∴

−=≠⇒

−==

==⇒

−==⇒

−=+

=

 

 

.

||.3 2

origintheat

exceptabledifferentinowherebuteverywherecontinuousiszthatShow

 

0,

.).(

||)(,

.||

.,

)()(||

.

22

22

222

2

22

222

=+=⇒

+=+

+==

∴

+

+=−+==

+=

vyxu

yxviuei

yxzzfNow

everywherecontinuousisz

yandxallforcontinuousisityandxinpolynomialaisyxSince

yxyixyixzzz

yixzLetSol

 

                     

xyyx

yyxx

vuvu

vyuvxu

−≠≠⇒

====⇒

,

0,2,0,2

 

xyyx vuvu

areequationsCR

−== ,  

xyyx vuvu

areequationsCR

−== ,  
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            .||

.0,0

.0,0.).(

2
origintheatexceptabledifferentinowhereisz

yxatsatisfiedareequationsCRBut

yxwhensatisfiednotareequationsCRei

∴

==

≠≠

 

 

)(2)()(.4 2
yxiyxzfofregionanalytictheFind ++−=   

.1

,,1

2,)(2

2,)(2

22,)(

)22()(.).(

)(2)()(.

2

2

2

=−

−===−

=−−=

=−=⇒

+=−=⇒

++−=+

++−=

yxisregionanalytictheHence

vuvuhavewethenyxIf

vyxu

vyxu

yxvyxu

yxiyxviuei

yxiyxzfSol

xyyx

yy

xx

 

 

?

)()2()(,.5

analytic

iscybxiayxzffunctionthecandbaofvalueswhatFor −+−=
  

bac

bacei

vuvuisanalyticforconditionThe

cvbvauu

cybxvayxu

cybxiayxviuei

cybxiayxzfSol

xyyx

yxyx

=−=⇒

−=−−=

−==

−==−==⇒

−=−=⇒

−+−=+

−+−=

2,1

2,1.).(

,

,,2,1

,)2(

)()2(.).(

)()2()(.

 

 

.,.6 analyticalsoisuivthatshowanalyticisviuIf −+   

.

,

)]1(sin[,

)]1(sin[,

,

)1(,.).(

.,.

analyticisuiv

VUVU

guvuVvU

guvuVvU

uVvU

uivViULet

vuvuei

satisfiedareequationsCRanalyticisviuSinceSol

xyyx

xyyyy

yxxxx

xyyx

−∴

−==⇒

=−==

−=−==⇒

−==⇒

−=+

−−−−−−==

+
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.)12()1()(Pr.7 derivativeitsfindandanalyticiszzzfthatove +−=   

14

1)(4

4)14(

)(,

.)(

.,,,

..).(

,

14,4

4,14

4,122

1)2(2

1)()(2.).(

12)12()1()(.

22

22

2

2

−=

−+=

+−=

+=′

−==⇒

−=−=

=−=⇒

−=−−−=⇒

−−−+−=

−+−+=+

−−=+−=

z

yix

yix

viuzfNow

analyticiszfHence

continuousallarevvuuFurther

satisfiedareequationsCRei

vuvu

xvyu

yvxu

yyxvxyxu

yixxyiyx

yixyixviuei

zzzzzfSol

xx

yxyx

xyyx

yy

xx

  

).()(Pr.8 zffindandanalyticiszzfthatove
n ′=

 

.)(

.,,,

.

sin)sin(
1

cos)cos(
1

cossin

sincos

sin,cos

)sin(cos.).(

)(

)(.

11

11

11

analyticiszf

continuousallarevvuuFurther

satisfiedareequationsCRHence

vnrnnrnru
r

unrnnrnrv
r

nrnvnrnu

nrnvnrnu

nrvnru

ninrviuei

er

er

zzfSol

rr

r

nn

r

nn

nn

n

r

n

r

nn

n

nin

ni

n

∴

−=−=−=

===

=−=

==

==⇒

+=+

=

=

=

−−

−−

−−

θθ

θ

θ

θθ

θ

θ

θθ

θθ

θθ

θθ

θθ

θθ

 

                                  

                 

z  = x + i y 

    = r cosθ + i r sinθ 

    = r (cosθ + i sinθ) 
θierz =  
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1

1

)1(1

1

1

11

)(

)sin(cos

)sincos(

)()(,

−

−

−−

−−

−−

−−−

−

=

=

=

=

+=

+=

+=′

n

ni

nin

niin

in

nni

rr

i

zn

ern

ern

eern

ninern

nrninrne

viuezfNow

θ

θ

θθ

θ

θ

θ

θθ

θθ

 

 

0)()(: ==
ω

ω
d

zd
ifanalyticbetonotceaseszffunctionANote  

,........2,1,0,
2

)12(.).(

2
)12(cos0cos

0cos.).(

0

cos

1
sec

tan.

.tanint.9

2

2

2

±±=+=

+==

=

=

==

=

nnzei

nz

zei

d

zd
whenanalyticnotisClearly

z
z

zd

d

zLetSol

analyticnotiszfunctionthewherepotheFind

π

π

ω
ω

ω

ω

 

 

0.).(

0.).(

0

11

log

)sin(cos.

.)sin(cos

.10

)(

=

=

=

=⇒=

=⇒

===

+=

+=

+−

−

−

zei

izei

d

zd
whenanalyticnotisClearly

izzd

d

zd

d
i

z

iz

eeee

uiuezGivenSol

analyticnotisuiuez

equationthebydefinedfunctionthezofvalueswhatFor

iviuiuiv

v

v

ω
ω

ωω

ω

ω

ω

 

 

SUBRAMANIAN
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Home Work 

1.   Prove that the following function is analytic. 

      zivziiieiizi
z cosh)(sin)()()( 3 −

 

.)()()()(Pr.2 analyticnowhereisezfiieezfithatove
yixxiy −==  

).(log)(log)(Pr.3 zffindandanalyticiszorirzfthatove ′+= θ

).()()(Pr.4 2/
zgfindandanalyticiszorerzgthatove

i ′= θ
 

 

Problems 

.

exp)()(

.,)(.11

alonezoffunction

aasressedbecanzffunctionanalyticeverythatShowor

zoftindependenisitthatshowanalyticiszffunctionaIf
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x
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x

v
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u
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x

x

v
i

z

y

y

u

z

x

x

u

z

v
i

z

u

z

viu

iz

y

z

x

i

zz
y

zz
x

yixzyixzhaveWe

z
havemustwezoftindependenisitIf

zfLet

vuvuei

satisfiedareequationsCRanalyticiszfSinceSol

xyyx

2

1

2

1

2

1

2

1

2

1

2

1

2

1

2

1

2

1

2

1

2

1
,

2

1

2
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2

,

0,
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1
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ω
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∂
−
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,)0(.12
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zoffunctionanalyticannotisa
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yix
viuthatShow

−≠−

≠
+−

−
=+

 

.

.

)(
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)()(
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.

2

azatexceptanalyticisviu

azatexcept

everywhereexists
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a
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sayzf
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z
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analyticnotisviuanalyticbecannotzoffunctionaSince
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z
viuSol

−=−∴

−=

+
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+

=
+

=+

 

 

.tanmodtan)(

tantan)(

.13
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withfunctionanalyticanthatShow

 

.tan)(
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)]1(sin[0,0

0,0

)

)1(,.).(

.,)(

.)(.
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saycv
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cuGiveni
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satisfiedareequationsCRanalyticiszfSince

functionanalyticanbeviuzfLetSol
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==⇒
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        .tan)(

tan

00.).(

)]1(sin[0,0

0,0
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)4(0
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)]1(sin[0)()(

0
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022

,....)2(.

)2(
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tconszf
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vvanduuei
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getweSolving

vuuvand
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vvuuand

vvuu
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yxyx

yy

xx

xx

xx

xx

xx

yy

xx

=∴

⇒

====

==⇒

==

−−−−=−

−−−−=+

=+−

=+

=+

=+

−−−−−=+⇒

=+⇒

=+⇒

=

 

 

.

tan,.14

Dinzallforvaluedrealisfwhenfunction

tconsaisfthatshowDdomainainanalyticisfunctionaIf
 

)]1(sin[0,0

0,0

0),(

),()(.).(.

)1(,.).(

.,)(.

guuu

vv

yxv

yxuzfeizallforvaluedrealisfGiven

vuvuei

satisfiedareequationsCRanalyticiszfSinceSol

xy

yx

xyyx

==⇒

==⇒

=∴

=

−−−−−−==

 

                          

.tan)(

tan

00.).(

tconszf

tconsarevandu

vvanduuei yxyx

=∴

⇒

====

 

 

 

 

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                 12 

 

.

tan)(,0)(Pr.15

Dthroughout

tconsiszfthenDdomainaineverywherezfifthatove =′
 

0,0,0,0

0)(0

,0)(

)()()(

)(.

====⇒

−=+=

=′

−=′+=′

+=

yyxx

yyxx

yyxx

uvvu

uivorviu

havewezfSince

uivzforviuzf

viuzfSol

 

                          

.tan)(

tan

00.).(

tconszf

tconsarevandu

vvanduuei yxyx

=∴

⇒

====

 

 

 

 

 

 

 

 

.

tan)(,)()(.16

regionthat

intconsaiszfthatshowregionainanalyticarezfandzfIf
 

.tan)(

.tan

0,0

02,02)2()1(

.tan

0,0

02,02)2()1(

)2(,.).(

.,)(

)1(,.).(

.,)(

)()(

)(.

tconsviuzf

tconsisv

vv

vv

tconsisu

uu

uu

vuvuei

satisfiedareequationsCRanalyticiszfSince

vuvuei

satisfiedareequationsCRanalyticiszfSince

viuviuzfthen

viuzfAssumeSol

yx

xy

yx

yx

xyyx

xyyx

=+=∴

⇒

==⇒

=−=⇒−

⇒

==⇒

==⇒+

−−−−−=−=

−−−−−−==

−+=−=

+=

 

                           

.

,,.0,0

'.17

2

2

2

2

2

2

2

2

analyticisviu

thatShow
yx

v
xy

uIf
yxyx

namelyequationsLaplacesatisfyingyandxoffunctionsareandIf

+

∂

∂
+

∂

∂
=

∂

∂
−

∂

∂
==

∂

∂
+

∂

∂
=

∂

∂
+

∂

∂ ψφψφψψφφ

ψφ

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                 13 

 

.

.,,,.).(

.).(

)]2([

0

)2(,

.).(

)]1([

0

)1(

.

2

2

2

2

2

2

22

2

2

2

2

2

2

2

2

2

2

2

2

2

22

2

22

2

22

analyticisviuHence

continuousarevvuualsoandsatisfiedareequationsCRei

vuei

from
y

u

yxy

yxyxy

yxxx

v

yxyy

u
Similarly

vuei

from
x

u

yxxyx

yyxy

v

yx
v

xyxx

u

xy
uGivenSol

yxyx

xy

yx

+

−=

∂

∂
−=










∂∂

∂
−

∂

∂
−=









=

∂

∂
+

∂

∂

∂∂

∂
+

∂

∂
−=

∂∂

∂
+

∂

∂
=

∂

∂

−−−−
∂∂

∂
−

∂

∂
=

∂

∂

=

∂

∂
=









=

∂

∂
+

∂

∂

∂

∂
−

∂∂

∂
=

∂

∂
+

∂∂

∂
=

∂

∂

∂

∂
+

∂

∂
=

−−−−
∂

∂
−

∂∂

∂
=

∂

∂

∂

∂
−

∂

∂
=

ψφ

φφψφ

ψφ

ψφ

ψψψφ

ψφ

ψφ

ψφ

ψφ

Q

Q

 

 

zz
TSor

zzyx
thatShow

∂∂

∂
=∇

∂∂

∂
=

∂

∂
+

∂

∂ 2
2

2

2

2

2

2

4..)(4.18  

i

zz
y

zz
x

yixzyixzhaveWeSol

2
,

2

,.

−
=

+
=⇒

−=+=

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                 14 

 

                            

2

2

2

22

4

2

1
.

2

1
.

2

1

2

1

2

1

2

1

yxzz

y
i

xy
i

xzz

y
i

xz
lll

y
i

xz

iyx

z

y

yz

x

xz

ly

∂

∂
+

∂

∂
=

∂∂

∂










∂

∂
+

∂

∂









∂

∂
−

∂

∂
=

∂

∂

∂

∂
∴










∂

∂
+

∂

∂
=

∂

∂










∂

∂
−

∂

∂
=

∂

∂










∂

∂
+








∂

∂
=

∂

∂

∂

∂
+

∂

∂

∂

∂
=

∂

∂

 

 

 

 

 

 

 

 

22

2

2

2

2

|)(|4|)(|

,)(.19

zfzf
yx

thatprovedomainanyinfunctionanalyticiszfIf

′=








∂

∂
+

∂

∂  

2

2

2
2

2

2

2

2

2

2

2

2

2

2

|)(|4

)()(4

)()(4

])([])([4

])()([4

|)(|4|)(|

)(Pr4.

zf

zfzf

zfzf

zf
z

zf
z

zfzf
zz

zf
zz

zf
yx

ove
zzyx

haveWeSol

′=

′′=

′′=

∂

∂

∂

∂
=

∂∂

∂
=

∂∂

∂
=









∂

∂
+

∂

∂

∂∂

∂
=

∂

∂
+

∂

∂

 

 

0|)(|log

,0)()(.20

2

2

2

2

=′








∂

∂
+

∂

∂

≠′

zf
yx

thatprovezfthatsuchzoffunctionanalyticiszfIf

 

 

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                 15 

 

[ ]

[ ]

0

)0(2

)(

)(
02

)(log)(log2

})()({log2

|)(|log
2

1
4

|)(|log4|)(|log

)(Pr4.

2

2

2
2

2

2

2

2

2

2

2

2

2

2

=

=










′

′′
+

∂

∂
=

′+′
∂∂

∂
=

′′
∂∂

∂
=







′

∂∂

∂
=

′
∂∂

∂
=′









∂

∂
+

∂

∂

∂∂

∂
=

∂

∂
+

∂

∂

zf

zf

z

zfzf
zz

zfzf
zz

zf
zz

zf
zz

zf
yx

ove
zzyx

haveWeSol

 

 

2222 |)(||)(||)(|

,)(.21

zfzfpzf

thatprovezoffunctionanalyticaniszfIf

pp ′=∇ −  

[ ]

[ ]

[ ])()()()(

)()(
2

)()(
2

4

)()(4

)()(4

|)(|4

|)(|4|)(|

)(Pr4.

1
2

1
22

1
2

1
2

22

2

2

22
2

2
2

2

2

2

2

2
2

zfzfzfzfp

zfzf
p

zfzf
p

zf
z

zf
z

zfzf
zz

zf
zz

zf
zz

zf

ove
zzyx

haveWeSol

pp

pp

pp

p

p

pp

′′







=









′








′=










∂

∂









∂

∂
=

∂∂

∂
=

∂∂

∂
=

∂∂

∂
=∇

∂∂

∂
=

∂

∂
+

∂

∂
=∇

−−

−−

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                 16 

 

                                

[ ]

[ ]
222

222

222

|)(||)(|

|)(||)(|

|)(|)()(|)(|

2

2

1
2

zfzfp

zfzfp

zfzfzfpzf

p

p

p

p

′=

′=

′=∇

−

−

−

 

 

 

 

 

 

 

 

2

22

|)(||)(||)(|

,)(.22

zfzf
y

zf
x

thatprovezoffunctionanalyticaniszfIf

′=








∂

∂
+









∂

∂  

2

22

2222122

222222122

2222

2222122

22122

22

2/122

2/122

2/122

2/122

2/1222/122

|)(|

)()()(

)]()([)(

]2

2[)(

])()[()(|)(||)(|

),3(&)2(

)]1(sin[)3()()(

)22()(
2

1
|)(|

)2()()(

)22()(
2

1
|)(|

)(|)(|)(|)(|

)()(

)1(,.).(

.,)(.

zf

vu

vuvuvu

vuvvuuvu

vuvuuvvu

vuvuvvuuvu

uvvuvvuuvuzf
y

zf
x

getweaddingandSquaring

guuvvuvu

vvuuvuzf
y

vvuuvu

vvuuvuzf
x

vuzfandvuzf

viuzfandviuzfhaveWe

vuvuei

satisfiedareequationsCRanalyticiszfSinceSol

xx

xx

xxxx

xxxx

xxxx

xxxx

xx

yy

xx

xx

xx

xx

xyyx

′=

+=

+++=

++++=

−++

+++=

+−+++=








∂

∂
+









∂

∂

−−−−−+−+=

++=
∂

∂

−−−−−++=

++=
∂

∂

+=′+=⇒

+=′+=

−−−−−−==

−

−

−

−

−

−

−

−

 

 

 

 

 

 

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                 17 

 

Properties of Analytic function 

1.   Prove that the real and imaginary parts of an analytic function are harmonic 

      functions. 

Proof.    Let  f (z) = u + iv  be any analytic function. 
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Harmonic Conjugate 

If u and v are harmonic functions such that u + i v is analytic, then each is called 
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Note: In two dimensional steady state flow problems in thermodynamics, 

hydrodynamics and electronics, we represent the complex potential function as 
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)2sin2(2sin)2cos2()0cosh2(cos
)0,(

)2cosh2(cos

)02sin2(2sin)2cos2()2cosh2(cos

2cosh2cos

2sin
),()(

2

2

22

2

22

2

2

2

2

+
=

+

+
=

+

++
=

+

++
=

+

++
=

+

−−+
=

+

+−−+
=

+
=

 

cosh 0 = 1 

sinh 0 = 0 
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0
)12(cos

0

)0cosh2(cos

)0sinh2(2sin0
)0,(

)2cosh2(cos

)2sinh20(2sin)0()2cosh2(cos

2

2

2

=
+

=

+

−
=

+

+−+
=

z

z

z
zu

yx

yxyx
u

y

y

 

          By  Milne-Thompson formula, we have 

               

z
z

i
z

zuizuzf yx

2

2
sec

cos2

2

)0(
2cos1

2

)0,()0,()(

==

−
+

=

−=′

 

                             

czzfei

dzzzf

getwegIntegratin

+=

= ∫
tan)(.).(

sec)(

,

2

 

 

)sin(cos2.7 yyevuthatgivenviufunctionanalyticanConstruct
x −=++  

zzz

y

x

y

zzz

x

x

x

x

eeezV

yyeV

eeezV

yyeV

yyevuVGiven

vuVvuUzfizFwhere

ViUzF

vuivuzfi

vuizfi

viuzf

viuzfLetSol

−=−=−−=

−−=

=−=−=

−=

−=+=

+=−=+=

+=

++−=+⇒+

−−−−−=

+=

−−−−+=

)10()0cos0sin()0,(

)cossin(

)01()0sin0(cos)0,(

)sin(cos

)sin(cos2

2,2,)()21()(

)(

)2()2()()21()2()1(

)2(22)(2

22)(2

)1()(.

 

       By  Milne-Thompson formula, we have 

               
z

zz

xy

ei

eie

zVizVzF

)1(

)(

)0,()0,()(

+−=

+−=

+=′
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ce
i

zf

ce
i

i
zf

ceizfiei

dzeizF

getwegIntegratin

z

z

z

z
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=
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+

+−
=

++−=+

+−= ∫

5

31
)(

21
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yxxyvuthatgivenviufunctionanalyticanConstruct 1623.8 22 +−=++  

zzzU

xyU

zzzU

yxU

yxxyvuUGiven

vuVvuUzfizFwhere

ViUzF

vuivuzfi

vuizfi

viuzfAlso

viuzf

viuzfLetSol

y

y

x

x

16160)0,(

162
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162

1623

32,23,)()23()(

)(
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22)(2
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           By  Milne-Thompson formula, we have 
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ziz

zUizUzF yx

)162(
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czizf
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i
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−
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=
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2
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5
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1

2

2
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i
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i
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+
=

+
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=

−
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=
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=

+
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i
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i
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i

i

21

13

2613

49

16263
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162423
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2
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−
=

+
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=

−
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Home Work 

Find  the  analytic function  f (z) = u + i v for the following 

)sin(cos32.6

)sin(cos.5

)sincos(),(.4

6),(.3

)cossin(),(.2

]sin2cos)[(),(.1

4224

22

yyevu

yyevu

yyyxeyxv

yyxxyxv

yyyxeyxu

yyxyyxeyxu

x

x

x

x

x

−=+

−=−

+=

+−=

−=

+−=

−

−

−

 

 

Mapping (or) Transformation 

In the complex domain, the function )1()(.).()( −−−−+=+= yixfviueizfω  

involves four variables x, y, u,v. Hence we need a 4 dimensional region to plot (1) 

in the Cartesian form. It is not possible to have 4 dimensional graph sheets, we 

make use of 2 complex planes, one for the variable yixz +=  and the other for 

the variable .viu +=ω  If the point z describes some curve Γ  in the z-plane, the 

point ω  will move along a corresponding curve Γ ' in the ω -plane. We then, say 

that a curve Γ  in the z-plane is mapped into the corresponding curve Γ ' in the  

ω -plane by the function )(zf=ω  which defines a mapping or transformation of 

z-plane into the ω -plane. 
 

Example:     
zeLet =ω  

           

c

xx

xx

x

yix

yix

evuhavewecxWhen

eyyevu

yevyeu

yiye

ee

eviuei

222

222222

,

)sin(cos

sin,cos

)sin(cos

.).(

=+=

=+=+⇒

==⇒

+=

=

=+ +

 

       ∴Straight line parallel to y-axis (i.e.) x = c in z-plane  

       are transformed to a circle 
c

evu
222 =+  in the ω -plane   

       whose centre is origin and radius is .c
e  
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Conformal and Isogonal 

     A transformation that preserves angles between every pair of curves through a 

point, both in magnitude and sense, is said to be conformal at that point. 

 

 

 

 

 

 

 

     A transformation under which angles between every pair of curves through a 

point are preserved in magnitude, but altered in sense is said to be isogonal at that 

point. 

 

 

 

 

 

 

 

 

Example: 

1)   The mapping 
z

e=ω  is conformal throughout. 

2)   The mapping z=ω , which is a reflection in the real axis is isogonal.  
 

Note:   

1)  If  f (z) is analytic and 0)( 0 ≠′ zf , then the mapping )(zf=ω  is conformal at 

     z = z0. 

2)  A point z0 at which the mapping )(zf=ω  is not conformal (or not analytic)     

     (i.e.) if  0)()(0 ≠′= zfor
zd

dω
 is called a critical point of the mapping. The  

     critical points of )(1 ω−= fz  are given by .0=
ωd

zd
 Hence the critical point of  

     the transformation )(zf=ω  are given by  0=
zd

dω
  and   .0=

ωd

zd
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Example: 

1.   The critical point of 2
z=ω  is 

                                    
0.).(

20

2

=

=

=

zei

z

z
zd

dω

 

2.   The critical point of  
z

1
=ω  is 

                                   .0
1

2
→∞→−= zas

zzd

dω
 

          
.0int

.0
1

.).(

=∴

==

zispocriticalThe

zatanalyticnotis
z

ei ω
 

3.   Find the critical points of the transformation )()(2 βαω −−= zz  

Sol.     Given  )()(2 βαω −−= zz  

                       

2

20

)()(2

2
0

)()(2

1).(1.)(

)()(

βα

βα

βα

βα

βα

βαω

βαω

+
=

−−=

−−

−−
=

−−

−+−
=

−−=

z

z

zz

z

zz

zz

zd

d

zz

 

           .
2

,,int

.,)()(
2

βα
βα

βαβαω

+
=∴

=−−=

zispocriticalThe

zatanalyticnotiszzAlso

 

 

Some standard transformation 

1)   The transformation zc +=ω  is known as translation. 

2)   The transformation zc=ω  is known as magnification and rotation.  
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z-plane 

y 

Problems 

1.   What is the region of the w-plane into which the rectangular region in the  

      z-plane bounded by the lines x = 0, y = 0, x = 1 and y = 2 is mapped under  

      the transformation  w = z + (2 – i). 

Sol.             )2( iz −+=ω    

                     

1,2

)1()2(

)2()(

−=+=⇒

−++=

−++=+

yvxu

yix

iyixviu

 

           

1,2

1,0

3,1

2,0

==

−==

==

==

vhaveweyWhen

vhaveweyWhen

uhavewexWhen

uhavewexWhen

 

       Hence the lines x = 0, y = 0, x = 1 and y = 2 are  

       mapped into the lines u = 2, v = –1, u = 3 and v = 1  

       respectively, which form a rectangle in the w-plane. 

 

2.   Find the image of the circle | z | = 2 by the transformation w = z + 3 + 2i 

Sol.             iz 23 ++=ω  

                     

4)2()3(.).(

4

2

2||

2||

2,3

)2()3(

23)(

22

22

22

=−+−

=+

=+

=+

=

+=+=⇒

+++=

+++=+

vuei

yx

yx

yix

zGiven

yvxu

yix

iyixviu

 

       Hence the circle | z | = 2  is mapped into  

       (u – 3)
2
 + (v – 2)

2
 = 4 in the w-plane, which  

       is also a circle with centre at (3, 2) and radius 2. 

 

3.   Determine the region D' of the w-plane into which the triangular region D       

      enclosed by the lines x = 0, y = 0, x + y = 1 is transformed under the  

      transformation w = 2z. 

 

 

w-plane 
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y Sol.             z2=ω  

                     
yvxu

yixviu

2,2

)(2

==⇒

+=+
 

           

2.).(

1
22

,1

0,0

0,0

=+

=+=+

==

==

vuei

vu
haveweyxWhen

vhaveweyWhen

uhavewexWhen

 

       Hence the lines x = 0, y = 0, x + y = 1 are  

       mapped into the lines u = 0, v = 0, u + v = 2  

       in the w-plane. 

 

4.   Find the image of the strip 0 <  x  < 1 under the transformation w = i z. 

Sol.             zi=ω  

                     

xvyu

yxi

yixiviu

=−=⇒

−=

+=+

,

)(

 

           10,10 <<<< vhavewexWhen  

        ∴  The image of the strip 0 <  x  < 1 under  

          the transformation w = i z  is  0 <  v  < 1.  
 

5.   Under the transformation w = i z + i, show that the half plane x > 0 maps onto                    

      the half plane  v > 1. 

Sol.             izi +=ω  

                     

1,

)(

+=−=⇒

+−=

++=+

xvyu

iyxi

iyixiviu

 

           
1.).(

01,0

>

>−>

vei

vhavewexWhen
 

 

6.   Find the image of the semi-infinite strip  x > 0,  0 <  y  < 2 under the  

      transformation w = i z + 1. Sketch the graph of the regions. 

Sol.             1+= ziω  

                     

xvyu

yxi

yixiviu

=−=⇒

+−=

++=+

,1

1

1)(
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11

11

210

210,20

.0,0

<<−

−>>

−>−>

<−<<<

>>

u

u

u

uhaveweyWhen

vhavewexWhen

 

.
1

2|2|.7
z

wtiontransformatheunderizofimagetheFind ==−  

4

1
.).(

041

444441

)(44)21(

2)2()21(

||2|2)21(|

||2|)(21|

||2|21|

22
1

.).(

2|2|.

2222

2222

2222

−=

=+

+=+++

+=++

+=−++

+=−+

+=+−

=−

=−

=−

vei

v

vuuvv

vuuv

vuuv

ivuuiv

ivuivui

wwi

i
w

ei

izSol

 

1|1|)(1||)(,
1

.8 <−<+= ziiiziofimagethefind
z

wtiontransformatheUnder  

2

1
.).(

12)(21

021

21

)1(

)()1(

|||)1(|

|||)(1|

|||1|

1
1

1||)(.

2222

2222

2222

>

><

<−

+<++−

+<+−

+<+−

+<+−

+<++

<+

<+⇒<+

vei

vorv

v

vuuvv

vuuv

vuuv

ivuuiv

ivuivui

wwi

i
w

iziSol

 

 

w
z

z
w

1

1

=⇒

=

 

w
z

z
w

1

1

=⇒

=
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2

1
.).(

12)(21

021

21

)1(

)()1(

|||)1(|

|||)(1|

|||1|

11
1

1|1|)(.

2222

2222

2222

>

><

<−

+<++−

+<+−

+<−+−

+<−−

+<+−
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<−⇒<−

uei
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u

vuvuu

vuvu

vuvu

ivuviu

ivuivu
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w
ziiSol

 

.
1

0,
2

1
0)(

2

1

4

1
)(inf.9

z
wtiontransformatheunder

e
e

yiiyistripinitetheofimagetheFind

=

><<<<

 

2222

22

,

)()(

1

11
.

vu

v
y

vu

u
x

vu

viu

viuviu

viu

viu
yix

w
z

z
wSol

+

−
=

+
=⇒

+

−
=

−+

−
=

+
=+

=⇒=

 

               

.2)2,0(

4)2(

04

4.).(

4

1
,

4

1

2

1

4

1
)(

22

22

22

22

planewtheinradiusandatcentrewithcircleaiswhich

vu

vvu

vvuei

vu

v
getweyWhen

yisstripGiveni

−

=++

=++

−=+

+

−
==
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w
z

z
w

1

1
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.1)1,0(

1)1(

02

2.).(

2

1
,

2

1

22

22

22

22

planewtheinradiusandatcentrewithcircleaiswhich

vu

vvu

vvuei

vu

v
getweyWhen

−

=++

=++

−=+

+

−
==

 

            Hence the infinite  strip  
2

1

4

1
<< y  is mapped into the region common to  

            the circles 1)1( 22 =++ vu  and  4)2( 22 =++ vu  in  the  w-plane.  

         

.),0(

)(

02

2.).(

2

1
,

2

1

0.).(

0

0,0

0,
2

1
0)(

222

22

22
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eevu

vevu

vevuei

vu

v

e
getwe

e
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vei

v

vu

v
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e
e
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−
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=++
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+

−
==

<

>−

>
+

−
>

><<

 

            Hence the infinite  strip  
e

y
2

1
0 <<  is mapped into the region outside the  

            circle 
222 )( eevu =++  in  the  lower half plane. 

 

.

,tan.10

z
ewtiontransformathe

underdycbxaregiongularrectheofimagetheFind

=

≤≤≤≤
 

Sol.            
z

eLet =ω  

               

yevyeu

yiyeeeeviuei
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xyixyix
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+===+ +
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.

int

tan

.

)0,0(

,)1(,

.

)0,0(

,)1(,

)(

222

222

222

222

planewtheinevuand

evucirclesthetocommonregiontheo

mappedisbxaregiongularrectheHence

planewtheine

radiusandatcentrewithcircleaiswhich

evubecomesequationbxWhen

planewtheine

radiusandatcentrewithcircleaiswhich

evubecomesequationaxWhen

bxaGiveni

a

b

b

b

a
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−
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−

=+=

≤≤

 

 

.tan

tanint

.

,tan)2(,

.

,tan)2(,

)(

planewtheinduvand
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planewthein

originthethroughlinestraightaiswhich
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cuvbecomesequationcyWhen

dycGivenii
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=
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−
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−
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z

wmapthethatove =
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.0122)2(,0

).1(0,

.

,
1

=+−=

=

−

−=

vfuglinestraightagivesequationcWhen

equationinchaveweoriginthethroughpassescircletheWhen

planewincircleanother

totransformsplanezincirclea
z

wtiontransformatheunderHence
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.sin

,0.

0,0

.sin

0)(

0

int0)

22

2222

originthethroughgpasline

straightaalsoiswhichvmulisplanewtheinimageItsorigin

thethroughpassesymxlplaneztheinlinestraightthenIf

planewinoriginthethroughgpascircleaiswhich

vmulvun

n
vu
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vu
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otransformsnymxlformtheofplaneztheinlineAiii
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−

=−++⇒

=+
+

−
+
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Home Work 

1.   Find the image of the circle | z | = 2 under the transformation w = 3z. 

2.   Find the image of the line x = k under the transformation 
z

w
1

= . 

3.   Find the image of a square whose vertices are z = 1 + i, 3 + i, 1 + 3i, 3 + 3i            

      under the transformation 
z

w
1

= . 

4.   Find the image of  | z – 1| > ½  under the transformation w = i z. 

5.   Under the transformation 
z

w
1

= ,  find the image of 

      (i)  | z + 1| = 1    (ii)   | z – 1| = 1    (iii)   | z – 3i | = 3    (iv)   | z – 2i | < 2. 
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Bilinear Transformation 

The transformation T defined by  

             )1()( −−−−−
+

+
==

dzc

bza
zTω  

where a, b, c, d are complex constants and ad – bc ≠ 0 is called a bilinear 

transformation (or) linear fractional transformation (or) Mobius transformation. 

The constant ad – bc is called the determinant of the transformation. The 

transformation (1) is said to be normalized if ad – bc = 1. 

The inverse transformation T
–1

 is defined by   

             
ac

bd
Tz

−

+−
== −

ω

ω
ω)(1

 

The determinant of this transformation is  (– d)( –a) – bc = ad – bc which is the 

same as that of (1). 
 

Fixed point (or) Invariant point 

The points which coincide with their transformation are called fixed point of the 

transformation. In otherwords fixed points of the transformation w = f (z) are 

obtained by the equation z = f (z). 
 

Note:  The bilinear transformation which transforms z1, z2, z3 into w1, w2, w3 is 

)()(

)()(

)()(

)()(

123

321

123

321

zzzz

zzzz
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2.   Find the bilinear transformation that maps 2, i and –2 of the z-plane onto 

      1, i and –1 of the w-plane. 
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3.   Find the bilinear transformation that maps ∞, i and 0 of the z-plane onto 

      0, i and ∞ of the w-plane. 
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4.   Find the Mobius transformation which sends the points  z = 0, 1, ∞ into the 

      points w = –5, –1, 3 respectively. What are the invariant points in this  

      transformation? 
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5.   Find the bilinear transformation which maps the points  z = 1, i, –1 into the 

      points w = 0, 1, ∞. Show that this transformation maps the interior of the unit  

      circle of the z-plane onto the upper half of the w-plane. 
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6.   Find the bilinear transformation that maps the points 1 + i, –i, 2 – i of the  

      z-plane into the points 0, 1, i of the w-plane. 
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UNIT – V   Complex Integration 
      

Cauchy's Integral Theorem [Cauchy's fundamental theorem (or) Cauchy's theorem] 
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i

 

         Equation (1) becomes, 

  0
2

2

0

=
+∫

π

θ

θ θ
i

i

e

die
 

  
i

d
i

i 0

2sincos

sincos
2

0

=
++

+
∫
π

θ
θθ

θθ
 

                  0
sin)2(cos

sincos
2

0

=
++

+
∫
π

θ
θθ

θθ
d

i

i
 

  0
]sin)2][(cossin)2[(cos

]sin)2][(cossin[cos
2

0

=
−+++

−++
∫
π

θ
θθθθ

θθθθ
d

ii

ii
 

  0
]sin)2[(cos

]cossin)2(cos[sin]sin)2(cos[cos
2

0

22

2

=
++

−++++
∫
π

θ
θθ

θθθθθθθ
d

i
 

  0
sincoscos44

sin2)cos21(
2

0

22
=

+++

++
∫
π

θ
θθθ

θθ
d

i
 

    Equating R.P we get  

  0
cos45

cos21
2

0

=
+

+
∫
π

θ
θ

θ
d  

  0
cos45

cos21
2

0

=
+

+
∫
π

θ
θ

θ
d  0

2

0

cos45

cos21
.).(

0

==
+

+
∫
π

θ
θ

θ
dei  
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∫
= 1||

.3
z

z

dz
z

e
Evaluate

 

i

ei

fi

zfi

dz
zz

zf

dz
z

e
dz

z

e
Sol

C

z

z

z

z

π

π

π

π

2

)(2

)0(2

)(2

)(

0
.

0

0

0

1||1||

=

=

=

=

−
=

−
=

∫

∫∫
==

 

∫
=

−
1||

.4
z

z

dz
az

e
Evaluate  

Sol.      1||:,,)( 0 === zCazezf z
 

   If a < 1, z0  lies inside C 

)1(2

)(2

)(2

)(

0

01||

<=

=

=

−
=

− ∫∫
=

aei

afi

zfi

dz
zz

zf
dz

az

e

a

Cz

z

π

π

π

 

            If a > 1, z0  lies outside C and  
az

e
zf

z

−
=)(  is analytic  inside and on C 

            Hence by Cauchy's theorem, 

    ∫ =
C

dzzf 0)(  

   )1(0.).( >=
−∫ adz

az

e
ei

C

z

 

.2||
4

.5
2

=−
+∫ izcircletheisCwhere

z

dz
Evaluate

C  

∫∫ −+
=

+
CC

iziz

dz

z

dz
Sol

)2()2(4
.

2

 
 

 

)0

)((

0 =

=
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Conandinsideanalyticisezfwhere
z

 

)

)((

0 azand

Conandinsideanalyticisezfwhere
z

=
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2
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)(

2
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−
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=

∫

∫

i
i
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dz
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zf

dz
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C

C
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f
i

dz
z

e
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z

e
dz

z

e
Sol
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z

e
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C
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C
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C
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C
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=

=

∫

∫∫

∫
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2
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.
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0

3

0

0
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2
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C
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+−
CC

dz
iz

z
z

izz

dzz
Sol

2

2

9

))(9(
.

 

          
510

2
)(9

2)(2

)(2

)(

2

0

0

π
πππ

π

=






 −
=









−−

−
=−=

=

−
= ∫

i
i

i

i
iifi

zfi

dz
zz

zf

C

 

5.1||
)2()1(

.8
2

=
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iz
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2
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=
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z
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dz
z

z
ez

dz
zz

ez
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2

1

2
.

2

2

2

2

  

      iiifi

zfi

dz
zz

zf

C

ππππ

π

3
2

3
2

11

12
2)1(2

)(2

)(
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         i) On C: | z | = ½ ,  z0 = 0 lies inside C.   
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−
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−
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+
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−
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           ii)  On C: | z | = 2,  z0 = 0, 1, –1 lies inside C.  
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+
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=
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2
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   Sol.    On C: | z | = 3,  z0 = 1, 2 lies inside C.  
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Home Work 
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Taylor's Theorem 

Let  f (z) be analytic everywhere inside a circle C with centre at z0 and radius R. 

Then at each point z inside C, we have  
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!
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0
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0
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     ∑
∞

=

−=
0

0
0 )(

!
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)(.).(

n

n

n

zz
n

zf
zfei  

Note:   When z0 = 0, Taylor's series becomes Maclaurin's series which is  

       ........
!
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Some Important Result: 
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∞+−+−=− ............
!3!2!1

1.4
32 zzz

e z

 

∞+++=
−

=
−

............
!5!32

sinh.5
5

zz
z

ee
z

zz

 

∞+++=
+

=
−

.............
!4!2

1
2

cosh.6
42 zzee

z
zz

 
 

n
th 

derivative 
xan

n

xa eaytheneyIf ==.1  

1)(

!)1(1
.2

++

−
=

+
=

n

nn

n
bxa

an
ythen

bxa
yIf

22 )(

!)1()1(

)(

1
.3

++

+−
=

+
=

n

nn

n
bxa

an
ythen

bxa
yIf

 
 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                     11 

 

n

nn

n
bxa

an
ythenbxayIf

)(

!)1()1(
)log(.4

+

−−
=+=  









++=+= bxa

n
aythenbxayIf

n

n
2

sin)(sin.5
π

 









++=+= bxa

n
aythenbxayIf

n

n
2

cos)(cos.6
π

 
 
Binomial Series 
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Problems   

1. Find the Taylor's expansion of  
z

1
 about the point 1=z  

Sol.     Taylor's series of  f (z) about z = z0  is  
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∞
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∑
∞
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Sol.     Taylor's series of  f (z) about z = z0  is  
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3.   Find the Taylor's series for the function log(1 – z) at z = 0. State the region in    

      which the expansion valid. 

Sol.     Taylor's series of  f (z) about z = z0  is  
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Laurent's Series 
If  f (z) is analytic on two concentric circles C1 and C2 with centre at  z0  and radii 

R1 and R2 (R1 > R2)  and also in the annular region R bounded by C1 and C2 , then 
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[ Since Laurent’s series in powers of (z + 1)    

  are required ] 
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Singularities 
Zeros of an analytic function 
1)   A zero of an analytic function  f (z) is a value of z such that  f (z) = 0. 

2)   An analytic function  f (z) is said to have a zero of order ‘m’ if  f (z) is   

      expressible as )()()( 0 zzzzf
mφ−=  where )(zφ  is analytic and .0)( 0 ≠zφ  

      f (z) is said to have a simple zero at z = z0 if z = z0 is a zero of order one. 
 

Poles of an analytic function 

      If 
)(

)(
)(

z

z
zf

ψ

φ
=  then the poles of  f (z) are .0)( =zψ  

      An analytic function  f (z) is said to have a pole of order ‘m’ if  f (z) is   

      expressible as )()()( 0 zzzzf
mφ−−=  where )(zφ  is analytic and .0)( 0 ≠zφ  

       f (z) is said to have a simple pole at z = z0 if z = z0 is a pole of order one. 
 

Singular Point 

      A point z = z0 is  called a singular point (or a singularity) of  f (z), if  f (z) is 

not analytic at z0. 

For example, if  
2

1
)(

−
=

z
zf  then z = 2 is a singularity of  f (z). 

Isolated Singular point 

                A singular point z0 is said to be an isolated singular point if there is 

some neighbourhood of z0 throughout which 'f' is analytic except at the point 

itself. 

Example:  

1. 
z

zf
1

)( =   is analytic everywhere except at z = 0. 

         ∴ z = 0 is an isolated singularity of  f (z). 

2.  
)1(

1
)(

23 +

+
=

zz

z
zf  has three isolated singular points z = 0, iz ±= . 
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           The singularity of  f (z) are given by 
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Limit Point 
Limit of the sequence is called the limit 

point. 
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      The singular point z = 0 is not an isolated singular point because every 

neighbourhood of the origin contains other singular points. 

 

Classification of the Singular point 

If z = z0 is an isolated singularity of  f (z) then we have by Laurent's series 

           )1()()()(
1

0

0

0 −−−−−−+−= ∑∑
∞
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−
∞

= n

n

n

n

n

n zzbzzazf  

The second portion of the series, namely the series involving negative powers of  

z = z0 is known as the principal part of 'f' at z = z0. 

This principal part can be used to distinguish between three types of isolated 

singular points. 
 

Case (i) : If the principal part contains only a finite number of terms (i.e.) there 

exists a positive integer m such that  .........,0,0,0 21 ==≠ ++ mmm bbbutb  

Then the expansion (1) becomes  
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where .0≠mb In this case the isolated singularity z = z0 is called a pole of order m.  

A pole of order m = 1 is called a single pole (simple pole). A pole of order m = 2 

is called a double pole. 
 

Case (ii) : When the principal part of 'f' at z0 has infinite number of non-zero 

terms, the point z = z0 is called an essential singular point. In this case the 

Laurent's series (1) contains infinite terms in the negative powers of z – z0. 
 

Case (iii) :   When all the coefficients bn = 0 (i.e.) if the principal part contains no 

terms, then the point z = z0 is called removable singularity of 'f'. In this case the 

Laurent's series (1) contains only non-negative powers of z – z0. 
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Problems 

Find the singular point of the following function and specify their nature. 
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Definition 

1.   Limit point of zeros is an isolated essential singularity. 

2.   Limit point of poles is an non-isolated essential singularity. 
 

Problems 

Identify the type of the singularity of the following function. 

π

π

n
z

n
z

z
arezfofZeros

z
zf

=
−

⇒

=








−

=








−










−
=

1

1

sin
1

1
sin

0
1

1
sin)(

1

1
sin)(.1

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                     26 

 

.sin1

.intlim1

,.....)2,1,0(
1

1
1

1

gularityessentialisolatedanisz

zerosofpoittheisz

n
n

z
n

z

=∴

=

±±=−=⇒=−⇒
ππ

 

 

2
)12(

1

2
)12(cos

1
cos

0
1

cos)(

)/1(cos

)/1(sin1
tan)(.2

π

π

+=⇒

+=








=








=







=

n
z

n
z

z
arezfofPoles

z

z

z
zf

 

      .sin0

.intlim0

,.....)2,1,0(
)12(

2

gularityessentialisolatednonanisz

polesofpoittheisz

n
n

z

−=∴

=

±±=
+

=⇒
π

 

,.......)2,1,0(
2

)12(

2
)12(coscos

0cos)(

cos

sin
tan)(.3

±±=+=⇒

+=

=

==

nnz

nz

zarezfofPoles

z

z
zzf

π

π
 

      
.sin

.intlim

gularityessentialisolatednonanisz

polesofpoittheisz

−∞=∴

∞=

 

π

π

nz

nz

zarezfofPoles

z

z
zeczzf

=⇒

=

=

==

sinsin

0sin)(

sin
cos)(.4

 

.sin

.intlim

gularityessentialisolatednonanisz

polesofpoittheisz

−∞=∴

∞=

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                     27 

 

.sin

.intlim

,.....)2,1,0(
4

4
tantan

1tan

cossin

0sincos)(

sincos

1
)(.5

gularityessentialisolatednonanisz

polesofpoittheisz

nnz

nz

z

zz

zzarezfofPoles

zz
zf

−∞=∴

∞=

±±=+=⇒









+=⇒

=⇒

=

=−

−
=

π
π

π
π

 

 

.sin

.intlim

,.....)2,1,0(
4

4
tantan

1tan

cossin

0cossin)(

cossin)(.6

gularityessentialisolatedanisz

zerosofpoittheisz

nnz

nz

z

zz

zzarezfofZeros

zzzf

∞=∴

∞=

±±=+=⇒









+=⇒

=⇒

=

=−

−=

π
π

π
π

 

 

,.......)2,1,0(

sinsin

0sin)(

sin

cos
cot)(.7

±±==⇒

=

=

==

nnz

nz

zarezfofPoles

z

z
zzf

π

π
 

      
.sin

.intlim

gularityessentialisolatednonanisz

polesofpoittheisz

−∞=∴

∞=

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                     28 

 

π

π

n
z

n
z

z
arezfofPoles

zz
eczf

=⇒

=








=








=







=

1

sin
1

sin

0
1

sin)(

)/1sin(

11
cos)(.8

 

.sin0

.intlim0

,.....)2,1,0(
1

gularityessentialisolatednonanisz

polesofpoittheisz

n
n

z

−=∴

=

±±==⇒
π

 

 

Residue at a pole  

The residue of  f (z) at z = z0  is  ∫
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where C is a closed contour containing the only singularity at z = z0 and the 

integration along C being taken anti-clockwise direction. 

 

Evaluation of Residues 
1.   If z = z0 is a simple pole of  f (z) then  

           )()(lim)(Re 00
0

zfzzzzs
zz

−==
→

 

2.   If z = z0 is a pole of order 2, then  

           





−==

→
})(){(lim

!1

1
)(Re 2

00
0

zfzz
dz

d
zzs

zz
 

3.   If z = z0 is a pole of order 3, then  

           







−==

→
})(){(lim

!2

1
)(Re 3

02

2

0
0

zfzz
dz

d
zzs

zz  

4.   In general, if z = z0 is a pole of order m, then  

           







−

−
==

−

−

→
})(){(lim

!)1(

1
)(Re 01

1

0
0

zfzz
dz

d

m
zzs

m

m

m

zz  

 

 

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                     29 

 

)(

)(
)(Re

]0)(0)([
)(

)(
)(.5

0

0
0

000

z

z
zzsthen

zbutzwherezzatpolesimpleahas
z

z
zfIf

ψ

φ

φψ
ψ

φ

′
==

≠===

 







−=∞= )(exp

1
)(Re.6 zfofansionthein

z
oftCoefficienzs

.)()]([lim)(Re.7 ∞=−=∞=
∞→

zatanalyticiszfprovidedzfzzs
z

 

 

Problems 

..1
22

2

aizat
az

z
ofresiduetheFind =

+
 









−==

−
=

−
=

=

−+
−=

−==

=

±=

−=

=+

−+
=

+
=

→

→

i
i

ce
ia

i

a

ia

a

ia

ia

iaziaz

z
iaz

zfiaziazs

polesimpleaisiaz

iaz

az

azarezfofPoles

iaziaz

z

az

z
zfLetSol

iaz

iaz

1
sin

222

2

)(

)()(
)(lim

)()(lim)(Re

.

0)(

)()(
)(.

2

2

2

22

22

2

22

2

 

 

.
)1(

1
.2

32
izat

z
ofresiduetheFind =

+
 

.3

01)(

)()(

1

)1(

1
)(.

2

3332

orderofpoleaisiz

iz

zarezfofPoles

izizz
zfLetSol

=

±=

=+

−+
=

+
=

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                     30 

 

iii

iz

izzd

d

iziz
iz

zd

d

zfiz
zd

d
izs

iz

iz

iz

iz

16

3

32

6

)2(

12

2

1

)(

12
lim

2

1

)(

3
lim

2

1

}
)()(

1
){(lim

2

1

)}(){(lim
!2

1
)(Re

5

5

4

33

3

2

2

3

2

2

==







=










+
=


















+

−
=










−+
−=









−==

→

→

→

→

 

 

 

 

 

 

 

 

.
2

tan)(.3
π

== zatzzfofresiduetheFind
 

1
1

1

)2/(sin

)2/(sin

)2/(

)2/(
)2/(Re

)(

)(
)(Re

).(
2

)(

)(

cos

sin
tan)(.

0

0
0

−=
−

=
−

=

′
==

′
==

=∴

===

π

π

πψ

πφ
π

ψ

φ

π

ψ

φ

zs

z

z
zzs

zfofpolesimpleaisz

z

z

z

z
zzfLetSol

 

 

.0cot)(.4 == zatzzfofresiduetheFind  

1
1

1

0cos

0cos

)0(

)0(
)0(Re

)(

)(
)(Re

).(0

)(

)(

sin

cos
cot)(.

0

0
0

===
′

==

′
==

=∴

===

ψ

φ

ψ

φ

ψ

φ

zs

z

z
zzs

zfofpolesimpleaisz

z

z

z

z
zzfLetSol

 

 

 

0
2

cos)2/()(

01
2

sin)2/()(

0

0

=







==

≠=







==

π
πψψ

π
πφφ

z

z

 

00sin)0()(

010cos)0()(

0

0

===

≠===

ψψ

φφ

z

z
 

zz

zz

sin)(

cos)(

−=′

=

ψ

ψ
 

zz

zz

cos)(

sin)(

=′

=

ψ

ψ
 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                     31 

 

..5
22

polesitsofeachat
az

ez
ofresiduetheFind

zi

+
 

2

2

)(

)()(
)(lim

)()(lim)(Re

22

2

)(

)()(
)(lim

)()(lim)(Re

.,

0)(

)()(
)(.

)(

)(

22

22

22

a

iai

zi

iaz

iaz

aa

iai

zi

iaz

iaz

zizi

e

ia

eia

iaziaz

ez
iaz

zfiaziazs

e

ia

eia

ia

eia

iaziaz

ez
iaz

zfiaziazs

polessimpleareiaiaz

iaz

az

azarezfofPoles

iaziaz

ez

az

ez
zfLetSol

=

−

−
=

−+
+=

+=−=

==

=

−+
−=

−==

−=

±=

−=

=+

−+
=

+
=

−

−→

−→

−−

→

→

 

.
)3)(2()1(

.6
4

3

polesitsofeachat
zzz

z
ofresiduetheFind

−−−
 

.3,241

.3,2,1)(

)3)(2()1(
)(.

4

3

polessimplearezandorderofpoleaisz

zarezfofPoles

zzz

z
zfLetSol

==

=

−−−
=

 

 

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                     32 

 

          8
)1)(1(

8

)3)(2()1(
)2(lim

)()2(lim)2(Re

4

3

2

2

−=
−

=
−−−

−=

−==

→

→

zzz

z
z

zfzzs

z

z

 

          

16

27

)1()2(

27

)3)(2()1(
)3(lim

)()3(lim)3(Re

44

3

3

3

==
−−−

−=

−==

→

→

zzz

z
z

zfzzs

z

z

 

            

)1(
)3)(2(

lim
6

1
)1(Re

)3)(2()1(
)1(lim

6

1

})()1{(lim
!3

1
)1(Re

3

3

3

1

4

3
4

3

3

1

4

3

3

1

−−−−−−
















−−
==


















−−−
−=









−==

→

→

→

zz

z

dz

d
zs

zzz

z
z

dz

d

zfz
dz

d
zs

z

z

z

 

                








−
−

−
++=








−
+

−
−+=









−−

−
+

−

−
++=

−−

=⇒+−=

+−=

=

=

++==

−=

+−+==

−+−+−−+=

−
+

−
++=

−−

222

2

3

33

3

3

3

2

3

3

3

)3(

27

)2(

8
01

3

27

2

8
5

)3)(2(

3

27

2

8
5

)3)(2(

5)1(50

50,.

1,.

27

)1(0027,3

8

0)1(08,2

)2()3()3)(2)((

32)3)(2(

zzdz

d

zz
z

dz

d

zz

z

dz

d

zz
z

zz

z

BB

BAzofCoeff

AzofCoeff

D

Dzput

C

Czput

zDzCzzBzAz

z

D

z

C
BzA

zz

z

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                     33 

 

                                                                        

44

33

)3(

162

)2(

48

)3(

54

)2(

16
0

−
−

−
=










−
+

−
−=

zz

zzdz

d

 

               

16

101

16

606

6

1

16

162768

6

1

)2(

162

)1(

48

6

1

)3(

162

)2(

48
lim

6

1
)1(Re

)1(

44

441

=





=






 −
=










−
−

−
=










−
−

−
==

→ zz
zs

becomesequationHence

z

 

 

.2||

tan
)(

cos

sin
)(.7

=

=

zcirclethe

insidepolesitsofeachat
z

z
or

zz

z
zfofresiduetheFind

 

.,2||
2

,0

.........,
2

3
,

2
,0

.......),
2

,0(
2

)12(

2
)12(coscos

0cos)(0

0cos)(

)(

)(

cos

sin
)(.

polessimplearewhichzcirclethewithinliesz

z

nnz

nz

zorz

zzarezfofPoles

z

z

zz

z
zfGivenSol

=±=

±±=∴

±=+=

+=

==

=

==

π

ππ

ππ

π

ψ

φ

 

                 
0

1

0

0cos

0sin

cos

sin
)0(lim

)()0(lim)0(Re

0

0

===−=

−==

→

→

zz

z
z

zfzzs

z

z

 

 

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                     34 

 

π

π

πππ

π

πψ

πφ
π

ψ

φ

ππ

2

0)1(
2

1

2
cos

2
sin

2

)2/(sin

)2/(

)2/(
)2/(Re

)(

)(
)(Re

).(
2

,
2

,

0

0
0

−=

+−

=









+







−

=

′
==

′
==

−=

zs

z

z
zzs

zfofpolessimplearezNow

 

π

π

πππ

π

πψ

πφ
π

2

0)1(
2

1

2
cos

2
sin

2

)2/(sin

)2/(

)2/(
)2/(Re

=

+−

−
=









−+








−








−−

−
=

−′

−
=−=zs

 

.
1

.8
2

3

∞=
−

zat
z

z
ofresiduetheFind

 

1)1(
1

.)(Re

.........
111

.........
111

1

1
1

1
1

1
)(.

53

642

1

2

2

2

3

2

3

−=−=−=∞=

++++=









++++=









−=









−

=
−

=

−

z
ofcoeffzs

zzz
z

zzz
z

z
z

z
z

z

z

z
zfLetSol

 

0
2

cos
2

)2/()(

01
2

sin)2/()(

0

0

=







==

≠=







==

ππ
πψψ

π
πφφ

z

z

 

0
2

cos
2

2
cos

2
)2/()(

01
2

sin

2
sin)2/()(

0

0

=







−=









−−=−=

≠−=







−=









−=−=

ππ

ππ
πψψ

π

π
πφφ

z

z

 

1.cossin)(

cos)(

zzzz

zzz

+−=′

=

ψ

ψ
 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                     35 

 

.
)3)(2)(1(

.9
2

∞=
−−−

zat
zzz

z
ofresiduetheFind

 

1

)01)(01)(01(

1

3
1

2
1

1
1

lim

)3)(2)(1(
.lim

)]([lim)(Re.

3

3

2

−=

−−−

−
=



























−








−








−

−
=










−−−
−=

−=∞=

∞→

∞→

∞→

zzz
z

z

zzz

z
z

zfzzsSol

z

z

z

 

 

Home Work 

.1
)1(

.1
2

=
−

zat
z

ez
ofresiduetheFind

z

 

.
2

2

cos
.2

2

π

π
=









−

zat

z

z
ofresiduetheFind

 

.
)1(

1
.3

3
polesitsat

z
ofresiduetheFind

+
 

 

 

 

 

 

 

)2(

1
)(

1
)(

)4()1(

2
)(

)1(
)(

)2)(1(
)(

)1(

1
)()(

1
)(

..4

2222

2

2

2

222

2

224

2

−

+

+++

−

−

−++

−

+

−

zz

z
viii

z

z
vii

zz

zz
vi

z

e
v

zz

z
iv

z

z
iii

z

e
ii

z

e
i

polesitsatfunctionfollowingtheofresiduetheFind

z

zz

π  

 
 

 

 

 

 

 

 

 

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                     36 

 

Cauchy's Residue Theorem 

If  f (z) is analytic at all points inside and on a simple closed curve C, except at a 

finite number of poles z1, z2, z3,......, zn within C, then 
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CONTOUR  INTEGRATION 
Type 1    Integration round the unit circle  
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Type 2 

Evaluation of integrals of the type ∫
∞

∞−

zdzf )(  where the function  f (z) is such that 

no pole of  f (z) lies on the real line, but poles lie in the upper half of z-plane. We 

evaluate the above integrals by considering them along a closed contour C 

consisting of  

       i)  Semi circle | z | = R  in the upper half plane.  

       ii) Real axis from –R to R. 

Then we try to show that integral along    vanishes as . 

      Thus ∫ ∫ ∫
Γ −

+=
c

R

R

dxxfdzzfdzzf )()()(  

Taking limit as , we have 

                
∫∫
∞

∞−

= dxxfdzzf
c

)()(  

By Cauchy's Residue theorem, this becomes 

         
∫
∞

∞−

= ][2)( CwithinresiduestheofSumixdxf π
 

 

Cauchy's Lemma: 

If  f (z) is a continuous function such that  uniformly as  on  

 ,  then ∫
Γ

∞→
= 0)(lim dzzf

R

 
where   is the semi circle  above the real axis. 

 

Jordan's lemma: 

If  f (z) is analytic except at finite number of singularities and if    

uniformly as  then ∫
Γ

∞→
>= )0(0)(lim mdzzfe

zmi

R   where   is the semi 

circle  above the imaginary axis. 
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Higher order Linear Differential Equations with constant coefficients 

To solve the equation (aD
2
 + bD + c)y = 0 where D = 

dx

d
 

1) Write the Auxiliary Equation (A.E) 

2) Find the roots of the A.E say m1 and m2. 

3) The solution is  

(i) ., 21
21 mmifBeAey

xmxm ≠+=  

(ii) .,)( 21
1 mmifeBAxy

xm =+=  

(iii) ],sincos[ xBxAey
x ββα += if the roots are imaginary. 

 

In general to solve n
th

 order linear differential equation  

D
n
y + a1D

n-1
y + a2D

n-2
y + ……..+any = 0 where D = 

dx

d
 

1) Write the Auxiliary Equation (A.E) 

2) Find the roots of the A.E say m1, m2, m3,…….mn 

3) The solution is  

Case (i)    If all the roots are real and different, then the solution is  

                 .................4321 ++++= xmxmxmxm
DeCeBeAey  

Case(ii)    If two roots are equal and other roots are real and different,   

                 then  .................)( 431 ++++= xmxmxm
DeCeeBAxy  

Case(iii)    If m1 = m2 and m3 = m4 and other roots are real and  

                 different, then   

                 .................)()( 531 +++++= xmxmxm
eEeDCxeBAxy  

 Case(iv)    If three roots are equal & real and other roots are real and   

                   different, then .................)( 412 ++++= xmxm
DeeCBxAxy  

Case(v)      If two roots are imaginary but other roots are real and   

                  different, then     

                  .................)sincos( 3 +++= xmx
CexBxAey ββα

 

Case(vi)     If m1 = α + iβ = m2 and m3 = α –iβ = m4 but other roots are  

                   real and different, then   

                  .................]sin)(cos)[( 5 +++++= xmx
EexDCxxBAxey ββα

 

 

 

 

 

 

 

UNIT – IV Ordinary Differential Equations
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Problems 

1. Solve : 045)(045
2

2

=+′−′′=+− yyyory
dx

dy

dx

yd
 

Sol.  The given equation can be written as 0)45( 2 =+− yDD  

              A.E is  0452 =+− mm  

                         
4,1

0)4)(1(

=

=−−

m

mm
 

           The solution is 
xx

eBeAy
4+=  

2.  Solve:  0)12( 2 =++ yDD  

Sol.           A.E is  0122 =++ mm  

                        
1,1

0)1)(1(

−−=

=++

m

mm
 

          The solution is 
xeBAxy −+= )(  

3.  Solve:  0)53( 2 =+− yDD  

Sol.           A.E is  0532 =+− mm  

                        

βα ii
i

m

±=±=
±

=

−±
=

−−±−−
=

2

11

2

3

2

113

2

113

1.2

5.1.4)3()3( 2

 

          The solution is 







+= xBxAey

x

2

11
sin

2

11
cos2

3

 

4.  Solve:  0)22( 23 =−−+ yDDD  

Sol.      A.E is  022 23 =−−+ mmm  
 

                  m = 1 is a root. 

                The other roots are  0232 =++ mm
 

                                          2,1

0)2)(1(

−−=

=++

m

mm

 
                                                2,1,1 −−=∴ m  

           The solution is 
xxx eCeBeAy 2−− ++=  

 

5. Solve:  0)23( 3 =+− yDD  

Sol.      A.E is  0233 =+− mm  
 

                  m = 1 is a root. 

                 

                 

      

         
–1 –2 

3 2 

1 1 2 

0 1 

0 1 3 2 

      

         

–2   1   1 

–3 

0 

  0  1   2   1 
 0 

 1   1 –2 
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                The other roots are  022 =−+ mm
 

                                          2,1

0)2)(1(

−=

=+−

m

mm

 
                                                2,1,1 −=∴ m  

           The solution is 
xx eCeBxAy 2)( −++=  

 

6. Solve:  0)2( 234 =+− yDDD  

Sol.      A.E is  02 234 =+− mmm
 

                        

1,1

0)1)(1(0,0

0120

0)12(

22

22

=

=−−=

=+−=

=+−

m

mmm

mmorm

mmm

 

               
The solution is 

xx eDCxeBxAy )()( 0 +++=  

                                  
x

eDCxBxAy )()( +++=  
 

7. Solve:  0)133(
23 =−+− yDDD  

Sol.      A.E is  0133 23 =−+− mmm  
 

                  m = 1 is a root. 

                The other roots are  0122 =+− mm
 

                                          1,1

0)1)(1(

=

=−−

m

mm

 
                                                1,1,1=∴ m  

           The solution is 
x

eCBxxAy )( 2 ++=  
 

8. Solve:  0)842( 23 =+++ yDDD  

Sol.      A.E is  0842 23 =+++ mmm  
 

                  m = –2 is a root. 

                The other roots are  0402 =++ mm
 

                                                                               
042 =+m

 

                                            im

m

2

4
2

±=

−=

 
                                                im 2,2 ±−=∴  

           The solution is 
xx eCxBxAey 20 )2sin2cos( −++=  

                                   
x

eCxBxAy
22sin2cos −++=  

                        )2sin2cos()( 02
xCxBeeAyor

xx ++= −

 

                              xCxBeAy
x 2sin2cos2 ++= −

      
 

  1 –2   1 

  3 

0 

–3   1 –1   1 
  0 

  1 –2   1 

–8   0 –2 

  4 

0 

  2   1   8 –2 
  0 

  1   0   4 
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9. Solve:  0)1( 4 =− yD  

Sol.           A.E is  014 =−m  

                        

im

imm

morm

mm

±−=

±=±=

−==

=+−

,1,1

1

11

0)1)(1(

22

22

 

          The solution is xDxCeBeAy xx sincos +++= −

 
 

    10.  Solve:  0)168( 24 =++ yDD  

Sol.           A.E is  0168 24 =++ mm  

                        
imim

morm

mm

22

44

0)4)(4(

22

22

±=±=

−=−=

=++

 

          The solution is [ ]xDCxxBAxey
x 2sin)(2cos)(0 +++=

 

                                                        
xDCxxBAxy 2sin)(2cos)( +++=

 
 

     11.   Solve:  0)656( 2 =−− yDD  

     Sol.    A.E is  0656
2 =−− mm

 

                                      

3

2
,

2

3

0)23)(32(

0)32(2)32(3

06496 2

−=

=+−

=−+−

=−+−

m

mm

mmm

mmm

 

           The solution is 
xx eBeAy 3/22/3 −+=  

 

Home Work 

0)6116(:.1 23 =+++ yDDDSolve
 

0)254(:.2 23 =−+− yDDDSolve
 

0)2(:.3 234 =++ yDDDSolve
 

0)43(:.4 23 =+− yDDSolve
 

0)1(:.5 3 =− yDSolve
 
0)(:.6 3 =− yDDSolve

 
0)4884(:.7 234 =++++ yDDDDSolve
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Particular Integral (P.I) 
 

     Suppose the differential equation is (aD
2
 + bD + c)y = X 

      (or)   f(D)y = X  where  f(D) = aD
2
 + bD + c 

 

     Then the complete solution is y = C.F + P.I 

 

C.F (Complementary Function) :-  

     This is the solution of the given equation assuming R.H.S to be zero. 
 

P.I (Particular Integral) 

            
X

cbDaD

X
Df

IP

++
=

=

2

1

)(

1
..

 

Type – 1  

     Let X be of the form 
xa

e  

                   
][0)(,

)(

1

)(

1
..

aDputafife
af

e
Df

IP

xa

xa

=≠=

=

 

        
xa

xa

e
DrofCoeffDiff

x

e
Df

IPthenafIf

...

)(

1
..,0)(

=

==

 

Problems 

1. Solve:  x
eyDD

52 )23( =+−  

Sol.    A.E is  0232 =+− mm  

                     
2,1

0)2)(1(

=

=−−

m

mm
 

            
xx eBeAFC 2. +=  

            

12

21525

1

23

1
..

5

5

5

2

x

x

x

e

e

e
DD

IP

=

+−
=

+−
=

 

          

12
.).(

..

5
2

x
xx e

eBeAyei

IPFCy

++=

+=
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2. Solve:  x
eyDD

52 )54( =−−  

Sol.    A.E is  0542 =−− mm  

                     
1,5

0)1)(5(

−=

=+−

m

mm
 

            
xx eBeAFC −+= 5.  

            

xx

x

x

x

e
x

e
x

e
D

x

e

e
DD

IP

55

5

5

5

2

6410

42

52025

1

54

1
..

=
−

=

−
=

−−
=

−−
=

 

          xxx
e

x
eBeAyei

IPFCy

55

6
.).(

..

++=

+=

−

 

3. Solve:  x
eyDDD 2)1( 23 =+−−  

Sol.    A.E is  0123 =+−− mmm  

                    

1,1,1

1,1

0)1)(1(

0)1(1)1(

2

2

−=∴

±==

=−−

=−−−

m

mm

mm

mmm

 

            
xx eCeBAxFC −++= )(.  

            

xx

x

x

x

x

x

e
x

e
x

e
D

x

e
x

e
DD

x

e

e
DDD

IP

24
2

26
2

123
2

123
2

1111

1
2

1

1
2..

22

2

2

23

==

−
=

−−
=

−−
=

+−−
=

+−−
=

 

      

xxx
e

x
eCeBAxyei

IPFCy

2
)(.).(

..

2

+++=

+=

−

 

[Since f(5) = 0, multiply  x  on Nr. and  

  Diff. Dr. w.r.to ‘D’] 

[Since f(1) = 0, multiply  x  on Nr. and  

  Diff. Dr. w.r.to ‘D’] 

[Again, since f(1) = 0, multiply  x  on Nr. and  

  Diff. Dr. w.r.to ‘D’] 
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     4.  Solve:  52)656( 2

3

2 −=−−
x

eyDD  

     Sol.    A.E is  0656 2 =−− mm
 

                                      

3

2
,

2

3

0)23)(32(

0)32(2)32(3

06496 2

−=

=+−

=−+−

=−+−

m

mm

mmm

mmm

 

          
xx

eBeAFC
3/22/3. −+=  

            

6

5

13

2

6

5

518
2

6

1
5

512
2

656

1
5

656

1
2

)52(
656

1
..

2/3

2/3

2/3

0

2

2/3

2

2/3

2

+=

+
−

=

−
−

−
=

−−
−

−−
=

−
−−

=

x

x

x

xx

x

ex

e
x

e
D

x

e
DD

e
DD

e
DD

IP

 

            

6

5

13

2
.).( 2/33/22/3 +++= − xxx

exeBeAyei
 

5.  Solve:  xyDD sinh)65( 2 =+−

 Sol.     A.E is  0652 =+− mm  

                     
3,2

0)3)(2(

=

=−−

m

mm
 

            
xx eBeAFC 32. +=  

            








+−
−

+−
=








 −

+−
=

+−
=

−

−

xx

xx

e
DD

e
DD

ee

DD

x
DD

IP

65

1

65

1

2

1

265

1

sinh
65

1
..

22

2

2

 

                           

24412

1

2

1

2

1

651

1

651

1

2

1

xx
xx

xx

ee
ee

ee

−
−

−

−=





−=








++
−

+−
=

 

           
244

.).( 32
xx

xx ee
eBeAyei

−

−++=  

[Since f(3/2) = 0, multiply  x  on Nr. and  

  Diff. Dr. w.r.to ‘D’] 
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6.  Solve:  
223 )()1612( xx

eeyDD
−+=+−

 Sol.      A.E is  016123 =+− mm  
 

                  m = 2 is a root.      

                The other roots are  0822 =−+ mm
 

                                          2,4

0)2)(4(

−=

=−+

m

mm

 
                                                4,2,2 −=∴ m  

           
xx

eCeBxAFC
42)(. −++=  

   
      

xxx

xxx

xxx

xxx

xxxx

xx

ee
x

e
x

ee
x

e
D

x

ee
D

x
e

D

x

e
DD

e
DD

e
DD

eeee
DD

ee
DD

IP

−−

−−

−−

−−

−−

−

++=

+
−

+=

++−
+

−
+

−
=

+−
+

+−
+

+−
=

++
+−

=

+
+−

=

27

2

3612

27

1
2

12486

16121

1
2

123123

2
1612

1

1612

1

1612

1

)2(
1612

1

)(
1612

1
..

42
2

42
2

4

2

2

2

3

4

3

2

3

242

3

22

3

 

   

xxxxx
ee

x
e

x
eCeBAxyei

−−− +++++=
27

2

3612
)(.).( 42

2
42

 
 

 

 
 

 

7.  Solve:  
23 )1()1( +=− x

eyD  
Sol.      A.E is  013 =−m

 

 

                  m = 1 is a root.      

                The other roots are  012 =++ mm
 

                                    

2

3

2

1

2

31

2

31

1.2

1.1.411 2

i
i

m

±
−

=
±−

=

−±−
=

−±−
=

 

           
xx

eCxBxAeFC +







+= −

2

3
sin

2

3
cos.

2/1

 

      

         

–16   4   2 

 1   2  –8 0 

  0  1 16   2 
 0 

–12 

[Since f(2) = 0 & f(– 4) = 0, multiply  x  on Nr. and  

  Diff. Dr. w.r.to ‘D’] 

[Again, since f(2) = 0, multiply  x  on Nr. and  

  Diff. Dr. w.r.to ‘D’] 

  1   1   1 

  0 

0 

  0   1 –1   1 
  0 

  1   1   1 
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1
3

2

7

3
21

7

1

3
2

10

1

18

1

2
1

1
2

1

1

1

1

)21(
1

1

)1(
1

1
..

2

2

2

2

3

0

3

2

3

2

3

2

3

−+=

+−=

+
−

+
−

=

−
+

−
+

−
=

++
−

=

+
−

=

x
x

xx

xx

xxx

xx

x

ex
e

e
x

e

e
D

x
e

e
D

e
D

e
D

ee
D

e
D

IP

 

        
1

3

2

72

3
sin

2

3
cos.).(

2
2/1 −+++








+= − x

x
xx

ex
e

eCxBxAeyei

 

8.  Solve:  
x

eyDD
32

)23( =+−  given that y = 3 and Dy = 3 when x = 0.  
Sol.    A.E is  0232 =+− mm  

                     
2,1

0)2)(1(

=

=−−

m

mm
 

            
xx

eBeAFC
2. +=  

            

2

299

1

23

1
..

3

3

3

2

x

x

x

e

e

e
DD

IP

=

+−
=

+−
=

 

                 )1(
2

.).(
3

2 −−−−−++=
x

xx e
eBeAyei

 

                     

)2(
2

3
2

3
2 −−−−−++==

x
xx e

eBeA
dx

dy
Dy  

        When y = 3 and x = 0, equation (1) becomes 

            
)3(

2

5

2

1
3

2

1
3

−−−−−=+

−=+

++=

BA

BA

BA

 

 

 

[Since f(1) = 0, multiply  x  on Nr. and  

  Diff. Dr. w.r.to ‘D’] 
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        When Dy = 3 and x = 0, equation (2) becomes 

            
)4(

2

3
2

2

3
32

2

3
23

−−−−−=+

−=+

++=

BA

BA

BA

 

            (4) – (3) implies 

                    1
2

2

2

5

2

3
2

−=−=

−=−

B

BB

 

         Sub. B = –1 in equation (3) we have 

                       2

7
1

2

5

2

5
1

=+=

=−

A

A

 

         Sub. A = 7/2, B = –1 in equation (1) we get

 

                              

22

7 3
2

x
xx e

eey +−=

 
Home Work 

x
eyDDSolve

32 )65(:.1 =+−  

x
eyDDSolve

22 13)43(:.2 =−+  

xeyDDSolve =+− )243(:.3 2
 

15)9124(:.4 2/32 −=+− x
eyDDSolve  

3)42(:.5 22 +=+− x
eyDDSolve  

xx eeyDDSolve +=+− 22 )12(:.6  

xyDDSolve
22 cosh)65(:.7 =+−  

22 )1()84(:.8 x
eyDDSolve +=++  

alsoandxwhenythatgiveneyDDSolve x 00)23(:.9 32 ===+−  

.2logexwhen =
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Type – 2  

  Let X is of the form sinax (or) cosax 

                   
][0)(,cos)(sin

)(

1

cos)(sin
)(

1
..

222

2

2

aDputafifaxorax
af

axorax
Df

IP

−=≠−
−

=

=

 

        
axorax

DrofCoeffDiff

x
IPthenafIf cos)(sin

...
..,0)( 2 ==−  

Note:    axaaxDxxD cos)(sin,2)(
2 ==  

             
a

ax
ax

D

x
x

D

cos
)(sin

1
,

2
)(

1 2 −
==  

 

Problems 

1. Solve:  xyDD 3sin)23( 2 =+−  

Sol.    A.E is  0232 =+− mm  

                     
2,1

0)2)(1(

=

=−−

m

mm
 

            
xx

eBeAFC
2. +=  

            
130

3sin73cos9

130

3sin73cos9

130

3sin7)3cos3(3

4981

3sin7)3(sin3

3sin
49)9(9

)73(

3sin
499

)73(

3sin
)73)(73(

)73(

3sin
73

1

3sin
239

1

3sin
23

1
..

2

2

xx

xx

xxxxD

x
D

x
D

D

x
DD

D

x
D

x
D

x
DD

IP

−
=

−

+−
=

−

+−
=

−−

+−
=

−−

+−
=

−

+−
=

+−−−

+−
=

−−
=

+−−
=

+−
=

 

      130

3sin73cos9
.).( 2 xx

eBeAyei
xx −

++=
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2.  Solve:  xeyD
x 4cos)16( 32 +=+ −

 
Sol.    A.E is  0162 =+m  

                       
im

m

4

162

±=

−=
 

            xBxAxBxAeFC
x 4sin4cos)4sin4cos(. 0 +=+=  

              25

169

1

16

1
.

3

3

3

21

x

x

x

e

e

e
D

IP

−

−

−

=

+
=

+
=

 

            

8

4sin

4

4sin

2

4cos
2

4cos
1616

1

4cos
16

1
.

22

xx

xx

x
D

x

x

x
D

IP

=









=

=

+−
=

+
=

 

              
8

4sin

25
4sin4cos.).(

3 xxe
xBxAyei

x

+++=
−

 

3.  Solve:  xeyDD
x 222 cos)3( +=+−  

Sol.      A.E is  032 =+− mm  

                 

2

11

2

1

2

111

2

111

1.2

3.1.4)1()1( 2

i
i

m

±=
±

=

−±
=

−−±−−
=

 

        







+= xBxAeFC

x

2

11
sin

2

11
cos. 2

1

 

                  

5324

1

3

1
.

2
2

2

21

x
x

x

e
e

e
DD

IP

=
+−

=

+−
=

 

[Since f(–16) = 0, multiply  x  on Nr. and  

  Diff. Dr. w.r.to ‘D’] 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                      13 

 

                      






 +

+−
=

+−
=

2

2cos1

3

1
cos

3

1
.

2

2

22

x

DD
x

DD
IP  

                                                                








+−
+

+−
= x

DD
e

DD

x
2cos

3

1

3

1

2

1
2

0

2  

                                                                
10

2cos2sin2

6

1

5

2cos2sin2

3

1

2

1

5

2cos)2(cos

3

1

2

1

2cos
1)4(

1

3

1

2

1

2cos
1

1

3

1

2

1

2cos
)1)(1(

1

3

1

2

1

2cos
1

1

3

1

2

1

2cos
34

1

3

1

2

1

2

xx

xx

xxD

x
D

x
D

D

x
DD

D

x
D

x
D

+
−=










−

+
+=










−

+−
+=










−−

+−
+=










−

+−
+=










+−−−

+−
+=










−−
+=










+−−
+=

     

                     

10

2cos2sin2

6

1

52

11
sin

2

11
cos.).(

2

2

1
xxe

xBxAeyei
x

x +
−++








+=  

4.  Solve xxyDD 2cos3sin)34( 2 =+−  

Sol.    A.E is  0342 =+− mm  

                     
3,1

0)3)(1(

=

=−−

m

mm
 

            
xx eBeAFC 3. +=  

                 
)]23sin()23[sin(

2

1

34

1

2cos3sin
34

1
..

2

2

xxxx
DD

xx
DD

IP

−++
+−

=

+−
=

 

                                     )sin5(sin
34

1

2

1
2

xx
DD

+
+−

=
 

                                     






+−
+

+−
= x

DD
x

DD
sin

34

1
5sin

34

1

2

1
22  

                                     






+−−
+

+−−
= x

D
x

D
sin

341

1
5sin

3425

1

2

1
 

2sinAcosB = sin(A + B) + sin(A – B) 

sinAcosB = 
2

1
 [sin(A + B) + sin(A – B)] 
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20

sincos2

884

5sin115cos10

20

sin2cos4

884

5sin225cos20

2

1

20

sin2)(sin4

884

5sin22)5(sin4

2

1

sin
4)1(16

24
5sin

484)25(16

224

2

1

sin
416

24
5sin

48416

224

2

1

sin
)24)(24(

24
5sin

)224)(224(

224

2

1

sin
24

1
5sin

224

1

2

1

22

xxxx

xxxx

xxDxxD

x
D

x
D

x
D

D
x

D

D

x
DD

D
x

DD

D

x
D

x
D

+
+

−
=








−

−−
+

−

+−
=








−

−−
+

−

+−
=










−−

−−
+

−−

+−
=








−

−−
+

−

+−
=










−−+−

−−
+

+−−−

+−
=








+−
+

−−
=

     

      ∴ 
20

sincos2

884

5sin115cos103 xxxx
eBeAy xx +

+
−

++=  

 

5.  Solve xeyDDD
x cos)243( 23 +=−+−  

Sol.    A.E is  0243 23 =−+− mmm  
 

                       m = 1 is a root.      

                The other roots are  0222 =+− mm
 

                                    

i

i

m

±=

±
=

−±
=

−−±−−
=

1

2

22

2

42

1.2

2.1.4)2()2( 2

 

                    [ ] xx
eCxBxAeFC ++= sincos.  

                 x

x

x

xx

ex

e
x

e
DD

x

ee
DDD

IP

=

+−
=

+−
=

−+−
=

−+−
=

463

463

2431

1

243

1
.

2

231

 

  2 –2   1 

  4 

0 

–3   1 –2   1 
  0 

  1 –2   2 
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                  10

cossin3

10

cos)sin(3

10

cos)(cos3

cos
1)1(9

)13(

cos
19

)13(

cos
)13)(13(

)13(

cos
13

1

cos
24)1(3)1(

1

cos
243

1
.

2

232

xx

xx

xxD

x
D

x
D

D

x
DD

D

x
D

x
DD

x
DDD

IP

+
=

−

−−
=

−

−
=

−−

−
=

−

−
=

−+

−
=

+
=

−+−−−
=

−+−
=

 

         

[ ]
10

cossin3
sincos.).(

xx
exeCxBxAeyei

xxx +
++++=  

Home Work 

xeyDDSolve x cos)44(:.1 22 +=++ −
 

xeyDDSolve
x 5cos7)2510(:.2 52 +=+−  

34sin)16(:.3 42 ++=+ − x
exyDSolve  

x
e

yDDSolve
x

sin
1

)96(:.4
3

2 +=+−  

xxyDDSolve 2cos4cos2)14(:.5 2 =+−  









−=+

2
cos3sin)1(:.6 23 x

xyDSolve
 

xxyDDSolve sin4sin)65(:.7 2 =−+  

.0,02cos242:.8
2

2

dt

dx
xtthatgiventx

dt

dx

dt

xd
Solve ====++

 

 

 

 

D
3
 = D.D

2
 

      =D(–1) 
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Type – 3  

  Let X is of the form x
m

 

                   
m

x
Df

IP
)(

1
.. =

 

       .)]([.).(
)(

1
exp, 1 m

DuptoseriesBinomialbyDofpowersinDfei
Df

andthisevaluateTo
−

   

       Then operate each term on x
m

. 
 

Note : 1  Before applying the Binomial series, first make the constant term unity.  

Note : 2  Some standard Binomial series are 

                       

...........4321)1(

...........4321)1(

...........1)1(

...........1)1(

322

322

321

321

+−+−=+

++++=−

+−+−=+

++++=−

−

−

−

−

DDDD

DDDD

DDDD

DDDD

 

Problems 

1.  Solve 22 )23( xyDD =++  

Sol.    A.E is  0232 =++ mm  

                     
2,1

0)2)(1(

−−=

=++

m

mm
 

          
xx eBeAFC 2. −− +=  

          P.I = 
2

1
2

2

2

2

2 2

3
1

2

1

2

3
12

1

23

1
x

DD
x

DD
x

DD

−








 +
+=








 +
+

=
++

  

                                                                                               







+−=







+−=









+−=









+−=









+−−=






















 +
+






 +
−=

2

7
3

2

1

)2(
4

7
)2(

2

3

2

1

)(
4

7
)(

2

3

2

1

4

7

2

3
1

2

1

4

9

2

3

2
1

2

1

2

3

2

3
1

2

1

2

2

2
2

22

2
2

2
22

2

2
22

xx

xx

x
D

x
D

x

x
DD

x
DDD

x
DDDD

 

        





+−++= −−

2

7
3

2

1
.).( 22

xxeBeAyei
xx

 

[Since R.H.S function is x2, we can neglect D3 

and higher powers of D] 
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2.  Solve 1)6( 223 +=−− xyDDD  

Sol.    A.E is  0623 =−− mmm  

                     

2,3,0

2,3

0)2)(3(

060

0)6(

2

2

−=

−=

=+−

=−−=

=−−

m

m

mm

mmorm

mmm

 

          
xx eCeBAFC 23. −++=  

               

)1(
6

1
6

1

)1(

6
16

1
)1(

6

1
..

2

1
2

2

23

2

23

+






 −
−

−
=

+










−

−
+−

=+
−−

=

−

x
DD

D

x

D

DD
D

x
DDD

IP

  

                                                                         









+−−=







+−

−
=







+−+

−
=









+++−+

−
=

+







+−

−
=

+







+−+

−
=

+





















 −
+






 −
+

−
=

x
xx

x
x

D

xx
D

x
D

x
D

x
D

x
DD

D

x
DDD

D

x
DDDD

D

18

25

636

1

18

25

36

1

)2(
36

7
)2(

6

1
1

6

1

)1(
36

7
)1(

6
)1(

6

1

)1(
36

7

6
1

6

1

)1(
3666

1
6

1

)1(
66

1
6

1

23

2

2

2
2

22

2
2

2
22

2

2
22

 

                    







+−−++= −

x
xx

eCeBAyei
xx

18

25

636

1
.).(

23
23

 

3.  Solve xxeyDD x 2cos)54( 32 ++=++  

Sol.    A.E is  0542 =++ mm  

                     

i
i

m

±−=
±−

=
−±−

=

−±−
=

2
2

24

2

44

1.2

5.1.4)4(4
2

 

[Since R.H.S function is x2, we can neglect D3 

and higher powers of D] 
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                ]sincos[. 2 xBxAeFC x += −

 

                 

10541

1

54

1
.

21

x
xx e

ee
DD

IP =
++

=
++

=  

                     

3

1
2

3

2

3

22

5

4
1

5

1

5

4
15

1

54

1
.

x
DD

x
DD

x
DD

IP

−








 +
+=








 +
+

=
++

=

 

                                                                   







−+−=







−+−=









−+−=









−+−=









−+−−=






















 +
−







 +
+






 +
−=

125

144

25

66

5

12

5

1

)6(
125

64
)6(

25

11
)3(

5

4

5

1

)(
125

64
)(

25

11
)(

5

4

5

1

125

64

25

11

5

4
1

5

1

125

64

25

16

5

4

5
1

5

1

5

4

5

4

5

4
1

5

1

23

23

3
3

3
2

33

3
32

3
322

3

3
2

2
22

xxx

xxx

x
D

x
D

x
D

x

x
DDD

x
DDDD

x
DDDDDD

 

                 

65

2cos2sin8

65

2cos)2sin2(4

1)4(16

2cos)2(cos4

2cos
116

)14(

2cos
)14)(14(

)14(

2cos
14

1
2cos

544

1
2cos

54

1
.

2

23

xx

xx

xxD

x
D

D

x
DD

D

x
D

x
D

x
DD

IP

+
=

−

−−
=

−−

−
=

−

−
=

−+

−
=

+
=

++−
=

++
=

 

65

2cos2sin8

125

144

25

66

5

12

5

1

10
]sincos[.).( 232 xx

xxx
e

xBxAeyei
x

x +
+





−+−+++= −

 

 

 

[Since R.H.S function is x
3
, we can neglect D

4
 

and higher powers of D] 
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4.  Solve xxyDDD cos5)( 2234 +=++  

Sol.    A.E is  0234 =++ mmm  

                      

2

31

2

31

1.2

1.1.411
0,0

010

0)1(

2

22

22

i

mm

mmorm

mmm

±−
=

−±−
=

−±−
==

=++=

=++

 

                           









+++= −

xDxCeBAxFC
x

2

3
sin

2

3
cos)(.

2/

 

                 








−=









−=

−=

−=

−=

+−−=

+++−=

++=

++
=

++
=

−

312
5

2
2

3

5

]2[
5

)]([
5

]1[
5

]1[
5

])()(1[
5

)](1[
5

)](1[

1
5

1
5.

34

23

2

2

22

2

2

2

222

2

2222

2

212

2

2

22

2

2341

xx

xx

D

xx
D

xDx
D

xD
D

xDDD
D

xDDDD
D

xDD
D

x
DDD

x
DDD

IP

 

                     
x

x
D

x
D

x
D

x
DDD

IP

sin

cos
1

cos
11

1
cos

1)1()1(

1
cos

1
.

22342

−=

−
=

+−
=

−−+−
=

++
=

 

                          

x
xx

xDxCeBAxyei
x

sin
312

5
2

3
sin

2

3
cos)(.).(

34
2/ −








−+








+++= −
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5.  Solve:  5432)1( 2323 +−+=+++ xxxyDDD  

Sol.    A.E is  0123 =+++ mmm  

                    

im

mm

mm

mmm

±=

−=−=

=++

=+++

1,1

0)1)(1(

0)1(1)1(

2

2

2

 

            
xeCxBxAFC −++= sincos.  

              

91032

)466()5432(

)5432()5432(

)5432(]1[

)5432(]21[

)5432(])()()(1[

)5432()](1[

)5432(
)](1[

1

)5432(
1

1
.

23

223

2323

23

2333223

2332322323

23123

23

23

23

23

+−−=

−+−+−+=

+−+−+−+=

+−+−=

+−+−++−−−=

+−+++−+++++−=

+−++++=

+−+
+++

=

+−+
+++

=

−

xxx

xxxxx

xxxDxxx

xxxD

xxxDDDDDD

xxxDDDDDDDDD

xxxDDD

xxx
DDD

xxx
DDD

IP

 

            91032sincos.).( 23 +−−+++= −
xxxeCxBxAyei

x
 

Home Work 
22 )1(:.1 xyDDSolve =++  

223 )23(:.2 xyDDDSolve =++  

xxeyDSolve x 2cos)1(:.3 32 ++=−  

xxeyDDSolve x ++=− sin)(:.4 3
 

242 )26(:.5 xeyDDSolve x +=−−  

xexyDDSolve 222 )14(:.6 +=+−  

42 )1(:.7 xyDSolve =+  

.0

00:.8 2

2

2

==

==++=

xwhendyand

xwhen
dx

dy
thatgivencxbxa

dx

yd
Solve
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Type – 4  

   Let X is of the form e
ax

V, where V is any function of x. 

                   
V

aDf
e

Ve
Df

IP

xa

xa

)(

1

)(

1
..

+
=

=

 

Note:  When X = xV(x) where V(x) is of the form sinax (or) cosax
 

                   V
Df

Df
V

Df
x

Vx
Df

IP

2)]([

)(

)(

1

)(

1
..

′
−=

=

 

Problems 

1.  Solve: xeyDD
x
sin)34(

2 −=+−  

Sol.    A.E is  0342 =+− mm  

                     
3,1

0)3)(1(

=

=−−

m

mm
 

          
xx eBeAFC 3. +=  

                 xe
DD

IP
x sin

34

1
..

2

−

+−
=  

                          x
DD

e x sin
3)1(4)1(

1
2 +−−−

= −
 

                                 






 +
=









−

−−
=






−

−−
=

−−

−−
=

−

−−
=

−−+−

−−
=

+−−
=

+−
=

++−+−
=

−−−

−

−

−

−

−

−

85

sin7cos6

85

sin7cos6

85

sin7)(sin6

sin
49)1(36

76

sin
4936

76

sin
)76)(76(

)76(

sin
861

1

sin
86

1

sin
34412

1

2

2

2

xx
e

xx
e

xxD
e

x
D

e

x
D

D
e

x
DD

D
e

x
D

e

x
DD

e

x
DDD

e

xxx

x

x

x

x

x

x

 

           




 +
++= −

85

sin7cos6
.).( 3 xx

eeBeAyei xxx
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2.  Solve: 
x

exyDD =++ )52( 2
 

Sol.    A.E is  0522 =++ mm  

                                   

i
i

m

21
2

42

2

162

1.2

5.1.4)2(2 2

±−=
±−

=
−±−

=

−±−
=

 

              ]2sin2cos[. xBxAeFC x += −

 

                        
x

ex
DD

IP
52

1
.

2 ++
=  x

DD
e x

5)1(2)1(

1
2 ++++

=  

                                                                                  







−=





−=







−=
















 +
−=








 +
+=








 +
+

=

++
=

+++++
=

−

2

1

8
)(

2

1

8

8

4
1

8

8

4
1

8

8

4
1

8

8

4
18

1

84

1

52212

1

2

1
2

2

2

2

x
e

xDx
e

x
De

x
DDe

x
DDe

x
DD

e

x
DD

e

x
DDD

e

xx

x

x

x

x

x

x

 

                   







−++= −

2

1

8
]2sin2cos[.).( x

e
xBxAeyei

x
x

 

3.  Solve: xxyD sin)4( 2 =+  

Sol.    A.E is  042 =+m  

                       im

m

2

42

±=

−=
 

            xBxAxBxAeFC
x 2sin2cos)2sin2cos(. 0 +=+=  

                 x
D

D
x

D
x

xx
D

IP

sin
]4[

2
sin

4

1

sin
4

1
..

222

2

+
−

+
=

+
=
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xx

x

x
D

xx

x
D

xxIP

cos
9

2
sin

3

sin
9

2
sin

3

1

sin
]41[

2
sin

41

1
..

2

−=

−=

+−
−

+−
=

 

          
xx

x
xBxAyei cos

9

2
sin

3
2sin2cos.).( −++=  

4.  Solve: xexyDD
x sin)12( 2 =+−  

Sol.    A.E is  0122 =+− mm  

                     
1,1

0)1)(1(

=

=−−

m

mm
 

          
xeBAxFC )(. +=  

                    xex
DD

IP x sin
12

1
..

2 +−
=  

                            

[ ]
[ ]xxxe

xxxe

x
D

xxe

x
D

D
x

D
xe

xx
D

e

xx
DDD

e

xx
DD

e

x

x

x

x

x

x

x

cos2sin

cos2sin

sin
)1(

2
sin

1

1

sin
)(

2
sin

1

sin
1

sin
12212

1

sin
1)1(2)1(

1

2

222

2

2

2

+−=

−−=










−
−

−
=









−=

=

+−−++
=

++−+
=

 

         )cos2sin()(.).( xxxeeBAxyei
xx +−+=  

5.  Solve: xeyDD
x cos)42( 3 =+−  

Sol.     A.E is  0423 =+− mm  
 

                       m = –2 is a root.      

                The other roots are  0222 =+− mm
 

–4   4 –2 

–2 

0 

  0   1   4 –2 
  0 

  1 –2   2 
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i

i

m

±=

±
=

−±
=

−−±−−
=

1

2

22

2

42

1.2

2.1.4)2()2( 2

 

                    [ ] xx eCxBxAeFC 2sincos. −++=  

                    
xe

DD
IP

x cos
42

1
..

3 +−
=  

                          






 −
=






−

+−
=








−

+
=










−−

+
=








−

+
=










+−

+
=

−
=

++−
=

++
=

++−+−
=

+++
=

+−−+++
=

++−+
=

20

cos2sin3

40

cos2sin6

40

cos2)(cos6

cos
4)1(36

26

cos
436

26

cos
)26)(26(

26

cos
26

cos
16)1(3

cos
163

cos
3)1(3)1(

1

cos
33

1

cos
422133

1

cos
4)1(2)1(

1

2

2

23

23

3

xx
ex

xx
ex

xxD
ex

x
D

ex

x
D

D
ex

x
DD

D
ex

x
D

x
e

x
D

x
e

x
DD

x
e

x
DD

e

x
DDD

e

x
DDDD

e

x
DD

e

xx

x

x

x

x

x

x

x

x

x

x

x

   
 

           
[ ] 




 −
+++=∴ −

20

cos2sin3
sincos 2 xx

exeCxBxAey
xxx
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6.  Solve: xxyD sin)4( 22 =+  

Sol.    A.E is  042 =+m  

                       im

m

2

42

±=

−=
 

            xBxAxBxAeFC
x 2sin2cos)2sin2cos(. 0 +=+=  

                 






−−=







−−=









−−=









−−−=






















 +
+






 +
−=








 +
+=








 +
+

=

++
=

+−+
=

+++
=

++
=

+
=

+
=

−

)2(
9

7
)2(

3

2
..

3

1

)(
9

7
)(

3

2
..

3

1

9

7

3

2
1..

3

1

9

4

3

2

3
1..

3

1

3

2

3

2
1..

3

1

3

2
1..

3

1

3

2
13

1
..

32

1
..

412

1
..

42

1
..

4)(

1
..

4

1
..

sin
4

1
..

2

2222

2
2

2
22

2

2
22

2

1
2

2

2

2

2

2

2

2

22

2

2

2

2

2

2

x
i

xePI

xDxD
i

xePI

x
DiD

ePI

x
DiDD

ePI

x
iDDiDD

ePI

x
iDD

ePI

x
iDD

ePI

x
iDD

ePI

x
iDD

ePI

x
iiDD

ePI

x
iD

ePI

ex
D

PI

xx
D

IP

xi

xi

xi

xi

xi

xi

xi

xi

xi

xi

xi

xi

 

                                    







−







−+=

3

4

9

14
)sin(cos..

3

1 2 x
ixxixPI  
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−








−=


















−







−+









+







−=

3

cos4
sin

9

14

3

1

3

cos4
sin

9

14

3

sin4
cos

9

14
..

3

1

2

22

xx
xx

xx
xxi

xx
xxPI

 

           ++=∴ xBxAy 2sin2cos 







−








−

3

cos4
sin

9

14

3

1 2 xx
xx  

Home Work 
xx exeyDDSolve 22 cos)32(:.1 −+=−+  

xexyDDDSolve 223 )133(:.2 =−+−  

xexeyDSolve xx sin2)1(:.3 22 −−=−  

xexyDSolve x 23 cos)1(:.4 +=−  

xxyDSolve sin:.5 22 =  

xexyDDSolve )1()44(:.6 2 +=+−  

xexyDSolve 22 )4(:.7 =+  

xx
exeyyySolve +=+′+′′ − log2:.8  
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Homogeneous Linear Equations with Variable coefficients 

      A homogeneous linear equation is of the form 

      )1(...........
2

2
2

21

1
1

1 −−−−−−=++++
−

−
−

−

−
−

XyP
dx

yd
xP

dx

yd
xP

dx

yd
x nn

n
n

n

n
n

n

n
n

 

      where P1, P2,…..Pn are constants and X is a function of x. 

          To solve this equation put  xz log=  

                                               xe
z =⇒  

               

dz

d
DwhereDy

dx

dy
x

xdz

dy

dx

dz

dz

dy

dx

dy
haveWe

==

−−−−−=

=

)2(
1

.

.

 

                

.)2)(1(,

)1(

11
.

1

1
.

1

...)2(.

3

3
3

2

2
2

2

2

2
2

22

2

22

2

2

2

onsoandyDDD
dx

yd
xSimilarly

yDD
dx

yd
x

dz

d
DwhereDyyD

dx

yd
x

xdz

dy

xdz

yd

x

xdz

dy

dx

dz

dz

yd

xdx

yd

xtrwDiff

−−=

−=

=−=









−=








 −
+=

 

       Substitute these values of  etc
dx

yd
x

dx

dy
x ,,

2

2
2

  in equation (1) we will get a   

       linear equation with constant coefficients which can be solved. 
 

       Note:   

                 ∫
−−=

−
dxXxxX

11 αα

αθ
 

       If R.H.S. is unknown function (other than the previous four types), we have     

       to use the above formula to find P.I. in variable coefficients.               

       [when we apply this formula change the operator D to θ]. 
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Problems 

1. Solve:  xxy
dx

dy
x

dx

yd
x

dx

yd
x log3

2

2
2

3

3
3 +=+++  

(or) xxyyxyxyx log3 23 +=+′+′′+′′′ (or) xxyDxDxDx log)13( 2233 +=+++  

Sol.          put  xz log=  

                     xe
z =⇒  

              Then the equation becomes 

                    

zeD

zeyDDDDDD

zeyDDDDDD

zeyDyyDDyDDD

z

z

z

z

+=+

+=++−++−

+=++−++−

+=++−+−−

)1(

]13323[

]133)23([

)1(3)2)(1(

3

223

22

 

                      A.E is  013 =+m  
 

                         m = –1 is a root. 

                The other roots are  012 =+− mm
 

                             

2

3

2

1

2

31

2

31

1.2

1.1.4)1()1( 2

i
i

m

±=
±

=

−±
=

−−±−−
=

 

        
z

z

eCzBzAeFC −+







+=

2

3
sin

2

3
cos. 2

1

 

                       

x

C
xBxAx +






















+









= log

2

3
sinlog

2

3
cos  

                2211

1

1

1
.

31

xe
ee

D
IP

z
zz ==

+
=

+
=

 

               

x

z

zD

zDz
D

IP

log

0

)1(

)1(
1

1
.

3

13

32

=

−=

−=

+=
+

= −

 

                    

x
x

x

C
xBxAxy log

2
log

2

3
sinlog

2

3
cos +++























+









=∴  

 

–1   1 –1 

  0 

0 

  0   1   1 –1 
  0 

  1 –1   1 

xxee
z

z

=== 2/12/12

1

)(  

x
xee

zz 1
)( 11 === −−−

 

D
3
(z) = 0 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                      29 

 

2. Solve: xxyxDDx log)24( 22 =++  

Sol.          put  xz log=  

                     xe
z =⇒  

              Then the equation becomes 

                       D(D – 1)y + 4Dy  +2 y = 
zez  

                           z

z

ezyDD

ezyDDD

=++

=++−

)23(

)24(

2

2

  

                    A.E. is m
2
 + 3m + 2 = 0 

                              (m + 1)(m + 2) = 0 

                                     m = –1, –2  

                         
2

2..

x

B

x

A

eBeAFC zz

+=

+= −−

 

                     
z

ez
DD

IP
23

1
..

2 ++
=  z

DD
e

z

2)1(3)1(

1
2 ++++

=  

                                                          







−=







−=







−=
















 +
−=
















 +
+=








 +
+

=

++
=

+++++
=

−

6

5
log

6

6

5

6

6

5
1

6

6

5
1

6

6

5
1

6

6

5
16

1

65

1

23312

1

2

1
2

2

2

2

x
x

z
e

z
De

z
DDe

z
DDe

z
DD

e

z
DD

e

z
DDD

e

z

z

z

z

z

z

z

 

                        ∴ 







−++=

6

5
log

62
x

x

x

B

x

A
y  

 

D(z) = 1 

2

222 1
)(

x
xee

zz === −−−
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3. Solve: )1()64( 22
xxyxDDx +=+−  

Sol.         put  xz log=  
zex =⇒  

                   Then the equation becomes 

                       D(D – 1)y – 4Dy  + 6 y = )1( zz
ee +  

                           zz

zz

eeyDD

eeyDDD

22

2

)65(

)1()64(

+=+−

+=+−−
  

                    A.E. is m
2
 – 5m + 6 = 0 

                              (m – 2)(m – 3) = 0 

                                     m = 2, 3  

                         
zz

eBeAFC
32.. += 32

xBxA +=  

                            P.I. = )(
65

1 2

2

zz
ee

DD
+

+−
 

                                  

xx
x

e
ze

e
D

z
e

e
DD

e
DD

z
z

zz

zz

log
2

12

52651

1

65

1

65

1

2

2

2

2

22

−=

−
+=

−
+

+−
=

+−
+

+−
=

 

            ∴ xx
x

xBAxy log
2

232 −++=  

4.   Solve: )(logsin42
xyyxyx =+′+′′  

Sol.         put  xz log=  
z

ex =⇒  

                Then the equation becomes 

                       D(D – 1)y + Dy  + y = 4sinz 

                           
zyD

zyDDD

sin4)1(

sin4)1(

2

2

=+

=++−
  

                    A.E. is m
2
 + 1 = 0 

                                  m = i±  

               zBzAFC sincos.. += )(logsin)(logcos xBxA +=  

         P.I. = z
D

z
z

D
sin

2
4sin

1

1
4

2
=

+
  

                                       ( ) )][cos(loglog2cos2 xxzz −=−=      

                         ∴ )][cos(loglog2)(logsin)(logcos xxxBxAy −+=  

 

[Since f(2) = 0, multiply  z  on Nr. and  

  Diff. Dr. w.r.to ‘D’] 

[Since f(–1) = 0, multiply  z  on Nr. and  

  Diff. Dr. w.r.to ‘D’] 
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5. Solve: 222 )log(32)42( xyxDDx =−−  

Sol.       put  xz log=  
z

ex =⇒  

              Then the equation becomes 

                       D(D – 1)y – 2Dy  – 4y = 
232 z  

                           
22 32)43( zyDD =−−   

                   A.E. is m
2
 – 3m – 4 = 0 

                              (m – 4)(m + 1) = 0 

                                     m =  4, –1  

                  
x

B
xAeBeAFC

zz +=+= − 44..  

                   P.I. = 
2

2
32

43

1
z

DD −−
 

2

2

4

3
14

1
32 z

DD









−

−
+−

=
 

                                                          
2

2
22

2

1
2

4

3

4

3
18

4

3
18

z
DDDD

z
DD
























 −
+









 −
+−=





















 −
−−=

−

 

                                                          
2

22

16

9

4

3

4
18 z

DDD








+−+−=  

                                                          







+−−=







+−−=







+−−=









+−−=









+−−=

8

13

2

)(log3
)(log8

8

13

2

3
8

)2(
16

13
)2(

4

3
8

)(
16

13
)(

4

3
8

16

13

4

3
18

2

2

2

2
2

22

2
2

x
x

z
z

zz

z
D

z
D

z

z
DD

 

                       ∴ 







+−−+=

8

13

2

)(log3
)(log8 24 x

x
x

B
Axy      

 

 

 

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                      32 

 

6.  Solve: 
x

eyxDDx =++ )24( 22
 

Sol.      put  xz log=  
z

ex =⇒  

              Then the equation becomes 

                       D(D – 1)y + 4Dy  +2 y = 
ze

e  

                           x

e

eyDD

eyDDD
z

=++

=++−

)23(

)24(

2

2

  

                    A.E. is m
2
 + 3m + 2 = 0 

                              (m + 1)(m + 2) = 0 

                                     m = –1, –2  

                         
2

2..

x

B

x

A

eBeAFC zz

+=

+= −−

 

[ R.H.S function is 
ze

e To find P.I. we have to use the formula 

          



=

− ∫
−−

dxXxxX
11 αα

αθ  

                     
x

eIP
23

1
..

2 ++
=

θθ
 

                           

[ ]

222

122

111

11

)2(

1

1

)2(

1

)2(

1

)1)(2(

1

x

e
dxe

x
dx

x

e
x

x

dx
x

e
xx

x

e

dxe
x

dxexx

e

x
x

x

x

x

x

x

x

===

=










+
=








+
=

+
=

++
=

∫∫

∫

∫

∫

−−

−−

θ

θ

θ

θθ

 

                              22
x

e

x

B

x

A
y

x

++=∴  

 

2

222 1
)(

x
xee

zz === −−−
 

[When we apply this formula, change the    

  operator D to θ] 

[This function is different from the previous  

  four types] 
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7.  Solve: 2

22

)1(

1
)13(

x
yxDDx

−
=++  

Sol.      put  xz log=  
z

ex =⇒  

              Then the equation becomes 

                       D(D – 1)y + 3Dy  + y = 2)1(

1
z

e−
 

                           
2

2

22

)1(

1
)12(

)1()13(

x
yDD

eyDDD
z

−
=++

−=++− −

  

                      A.E. is  m
2
 + 2m + 1 = 0 

                               (m + 1)(m + 1) = 0 

                                     m = –1, –1  

                         

x

BxA

eBAzFC
z

+
=

+= −

log

)(..

 

                    22 )1(

1
.

12

1
..

x
IP

−++
=

θθ
 

                           








−
=








−

−
+=






−
+=

−
=

−
=










−+
=










−+
=










−+
=

−++
=

∫

∫

∫

∫

∫

−−

−−

x

x

x

x
x

x
dx

xxx

dx
xxx

dx
xx

xx

xx

dx
xx

dx
x

xx

x

1
log

1

1

)1log(
log

1

1

111

)1(

11

)1(

1

)1(

1

)1(

1

)1(

11

)1(

1

)1(

1

)1(

1

)1(

1
.

)1)(1(

1

111

2

2

111

2

θ

θ

θ

θθ

 

                








−
+

+
=∴

x

x

xx

BxA
y

1
log

1log
 

 

[On expansion using Binomial series, we   

  have infinite number of terms] 

x

x
dxx

x

dx

−
=

−−

−
=−=

−∫ ∫
−

−

1

1

)1(

)1(
)1(

)1(

1
2

2

 

xxxx

B

Bxput

A

Axput

xBxA

x

B

x

A

xx

−
+=

−

=

+==

=

+==

+−=

−
+=

−

1

11

)1(

1

1

)1(01,1

1

0)1(1,0

.)1(1

1)1(

1
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8. Solve: 0)1(,1)1()43( 222 =′==+− yythatgivenxyxDDx  

Sol.        put  xz log=  
z

ex =⇒  

                   Then the equation becomes 

                       D(D – 1)y – 3Dy  + 4y = 
z

e
2

  

                           
zeyDD 22 )44( =+−   

                   A.E. is m
2
 – 4m + 4 = 0 

                              (m – 2)(m – 2) = 0 

                                     m =  2, 2  

                           
22 ]log[)(.. xBxAeBzAFC

z +=+=  

                   P.I. = 
2

)(log

24244

1
22

2
2

22

2

xx
e

z
e

D

z
e

DD

zzz ==
−

=
+−

 

                   ∴ 
2

2
2 )(log

2
)log( x

x
xBxAy ++=   ---------- (1) 

                       
2

2
.)(log

1
).(log2

2
)2()log( 2

2
2 x

x
x

x
x

x

A
xxBxAy ++








++=′  

                            xxxxxAxBxA .)(log)(log)2()log( 2++++=   -------- (2) 

               When y(1) = 1,  Equation (1) becomes 

                        
1

001

)1(log
2

1
)1()1log(1 2

=

++=

++=

B

B

BA

 

               When y′(1) = 0,  Equation (2) becomes 

                       

2

)1(20

00200

)1(log1log)2()1log(0 2

−=

+=

++++=

++++=

A

A

AB

ABA

 

                      
2

2
2 )(log

2
)log21( x

x
xxy +−=∴  

Home Work 

xyxDDxSolve log)1(:.1 22 =++  

xxyxDDxDxSolve log)13(:.2 22233 +=+++  

)sin(log3:.3 23
xyyxyxyxSolve =+′+′′+′′′  

xyxDDxSolve =++ )13(:.4 22
 

xxyyxyxSolve log3:.5 22 =−′−′′
 

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                      35 

 

12:.6 234 =+′−′′+′′′ xyyxyxyxSolve
          

):int( xbyDivideH
 

464:.7
3

3

4

4

5

5
2 =+−

dx

yd

dx

yd
x

dx

yd
xSolve

           

):int(
3

3

u
dx

yd
putH =

 

)sin(log.log:.8 2
xxyyxyxSolve =+′+′′  

2

222 1
)24(:.9

x
xyxDDxSolve +=++  

322 )138(:.10 xyxDDxSolve =++  

 

     Equations reducible to homogeneous linear differential equation 

             The equation of the form 

       
)1(...........)()(

1

1
1

1 −−−−−−=+++++
−

−
−

XyP
dx

yd
baxP

dx

yd
bax nn

n
n

n

n
n

 
        can be reduced to homogeneous linear differential equation by using the   

        substitution   

                  zbax

ebax
z

=+⇒

=+

)log(  

                           dz

d
DwhereDya

dx

dy
bax

bax

a

dz

dy

dx

dz

dz

dy

dx

dy
haveWe

==+

+
=

=

)(

.

.

 

              Similarly,  yDDa
dx

yd
bax )1()( 2

2

2
2 −=+

 

                                          
.)2)(1()( 3

3

3
3

onsoandyDDDa
dx

yd
bax −−=+

 
       Substitute these values in equation (1) we will get a linear equation with  

       constant coefficients which can be solved. 
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Problems 

1. Solve:  xyyxyx 68)25(6)25( 2 =+′+−′′+  

Sol.            put  
z

ex =+ 25  

                      )25log( xz +=⇒  

                   Then the equation becomes 

                       2
2
.D(D – 1)y – 6(2Dy)  + 8y = 







 −

2

5
6

z
e

  

           ÷ by 4, we get )5(
4

3
)23( 2 −=+−− z

eyDDD  

                                 )5(
4

3
)24( 2 −=+− z

eyDD  

                     A.E. is m
2
 – 4m + 2 = 0 

                           

22
2

224

2

84

1.2

2.1.4)4()4( 2

±=
±

=

±
=

−−±−−
=m

 

                 )22()22(

)22()22(

)25()25(

.

−+

−+

+++=

+=

xBxA

eBeAFC
zz

 

                            P.I. = )5(
4

3

24

1
2

−
+−

z
e

DD
 

                                  

8

45

2

3

2

15
2

4

3

2

5
25

4

3

2

5

1

25

4

3

2

5

14

3

2

1
5

241

1

4

3

24

1
5

24

1

4

3 0

22

−−=





−−=







−−−=







−

−

+
=







−

−
=







−

+−
=








+−
−

+−
=

x
x

x

xe

e

e
DD

e
DD

z

z

zz

 

 

               ∴ 
8

45

2

3
)25()25( )22()22( −−+++= −+ x

xBxAy  
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2. Solve:  )]1[log(sin2)1()1( 2
xyyxyx +=+′++′′+  

Sol.      put  z
ex =+1  

                   )1log( xz +=⇒  

                   Then the equation becomes 

                           D(D – 1)y  + Dy + y = zsin2   

                            
zyD

zyDDD

sin2)1(

sin2)1(

2

2

=+

=++−
 

                     A.E. is m
2
 + 1 = 0 

                                  m = i±  

                        zBzAFC sincos.. +=  

                                )}1(log{sin)}1(log{cos xBxA +++=  

               P.I. = z
D

z
z

D
sin

2
2sin

1

1
2

2
=

+
  

                                             
})1{log(cos).1log(

)cos(

xx

zz

++−=

−=
     

              ∴ )}1cos{log().1log()}1sin{log()}1cos{log( xxxBxAy ++−+++=  

 

Home Work 

xyyxyxSolve 88)12(4)12(:.1 2 =+′−−′′−  

xyyxyxSolve 612)32(2)32(:.2 2 =−′+−′′+  

xyyaxyaxSolve =+′+−′′+ 6)(4)(:.3 2
 

)]1log(2sin[)1()1(:.4 2 +=+′++′′+ xyyxyxSolve  

        
)1log(cos4)1()1(:.5 2 xyyxyxSolve +=+′++′′+  
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Simultaneous Linear Differential Equations 

Problems 

1. Solve  ty
dt

dy

dt

dx
ex

dt

dy

dt

dx t 2cos2,32 =++=−+  

Sol.    The given equation can be written as 

              
)2(2cos)2(

)1()32(

−−−−−=++

−−−−−=+−

tyDxDand

eyDxD
t

 

          (1)×(D + 2)  – (2) ×D, we get 

                   
texDD

teexDDDD

tDeDxDxDD

t

tt

t

2sin23)6(

2sin22)6342(

)2(cos)2()2)(32(

2

22

2

+=−+

++=−−−+

−+=−+−

 

              A.E. is m
2
 + m – 6 = 0 

                                 (m – 2) (m + 3) = 0 

                                         m = 2, –3  

                              
tt

eBeAFC
32.. −+=  

               P.I1 = 
4

3

611

1
3

6

1
3

2

t
tt e

ee
DD

−=
−+

=
−+

 

               P.I2 = t
D

t
DD

2sin
64

1
22sin

6

1
2

2 −+−
=

−+
 

                                                      
t

DD

D

t
D

2sin
)10)(10(

10
2

2sin
10

1
2

+−

+
=

−
=

 

                                                      

26

2sin52cos

52

2sin102cos2

104

2sin10)2(sin
2

2sin
1004

10
2

2sin
100

10
2

2

−

+
=

−

+
=

−

+
=

−−

+
=

−

+
=

tt

tt

ttD

t
D

t
D

D

 

                     ∴ 
26

2sin52cos

4

332 tte
eBeAx

t
tt +

−−+= −
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            Now,   
t

eDyxD =+− )32(  

                                 xxDeDy t 32 +−=⇒  
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2cos192sin17
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9

2
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3
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A
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tte
eBeAy

t
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2

52

2sin172cos19

4
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+
+++=∴ −

 

2. Solve  t
dt

dy
xey

dt

dx t =−=+ ,  

Sol.    The given equation can be written as 

              
)2(

)1(

−−−−−=−

−−−−−=+

tyDxand

eyxD
t

 

            (1)×D + (2), we get 

                   
texD

teDxxD

t

t

+=+

+=+

)1(

)(

2

2

 

                   A.E. is  m
2
 + 1 = 0 

                                
im

m

±=

−= 12

   

                         tBtAFC sincos.. +=  

               P.I1 = 
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1

1

1
2

t
tt e
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D

=
+
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               P.I2 = tDt
D

12

2
)1(

1

1 −+=
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t

t
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=

−=
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)1( 2
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e

tBtAx
t
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2

sincos    

             Now,  
dt

dx
eyey

dt

dx tt −=⇒=+  
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2
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t
t e

tBtAey  

                           ∴ 1
2

cossin −+−=
t

e
tBtAy  

 

3. Solve   2)0(,6)0(,3,83 −==−−=+= yxyx
dt

dy
yx

dt

dx
 

Sol.  The given equation can be written as 

              03
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yyDxand

yxxD
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)1(08)3(..

−−−−−=++
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yxDei
 

          (1)×(D + 3) + (2) ×8, we get 
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2

2
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xxDD

 

                   A.E. is  m
2
 – 1 = 0 

                           (m + 1)(m – 1) = 0 

                                 m = 1, –1 

                            
tt
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                   Now, yx
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               Hence 
tt

eBeAtx
−+=)(   --------- (3) 

                          
tt

eBeAty
−−−=

2

1

4

1
)(  --------- (4) 

                     Given 2)0(,6)0( −== yx  

              When x(0) = 6, equation (3) becomes 

                         BA+=6 -------- (5) 

              When y(0) = –2, equation (4) becomes 

                      BA
BA

28
24

2 −−=−⇒−−=−  --------- (6) 

                    Adding (5) & (6), we get  

                           6 – 8 = B – 2B 

                                 B = 2 

                      ∴ A = 6 – B  

                              = 6 – 2 = 4 

                ∴  
tt eex −+= 24 ,   

tt
eey

−−−=  
 

Home Work 
 

t
eyx

dt

dy
tyx

dt

dx
Solve

223,32:.1 =+−=−+
 

.002cos,sin:.2 ====+=+ tatyandxthatgiventx
dt

dy
ty

dt

dx
Solve

 

023,232:.3 2 =++=++ yx
dt

dy
eyx

dt

dx
Solve

t

2,:.4 tx
dt

dy
ty

dt
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Solve =+=−

 

tx
dt

dy
ty

dt

dx
Solve cos2,sin2:.5 =−−=+  
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Variation of Parameters 

     Let Xcy
dx

dy
b

dx

yd
a =++

2

2

 where X is a function of x be the given differential 

equations. 

     Let the C.F. be c1f1 + c2f2  where c1 and c2 are constants and f1 and f2 are 

functions of x. 

            P.I = Pf1 + Qf2 

      
dx

ffff

Xf
Pwhere ∫ ′−′

−=
2121

2

 ,      dx
ffff

Xf
Q ∫ ′−′

=
2121

1

 

      Then the complete solution is y = C.F + P.I 
 

Problems 

1. Solve  xy
xd

yd
sec

2

2

=+   using variation of parameters. 

Sol.    A.E. is   m
2
 + 1= 0 

                         m
2
 = – 1 

                         im ±=   

              xBxAFC sincos.. +=  

                P.I. = Pf1 + Qf2  where  xf cos1 = , xf sin2 =  

                                                      f1′ = xsin− ,  f2′ = xcos  

                       
1

sincos

))(sinsin()cos(cos

22

2121

=

+=

−−=′−′

xx

xxxxffff

 

                         

)log(sec

tan
cos

sin

1

secsin
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2

x

dxxdx
x

x

dx
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=
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=

∫∫

∫∫

cos

cos

1

seccos

2121
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                       ∴ 21.. fQfPIP +=  

                                 xxxx sin)(seclogcos +−=  

                      ∴ xxxxxBxAy sin)log(seccossincos +−+=  
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2. Solve:  
xeyDD 42 )23( =+−  using variation of parameters. 

Sol.    A.E. is m
2
 – 3m + 2 = 0 

                               (m – 1)(m – 2) = 0 

                                     m = 1, 2  

                         
xx eBeAFC 2.. +=  

              P.I. = Pf1 + Qf2  where f1 = 
x

e ,  f2 = 
x

e
2

 

                                                     f1′ = 
xe ,  f2′ = 

x
e

22  

                 
xxxxxxx

eeeeeeeffff
33322
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3

3
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                      ∴ 21.. fQfPIP +=  
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4
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2
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x
x

x
x

e
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e
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                       ∴ 
6

4
2

x
zz e

eBeAy ++=  

3.  Solve  xy
xd

yd
2tan4 2

2

2

=+  using variation of parameters. 

Sol.    A.E. is   m
2
 + 4= 0 

                         m
2
 = – 4 

                         im 2±=   

              xBxAFC 2sin2cos.. +=  

                P.I. = Pf1 + Qf2  where f1 = x2cos ,  f2 = x2sin  

                                                     f1′ = x2sin2− ,  f2′ = x2cos2  
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                      ∴ 21.. fQfPIP +=  
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4. Solve xeyDD
x tan)52( 2 −=++  using variation of parameters. 

Sol.    A.E. is m
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Home Work 
 

Using variation of parameters solve 

xyD 2tan4)4(.1 2 =+
 

xyD 2sec)4(.2 2 =+
 

xyD tan)1(.3 2 =+
 

xecyD 2cos)4(.4 2 =+
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xxxBxAey

x 2
2

3
sin

2

3
cos.1 22/ −+








+= −

 

     4

7

4

3

6
.2

23
2 xxx

eCeBAy
xx +−+++= −−

 

     
xx

xex
eBeAy

x
xx 6

5

2cos

2
.3 3 −−−++= −

 

     
)cos(

2

1
.4 2xxexeCeBAy xxx −++++= −

 

     









+−−++= −

2

13

2

1

90
.5 2

4
3/22/

xx
e

eBeAy
x

xx

 

     

308
3

.6 2
2

)32()32( +++−+= −+
xx

e
eBeAy

x
xx

 

     

2412sincos.7 24 +−++= xxxBxAy
 

     1262
.8

432 xcxbxa
dy +++=

 

Page No. 26 

      317

cossin4
.1

2
3

x
xxx exx

eeBeAy
−

− −






 −
++=

 

     60
)(.2

5
2 xe

eCxBxAy
x

x +++=
 

     

xxee
x

eBAxy
xxx cos)2(

2
)(.3 2

2

−−−++=
 

     

2

1

130

)2cos2sin8(

232

3
sin

2

3
cos.4

2
2/ −

+
−







−++








+= − xx

x
xe

eCxBxAey
x

xx

 

     

xxxxBAxy cos4sin)6()(.5 2 −−++=
 

     

)3()(.6 2 +++= xeeBAxy
xx

 

     









−++=

2

1

8
2sin2cos.7

2

x
e

xBxAy
x

 

     
44

3
log

2
)(.8

22 x
xx ex

x
x

eeBAxy +







−++= −−

 

Page No. 34 & 35 

      
xxBxAy log)sin(log)cos(log.1 ++=

 

     

x
x

x

C
xBxAxy log

9
log

2

3
sinlog

2

3
cos.2

2

+++






















+









=

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                      49 

 

     

)]sin(log)[cos(log
2

1
log

2

3
sinlog

2

3
cos.3 xx

x

C
xBxAxy +++






















+









=

 

     

2
log

3

2
sinlog

3

2
cos.4 3/1 x

xBxAxy +






















+









=

 

     









+−+=

3

2
log

3
.5

2
3

x
x

xB
x

A
y

 

     x

x

x

C
BxAy

4

log
)log(.6 +++=

 

     

ExD
xCxxBxA

y +++++=
2912060

.7
2365

 

    )sin(log)cos(log.8 xBxAy += [ ])cos(log)(log)sin(log.log
4

1 2
xxxx −+  

    2

2

2

log

12
.9

x

xx

x

B

x

A
y −++=  

    
43

log
2

3
sinlog

2

3
cos.10

3
2/7 x

xBxAxy +









+= −

 

Page No. 37 

      
)12log()12(

2

1
)12()12(.1 2 −−−+−+−= xxxBxAy

 

    
16

3

8

3

32
)32(.2 3 +−

+
++=

x

x

B
xAy  

    
6

23
)()(.3 32 ax

axBaxAy
+

++++=  

     

)]1log(2sin[
3

1
)1log(sin)1log(cos.4 xxBxAy +−+++=

 

     

)1log(sin).1log(2)1log(sin)1log(cos.5 xxxBxAy ++++++=
 

 

Page No. 41 

      25

12

7

4

5

3
,

25

13

7

3

5

2
.1 2525 −+−+−=−+−+= −− tttttt e

t
eBeAye

t
eBeAx  

    teeyeex tttt sin,.2 ++−=+= −−
 

    
tttttt

eeBeAyeeBeAx
2525

7

6
,

7

8
.3 −+−=++= −−

 

    ttBtAyttBtAx ++−=−++= cossin,1sincos.4 2
 

    ttBtAyttBtAx sin2cos2sin,cos2sin2cos.5 −−=−+=  

 

 

 

 



MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING                                                      50 

 

Page No. 46 
 

      
)2tan2log(sec2cos2sin2cos.1 xxxxBxAy +−+=  

    x
x

x
x

xBxAy 2sin
2

)2log(sec
4

2cos
2sin2cos.2 +−+=  

    )tanlog(seccossincos.3 xxxxBxAy +−+=  

    x
x

x
x

xBxAy 2cos
2

)2log(sin
4

2sin
2sin2cos.4 −++=  

    )cotlog(cossin)tanlog(seccossincos.5 xecxxxxxxBxAy +−+−+=  

    )11tan11log(sec
121

11cos
11sin11cos.6 xx

x
xBxAy +−+=  

    )2cot2log(cos
4

2sin
2sin2cos.7 xxec

x
xBxAy +−+=  


