
QUESTION BANK 

UNIT -1: PARTIAL DIFFERENTIAL EQUATIONS 

PART – A 

1. Form the PDE of 
2222 )()( rzbyax =+−+− . 

Sol:  

Given eqn is )1.....()()( 2222
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2. Find the complete integral of pqqp =+ . 

Sol:  

Given )1.....(pqqp =+
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 be the solution. 

Diff partially w.r.to x and y 
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3. Find the complete integral of 
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xqyp +=− . 

Sol:  

Given )1.....(22
xqyp +=−
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4. Form the PDE by eliminating a and b from ))(( 2222
byaxz ++= . 

Sol:  

Given  )1.....())(( 2222
byaxz ++=

 

Diff partially w.r.to x and y  
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Sub (4) and  (5) in (1) 
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5. Form the PDE by eliminating f from 

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Sub (3) in (2) 
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6. Find the PDE by eliminating the arbitrary function 


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x
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       Let 
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7. Obtain the complete integral of 
22

qpqypxz +++= . 

Sol:  

This is of the form ),( qpfqypxz ++=  

Replace p = a and q = b. 

The complete solution is 
22

babyaxz +++= . 

8. Obtain the complete integral of pq
p

y
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Sol:  

Given pq
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Multiplying by pq. 
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9. Solve ( ) 0'9'124 22 =+− zDDDD . 

Sol:  

The auxiliary eqn is  
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10. Solve ( ) 0'2 =+ zDDD . 

Sol:  

The auxiliary eqn is  
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Sol is ( ) ( )xyfxyfy −++= 21 0   

PART – B 

1. Form the PDE by eliminating the arbitrary functions φandf  from )()( zyxyfz +++= φ . 

Sol:  

Given )1.....()()( zyxyfz +++= φ
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2. Solve 
221 qpqypxz ++++= . 

Sol:  

This is of Clairaut’s form . 

The complete integral is )1.....(1 22 babyaxz ++++=
 

Diff partially w.r.to a and b 
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3. Solve 
yx

eyxzDDDD
++=−+ 3222 )'6'( . 

Sol:  

The auxiliary eqn is  
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4. Solve xytsr cos6 =−+ . 

Sol:  

The auxiliary eqn is  
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FOURIER SERIES 

Question  Bank 

Part A      
           

    1.State  Drichlet’s conditions : 

                      A function f(x) can be expanded as a fourier series in an interval lcxc 2+≤≤  

      If the following conditions are satisfied 

                (i) f(x) is periodic with period 2l in (c, c + 2l) and f(x) is bounded. 

(ii) The function f(x) must have finite number of maxima and minima. 

(iii)The function f(x) must be piecewise continuous and has a finite number of 

finite discontinuities. 

     2.Find the mean square value of the function f(x)  =  x  in the interval (0,l).  

Solution: 
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3. Find the value of an in the cosine series expansion of f(x) = 10  in the interval (0,10). 
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--------------------------------------------------------------------------------------------------- 

4. What do you mean by Harmonic Analysis. 

    Solution:   When a function is unknown but the values of that function at certain points are    

    known, then the Fourier series of that function can be obtained numerically and the process  

    is called Harmonic Analysis. 

   _______________________________________________________________ 

5. In the Fourier series expansion of 
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)( in (-ππππ,ππππ), find the 

coefficient of sin nx. 

Solution:  Since the interval is (-π,π), let us verify whether the function is odd or even 
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Hence the function is even.  So, the coefficient of sin nx that is bn = 0. 

6. Find an in expanding e
-ax

 as a Fourier series in (-ππππ,ππππ).  
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7. What is the constant term a0  and the coefficient an  in the Fourier series  expansion 

of  f(x)  =  x  -x
3
  in  (-ππππ,ππππ). 

Solution:  Since the interval is (-π,π), let us verify whether the function is odd or even 

  f-(x)  = -  x - (-x
3
)  = -x  +  x

3
 = - (x  -x

3
  ) = - f(x). The given function is odd.      

      Hence, the coefficients a0 and  an are zero. 

8. State the Parseval’s identity for Fourier series. 

Solution:  
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9. Find the constant term in the Fourier series corresponding to f(x) = cos
2
 x expanded 

in the interval (-ππππ,ππππ). 

Solution:   Since the interval is (-π,π), let us verify whether the function is odd or even.   

 f (- x) = cos
2
 (-x)=  cos

2
x  =  f(x).  Hence the function is even.  
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Hence the constant term in the Fourier expansion  is 
2

1

2

0 =
a

 

10. To which value the half range sine series corresponding to f(x) = x
2
 expressed in the 

interval (0,2) converges at x = 2? 
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Solution:  In order to expand in a sine series the function must be defined as an odd function 

in the interval (-2,2).  Hence in the interval (-2,0) it should be defined in the form of   

- f (- x) = -(-x)
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2
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 Since at x = 2 the function is discontinuous ( end point discontinuity) the Fourier 

(sine) series converges to  
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11. If the Fourier series of the function  f(x)  = x  + x
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Solution:  Put x = π, which is an end point discontinuity.  So,  
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12. Find a0 if ,)( xxf = expanded as a Fourier series in (-ππππ,ππππ). 

Solution:   Since )()( xfxxxf ==−=− , the function is even. 
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13. Find the Fourier constant bn for f(x)  =  x sin x in (-ππππ,ππππ). 

Solution:  f( - x)  = (- x)  sin ( -  x ) = x sin x = f(x) the function is even.  Therefore, the 

coefficient bn = 0. 

14. Find the Fourier constant bn for f(x)  =  x
2
 in (-ππππ,ππππ). 

Solution: f( - x)  = (- x)
2
 = x

2 
= f(x) the function is even.  Therefore, the coefficient bn = 0. 

15. Find the constant term in the Fourier expansion of f(x) = x
2
 – 2  in -2 < x < 2 

Solution:  f( - x)  = (- x) 
2
 - 2 = x

2
 – 2 

 
= f(x) the function is even.  So,  
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Hence the constant term in the Fourier expansion is  
3

2

2

0 −=
a  

                                        

16. Find a sine series for f(x) = x, in (0,ππππ). 
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 is the half range sine series . 

17. Find the half range sine series for f(x)  =  2 in 0 < x < ππππ. 

Solution:   

       ( )
π

π

π

π

0

0

cos
2

2

sin2
2

















−=

= ∫

n

nx

dxnxbn

 

                 

4 cos 1 4 ( 1) 1

2
,4

0,

8
,

0,

n

n

n

n n n n

if n is odd
n

if n is even

if n is odd
b n

if n is even

π

π π

π

π

 − 
= − − = − −     


−

= − 





= 


 

Hence the half range sine series is ∑
∞

=

=
,...5,3,1

sin
18

)(
n

nx
n

xf
π

 

18. The cosine series for f(x)  =  x sin x in  0 < x < ππππ is given as 

∑
∞

= −

−
−−=

2
2

cos
1

)1(
2cos

2

1
1sin

n

n

nx
n

xxx .  Deduce that 
2

....
7.5

1

5.3

1

3.1

1
21

π
=





−+−+ . 

Solution:  As n
2 
- 1 =  ( n – 1) ( n + 1) 

         





−+−+−−−= ...6cos

7.5

1
5cos

6.4

1
4cos

5.3

1
3cos

4.2

1
2cos

3.1

1
2cos

2

1
1sin xxxxxxxx  

          Put  x  = π / 2  in the above series we get 
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





−+−+=⇒







+−+−−=⇒







−+−+−−−=

.....
7.5

1

5.3

1

3.1

1
21

2

.....
7.5

1

5.3

1

3.1

1
21

2

...
2

6cos
7.5

1

2
5cos

6.4

1

2
4cos

5.3

1

2
3cos

4.2

1

2
2cos

3.1

1
2

2
cos

2

1
1

2
sin

2

π

π

ππππππππ

 

---------------------------------------------------------------------------------------------------------------- 

19. Define RMS value of a function. 

Solution:   The RMS value of a function f(x)  in  (a,b)  is defined by 

[ ]∫
−

=

b

a

dxxf
ab

y
2

)(
1

 

 

20. If  f(x) is an odd function in the interval ( - l, l ) , write the formula to find the 

Fourier coefficients. 

Solution:  a0  =  an  =  0 

  ∫ 







=

l

n dx
l

xn
xf

l
b

0

sin)(
2 π

 

21.  If  f(x) is an even function in the interval ( - l, l ) , write the formula to find the 

Fourier coefficients. 

Solution:  ∫=
l

dxxf
l

a
0

0 )(
2

 

  ∫ 







=

l

n dx
l

xn
xf

l
a

0

cos)(
2 π

 

  bn = 0 

 

    22.Does f(x) = tan x posses a Fourier series? Justify your answer. 

Solution:  For a function f(x) to have Fourier series expansion it must satisfy all the three 

criteria in Drichlet’s conditions.  But f(x) = tan x has value ∞ at 
2

x
π

=  and so it is a 

discontinuous point and moreover it is an infinite discontinuity. So, it doesn’t have a Fourier 

series expansion. 

   23.Does f(x) = sin (1/x)  posses a Fourier series? Justify your answer. 

Solution:  For a function f(x) to have Fourier series expansion it must satisfy all the three 

criteria in Drichlet’s conditions.  But f(x) = sin(1/x)  has minimum or maximum value at 

(odd multiple of  π / 2) 

 That is when 1/x = (2n-1) π / 2 ,  Hence x = 2 / (2n-1) π  As n tend to ∞,  x = 0  So, the 

function doesn’t have Fourier series expansion. 

__________________________________________________________________ 

  24. Write the formula for finding Fourier coefficients. 

  Solution:  

                 

2

0

2

2

1
( )

1
( ) cos

1
( ) sin

c l

c

c l

n

c

c l

n

c

a f x dx
l

n x
a f x dx

l L

n x
b f x dx

l L

π

π

+

+

+

=

 
=  

 

 
=  

 

∫

∫

∫

 

 

PART B 

 

1. Find the Fourier series Expansion of  π20,)( 2
<<= xxxf .  
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 Hence deduce that, (i)  ....
4

1

3

1

2

1

1

1

6 2222

2

++++=
π

 

                 (ii)  ....
4

1

3

1

2

1

1

1

12 2222

2

+−+−=
π

 

           (iii)  







+++= ....

5

1

3

1

1

1

8 222

2π
 

Solution : 

 We need to find nn baa ,,0  where the formulas are given by 

          0

2 2 2
1 1 1

( ) , ( ) cos , ( ) sin

0 0 0
n na f x dx a f x nx dx b f x nx dx

π π π

π π π
= = =∫ ∫ ∫  

 

            

2

0

3

2

2 2
1 1

( )

0 0

2
1

3 0

8

3

a f x dx x dx

x

π π

π π

π

π

π

= =

 
=  

 

=

∫ ∫

 

                 
2

2 2
1 1

( ) cos cos

0 0

'

n
a f x nx dx x nx dx

applying Bernoulli s formula

π π

π π
= =∫ ∫  

                     

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2

2 3

2

2 3

2

2 3

2
1 sin cos sin

2 2
0

2
sin 2 cos 2 sin 2

4 4 2
1 0

2
1 sin 0 cos 0 sin 0

0 0 2
0

1

nx nx nx
x x

n n n

n n n

n n n

n n n

n n n

π

π

π
π π π

π π

ππ

π

 − −      
= − +      

      

 
 − −       − + −              

=  
  − −      

− +       
        

=
2

2

1
4

4

n

n

π
π

=

 

               

( ) ( ) ( )

( ) ( ) ( )

( )

2

2

2 3

2

2 3

2

2 2
1 1

( ) sin sin

0 0

'

2
1 cos sin cos

2 2
0

1 cos 2 sin 2 cos 2
4 4 2

cos 0
0

n
b f x nx dx x nx dx

applying Bernoulli s formula

nx nx nx
x x

n n n

n n n

n n n

n

n

π π

π π

π

π

π π π
π π

π

= =

 − −      
= − +      

      

 − −      
= − + −       

      

− 
 
 

∫ ∫

( ) ( )2 3

2

3 3

sin 0 cos 0
0 2

1 4 2 2 4

n n

n n

n n n n

π π

π

 −    
− +     

    

  −  
= + − = −    

   

 

Hence the Fourier series expansion is given by, 

              

∑∑

∑ ∑

∞

=

∞

=

∞

=

∞

=

−++=

++=

11
2

2
2

1 1

0

sin
4

cos
4

3

4

sincos
2

)(

nn

n n
nn

nx
n

nx
n

x

nxbnxa
a

xf

ππ
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Deduction 1: 

Put x = 0 ( is a point of discontinuity at end point ) in the above Fourier series 

              

2

2
1 1

2 2

2

2
2

2

(0) (2 ) 4 4 4
cos 0 sin 0

2 3

0 4 4 4

2 3 1

4 4
2

3 1

n n

f f
n n

n n

nn

nn

π π π

π π

π
π

∞ ∞

= =

+
= + + −

∞+
⇒ = +

=
∞

⇒ − =

=

∑ ∑

∑

∑

 

              
2

2

2

2

2 4

3 1

1

61

nn

nn

π

π

∞
⇒ =

=
∞

⇒ =

=

∑

∑

 

         Hence, 
2

2

1

61nn

π∞
=

=
∑   i.e.,   ....

4

1

3

1

2

1

1

1

6 2222

2

++++=
π

 

 

Deduction 2: 

Put x= π (is a point of continuity) in the above Fourier series 

              

( )

( )

( )∑

∑

∑

∑∑

∞

=

∞

=

∞

=

∞

=

∞

=

−=
−

⇒

−=−⇒

−+=⇒

−++=

1
2

2

1
2

2
2

1
2

2
2

11
2

2
2

1
4

3

1
4

3

4

1
4

3

4

sin
4

cos
4

3

4

n

n

n

n

n

n

nn

n

n

n

n
n

n
n

π

π
π

π
π

π
π

π
π

π

 

             

( )
2

2
1

2

2 2 2 2

2

2 2 2 2

1
1

12

1 1 1 1
....

12 1 2 3 4

1 1 1 1
....

12 1 2 3 4

n

n

n

π

π

π

∞

=

−
⇒ = −

−
⇒ = − + − + −

⇒ = − + − +

∑

 

 

Deduction 3: 

 x  value substitution (such as 0, 
2

π
, π, 2π) will not give the deduction. 

So, let us add the above two series ( given in the above two deductions), 

              









+++=⇒









+++=









+++++








+−+−=+

....
5

1

3

1

1

1

8

....
5

1

3

1

1

1
2

4

....
4

1

3

1

2

1

1

1
....

4

1

3

1

2

1

1

1

612

222

2

222

2

22222222

22

π

π

ππ

 

        Hence 







+++= ....

5

1

3

1

1

1

8 222

2π
 

 

2.  Find the Fourier series expansion of (   ππππ  -  x  )
2
, in   -ππππ < x <  ππππ. 

     and hence deduce that (i)
2

2 2 2

1 1 1
....

1 2 3 12

π
− + − = , (ii)

2

2 2 2

1 1 1
....

1 2 3 6

π
+ + + =  

Solution:  Since  the range is  -π < x <  π. 
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  So, let us first verify whether the function is odd or even.   

  ( )( ) ( )22
)( xxxf +=−−=− ππ  which is entirely different function.  So, we have to 

find all the three fourier coefficients. 

 

     0

1 1 1
( ) , ( ) cos , ( ) sinn na f x dx a f x nx dx b f x nx dx

π π π

π π ππ π π
= = =

− − −
∫ ∫ ∫  

 

 

                    

( )

( )

2

0

3

3

2

1 1
( )

1

3

1 8
0

3

8

3

a f x dx x dx

x
π

π

π π

π
π ππ π

π

π

π

π

π

−

= = −
− −

 −
=  

−  

 
= − 

− 

=

∫ ∫

 

                 

( )

( ) ( ) ( ) ( )

[ ] ( )( )
( )

2

2

2 3

2

2

1 1
( ) cos cos

1 sin cos sin
2 1 2

11
0 0 0 4 0 4 2(0)

n

n

a f x nx dx x nx dx

nx nx nx
x x

n n n

n

π

π

π π

π
π ππ π

π π
π

π π
π

−

= = −

− −

 − −      
= − − − − +      

      

   − − 
 = − + − + +        

∫ ∫

 

                                          

( )

( )

2

2

11
4

1
4

n

n

n

n

a
n

π
π

−
=

−
=  

               

( )

( ) ( )( )

( )

2

2

2 3

2

3 2 3

1
( ) sin

1
sin

1 cos sin cos
2 1 2

1 cos cos sin cos
0 0 2 4 2(2 ) 2

1
4

n

n

n

b f x nx dx

x nx dx

nx nx nx
x x

n n n

n n n n

n n n n

b
n

π

π

π

π π
π

π
π π

π π
π

π π π π
π π

π

π

−

=

−

= −

−

 − −      
= − − − − +      

      

  −    
= − − − − +         

−
=

∫

∫

 

Hence the Fourier series is  

                  

( )
( ) ( )

nx
n

nx
n

x

nxbnxa
a

xf

n

n

n

n

n n
nn

sin
1

4cos
1

4
3

4

sincos
2

)(

11
2

2
2

1 1

0

∑∑

∑ ∑

∞

=

∞

=

−
−

−
+=−

++=
∞

=

∞

=

π
π

π

 

Deduction (i): 

 

Put x = 0 ( which is a continuous point) 
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12
....

3

1

2

1

1

1

3

)1(
4

3

4)1(
4

)1(
4

3

4

2

222

1

2

2

2
2

1
2

1
2

2
2

π

π

π
π

π
π

=−+−⇒

−=
−

⇒

+−=
−

⇒

−
+=

∑

∑

∑

∞

=

∞

=

∞

=

n

n

n

n

n

n

n

n

n

 

 

 

Deduction (ii): 

Put x = π ( which is a discontinuous point) 

                

6

1

3

21
4

3

4
2

1
4

1
4

3

4
2

)1(
)1(

4
3

4

2

))((()(

2

1
2

2

1
2

2
2

1
2

1
2

2
2

1
2

222

π

π

π
π

π
π

πππππ

=⇒

=⇒

−=⇒

+=⇒

−
−

+=
−−+−

∑

∑

∑

∑

∑

∞

=

∞

=

∞

=

∞

=

∞

=

n

n

n

n

n

n
n

n

n

n

n

n

 

 

3.  Find the Fourier series expansion of  f(x)  =  x sin x in ( 0, 2ππππ). 

Solution: 

Since the interval is 0 to 2π we need to find all the three fourier constants. 

 0

2 2 2
1 1 1

( ) , ( ) cos , ( ) sin

0 0 0
n n

a f x dx a f x nx dx b f x nx dx

π π π

π π π
= = =∫ ∫ ∫  

             

( )( ) ( )

[ ]

2

0 0

0

2
1 1

sin cos 1 sin

0

1
2 ( 1) 0 0 0

2

a x x dx x x x

a

π
π

π π

π
π

= = − − −  

= − − − +

= −

∫

 

           

( ) ( )

2

0

2 2

0 0

2

2 2
1 1

( ) cos sin cos

0 0

1 sin ( 1) sin ( 1)
,Pr 1

2

1
sin ( 1) sin( 1)

2

1 cos ( 1) sin ( 1) cos ( 1)
1

2 1 ( 1) 1

na f x nx dx x x nx dx

n x n x
x dx ovided n

x n x dx x n x dx

n x n x n x
x x

n n n

π

π π

π π

π π

π

π

π

= =

+ − −
= ≠

 
= + − − 

 

  + + −   
= − − − − − −     

+ + −     

∫ ∫

∫

∫ ∫
2

2

0

sin ( 1)
1

( 1)

1

1 2 2
, 1

2 1 1

n x

n

provided n

provided n
n n

π

π π

π

   − 
−   

−    

≠

  
= − − − ≠  

+ −  
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2

1 1 1
2 , 1

2 1 1

2
, 1

1
n

provided n
n n

a provided n
n

π
π

 
= − ≠ 

+ − 

= ≠
−

 

           ( )

1

2

0

1

1,

2 2
1 1

( sin ) cos1 ( sin 2 )
2

0 0

1 cos 2 sin 2
1

2 2 4

1 2

2 2

1

2

When n we have

a x x x dx x x dx

x x
x

a

π

π π

π π

π

π

π

=

= =

    
= − − −    

    

 
= − 

 

= −

∫ ∫

 

                  

                  
2

1
( ) sin

0

2
1

sin sin

0

nb f x nx dx

x x nx dx

π

π

π

π

=

=

∫

∫

( ) ( )

2

0

2 2

0 0

2

2 2

0

1 cos ( 1) cos( 1)

2

1
cos( 1) cos( 1)

2

1 sin( 1) cos( 1) sin( 1) cos( 1)
1 1 ,

2 1 ( 1) 1 ( 1)

n x n x
x dx

x n x dx x n x dx

n x n x n x n x
x x

n n n n

provided n

π

π π

π

π

π

π

− − +
=

 
= − − + 

 

       − − − + +    
= − − − − −          

− − + +           

∫

∫ ∫

2 2 2 2

1

1 1 1 1 1
, 1

2 ( 1) ( 1) ( 1) ( 1)

0, 1

provided n
n n n n

provided n

π

≠

    
= − − − ≠    

− + − +    

= ≠

 

( )

ππ
π

π

π

π

π

π

π

π

ππ

ππ

π

=





−+−+−=































−−








−












=














−=

−
=

=

=

∫∫

∫

∫

∫

4

1
00

4

1
02

2

1

4

2cos
1

2

2sin

22

1

2cos
2

1

2

2cos11

2

0

1sinsin
1

2

0

sin)(
1

2

2

0

2

0

2

2

0

2

0

2

0

1

xx
x

x

dxxxdxx

dx
x

x

dxxxx

dxnxxfb

 

Hence the Fourier series is 

0
1 1

2 2

2
2

( ) cos cos sin sin
2

1 2
sin 1 cos cos sin

2 1

n n

n n

n

a
f x a x a nx b x b nx

x x x nx x
n

π

∞ ∞

= =

∞

=

= + + + +

= − − + +
−

∑ ∑

∑
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4. Find the Fourier series of  




<<

<<
=

ππ

π

2,2

0,1
)(

x

x
xf .  Hence evaluate the value of the 

series ....
23

1

22

1

21

1
+++  

Solution: 

      Here the interval given is 0 to 2π.  So, let us find all the three fourier constants. 

2 2 21 1 1
( ) , ( ) cos , ( ) sin

0
0 0 0

a f x dx a f x nx dx b f x nx dx
n n

π π π

π π π
= = =∫ ∫ ∫  

                           
( ) ( )[ ]

[ ]

3

2
1

22
0

1

2
2

0

1
1

2

0

)(
1

0

=

+=

+=












∫+∫=

∫=

ππ
π

π
π

π

π

π

π

π

π

π

π

xx

dxdx

dxxfa

 

                             

0

2

0

sin
2

0

sin1

0

2
cos2cos

1

2

0

cos)(
1

=






















+








=












∫ ∫+=

∫=

ππ

π

π π

π
π

π

π

n

nx

n

nx

dxnxdxnx

dxnxxf
n

a

 

                        

21
( ) sin

0

21
sin 2 sin

0

b f x nx dx
n

nx dx nx dx

π

π

π π

π
π

= ∫

 
= + ∫ ∫

  
 

                       

( ) ( )



























 −
+−+














+

−
−=






















−+








−=

n

n

nnn

n

n

nx

n

nx

1
2

2111

2
cos

2
0

cos1

π

π

π

π

π  

                      

( )








−

=














−

−
=

evenisnif

oddisnif
n

b

nn

n

n

,0

,
2

1

111

π

π

 

 

Hence the Fourier series is 

nx
n

xf

nxbnxa
a

xf

n

n n
nn

sin
2

2

3
)(

sincos
2

)(

,....5,3,1

1 1

0

∑

∑ ∑

∞

=

∞

=

∞

=

−+=

++=

π
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Deduction:  When we put  x  =  0,  
2

π
  , π, 2 π we don’t get the series ( As the denominator of 

the series is n
2
 and the denominator of the Fourier series is only n).  so, let us apply Parseval’s 

identity for full range series. 

                       

( ) [ ]

( ) ( )

2 21 22 20 ( )
2 1 0

29 4 1 2 21 2
2 22 1,3,5,.. 0

9 4 1 1 1 1 2
.... 4

02 2 2 22 1 3 5

9 4 1 1 1
.... 5

2 2 2 22 1 3 5

4 1 1 1 9 1
.... 5

2 2 2 2 2 21 3 5

1 1

2 21 3

a
a b f x dx
n n

n

dx dx
nn

x x

π

π

π π

ππ π

π π
πππ

π

π

∞
+ + =∑ ∫

=

 ∞
⇒ + = + ∑ ∫ ∫

 =  

   ⇒ + + + + = +     

 
⇒ + + + + = 

 

 
⇒ + + + = − = 

 

⇒ + +

21
....

2 85

π 
+ = 

 

 

 

 

5.  Find the Fourier series expansion of  f(x)  =  │sin x│ in  - π <  x <   π. 

 

Solution:  Here the interval given is   - π to π .  So, let us verify whether the given function is 

odd or even.   

f(-x)  =  │sin (-x) │  =  │-sin x│ =  sin x= │sin x│=  f(x).  Hence the function is even.  So, let us 

find the fourier constants a0, an . (bn = 0). 

[ ]

[ ]

0

0

0

2
( )

0
0

2
sin

2
sin

2
cos

2
1 1

4

a f x dx

x dx

x dx

x

π

π

π

π

π

π

π

π

π

π

= ∫

=

=

= −

= +

=

∫

∫  

0

0

0

0

2
( ) cos

2
sin cos

2
sin cos

2 sin ( 1) sin( 1)

2

n
a f x nx dx

x nx dx

x nx dx

n x n x
dx

π

π

π

π

π

π

π

π

=

=

=

+ − −
=

∫

∫

∫

∫
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( ) ( )

( ) ( )

0

1 1

1 cos ( 1) cos ( 1)
, 1

1 1

1 11 1 1
, 1

1 1 1 1

1 11 1 1
,

1 1 1 1

n n

n n

n x n x
provided n

n n

provided n
n n n n

p
n n n n

π

π

π

π

+ −

  + −     
= − − − ≠     

+ −      

    − − 
= − + − − + ≠    

+ + − −        

    − − − − 
= − + − − +    

+ + − −        

1rovided n ≠

 

( )

( )( )

2

1 1 1 1 1
1 , 1

1 1 1 1

1 1 1
1 1 , 1

1 1

2,1 2

0,1

n

n

provided n
n n n n

provided n
n n

if n is even

if n is oddn

π

π

π

     
= − − + − ≠     

+ − + −     

 
= − − + ≠ 

+ − 

 
= −  

− 

 

When n = 1, we have 

[ ]

1

0

0

0

0

0

2
( ) cos 1

2
sin cos 1

2
sin cos 1

2 sin 2

2

1 cos 2

2

1
1 1

2

0

a f x x dx

x x dx

x x dx

x
dx

x

π

π

π

π

π

π

π

π

π

π

π

=

=

=

=

 
= −  

= − +

=

∫

∫

∫

∫  

Hence the Fourier series is 

│sin x│=  













∑
∞

= −

−

,..6,4,2

cos
12

142

n

nx
nππ

. 

 

6. Find the Fourier series expansion of 




<<−

<<
=

lxlxl

lxx
xf

2/,

2/0,
)( .  Hence deduce, the 

value of 
( )

∑
∞

= −1
4

12

1

n n
 

Solution 

 

Since the interval for fourier series is 2L 

2
2

, 0
( )

2 , 2

l
put L l L

x x L
Hence f x

L x L x L

= ⇒ =

< <
= 

− < <
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2

0

0

2

0

2

0

1
( )

1
( )

1
(2 )

L

L

L L

L

a f x dx
L

f x dx
L

x dx L x dx
L

=

=

 
= + − 

 

∫

∫

∫ ∫

 

( )

( )

2
22

0

2 2

2

0

0

21

2 2( 1)

1
0 0

2 2

1

2 2

LL

L

L xx

L

L L

L

a L L
L

l l
L a

  −  
= +    

−     

 
= − − + 

 

= =

= ⇒ =

 

 

( )

( )

( )

2

0

2

0

2

0

2

0

1
( ) cos

1
( ) cos

1
cos 2 cos

sin 1 cos

1

2 sin

L

n

L

L L

L

L

n x
a f x dx

L L

n x
f x dx

L L

n x n x
x dx L x dx

L L L

n x L n x L
x

L n L n

L
n x

L x
L

π

π

π π

π π

π π

π

 
=  

 

 
=  

 

    
= + −    

    

        
− −                   

=

 
+ −  

 

∫

∫

∫ ∫

( )

2
2

1 cos

L

L

L n x L

n L n

π

π π

 
 
 
 
 

        
− − −                    

[ ]

2 2

2 2

2

2

2

2 2

2 2

sin cos 0
1

0 sin cos

1
2 cos 2

2
( 1) 1

2,2

0,

2,2

n

L L L
L n n

n n n

L L L L
L n n

n n n

L
n

L n

L

L n

if n is oddL

if n is evenL n

iL

n

π π
π π π

π π
π π π

π
π

π

π

π

     
+ − − +     

      
=  

     
− − +     
      

 
= − 

 

   = − −    

−
= 



−
=

2 2

2 2

0,

2,

0,2

2

0,

n

n

f n is odd

if n is even

if n is oddl l
L a

if n is evenn

l
if n is odd

a n

if n is even

π

π





−
= ⇒ = 



−


⇒ = 

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( )

2

0

2

0

2

0

1
( ) sin

1
( ) sin

1
sin 2 sin

L

n

L

L L

L

n x
b f x dx

L L

n x
f x dx

L L

n x n x
x dx L x dx

L L L

π

π

π π

 
=  

 

 
=  

 

    
= + −    

    

∫

∫

∫ ∫

 

( )

( ) ( )

( )

2

0

2
2

cos 1 sin

1

2 cos 1 sin

cos sin
1

L

L

L

n x L n x L
x

L n L n

L
n x L n x L

L x
L n L n

L
L n n

n

L

π π

π π

π π

π π

π π
π

          − − −                     
=  

         
+ − − − − −                      

 
− + 

 
=

( )

2

2 2

0 0

0 sin cos sin

0n

L

n

L L L
n L n n

n n n

b

π

π π π
π π π

   
− +   

    
 

       
+ − + +       

        

=

 

Hence the Fourier series is  

 








−
+=

=++=

∑

∑ ∑

∞

=

∞

=

∞

=

l

xn

n

ll
xf

l
Lwhere

L

xn
b

L

xn
a

a
xf

n

n n
nn

π

π

ππ

2
cos

2

4
)(

2
sincos

2
)(

,..5,3,1
22

1 1

0

 

Since the denominator of the series is of the form 
4

1

n
 and the denominator in the Fourier 

series is of the form 
2

1

n
let us use the Parseval’s identity. 

( ) [ ]

[ ]

22
22 20

0

22 2
2

4 4
1,3,5,.. 0

22 2
2 2

4 4
1,3,5,.. 0

2
2 2 3 3

4 4
1,3,5,.. 0

2 2

4

1
( )

2

4 1 1
( )

8

4 1 1
( )

8

4 1 1 (2 )

8 3 3( 1)

4

8

L

n n

L

n

L L

n L

L L

n L

a
a b f x dx

L

l l
f x dx

n L

l l
x dx l x dx

n L

l l x L x

n L

l l

π

π

π

π

∞

=

∞

=

∞

=

+ + =

⇒ + =

 
⇒ + = + − 

 

    − 
⇒ + = +    

−     

⇒ +

∫

∑ ∫

∑ ∫ ∫

∑

3 3

4
1,3,5,..

1 1
0

3 3n

L L

n L

∞

=

 
= − + 

 
∑

 

2 2 3 3

4 4
1,3,5,..

2 2 3

4 4
1,3,5,..

2 2 2

4 4
1,3,5,..

4 1 2
0 0 ( )

8 24 24 2

4 1 2

8 12

4 1

8 6

n

n

n

l l l l l
L

n l

l l l

n l

l l l

n

π

π

π

∞

=

∞

=

∞

=

 
⇒ + = − − + = 

 

⇒ + =

⇒ + =

∑

∑

∑

Q
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96

1

244

1

24

14

86

14

4

,..5,3,1
4

2

2

4

,..5,3,1
4

2

,..5,3,1
44

2

22

,..5,3,1
44

2

π

π

π

π

=⇒

=⇒

=⇒

−=⇒

∑

∑

∑

∑

∞

=

∞

=

∞

=

∞

=

n

n

n

n

n

l

ln

l

n

l

ll

n

l

 

 

 

 

7. Find the Fourier series expansion of the function 




≤≤−

≤≤−+
=

lxxl

xlxl
xf

0,

0,
)( .  Hence 

deduce that 
( ) 812

1
2

1
2

π
=

−
∑
∞

=n n
 

Solution: 

Here the interval is – l to l let us first check whether the function is odd or even. 

 

)(

,

0,

0),(

0),(
)(

xf

lxlxl

lxxl

lxxl

xlxl
xf

=





≤≤−+

≤≤−
=




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So, the function is even. 

(Note that when an inequality is multiplied by -1 the inequality is reversed.) 
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Deduction:  To get the deduction put x = 0(which is a continuous point) 
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8.  Find the half range sine series of   f(x)  =  x cos x  in  (0, π). 

Solution: 
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9. Obtain the sine series for the function 




<<−

<<
=

lxlxl

lxx
xf

2/,

2/0,
)( . 

Solution: 

( )

( )





























































−−−
















−−+




































−−
















−

=

















−+








=









=

∫∫

∫

l

l

l

l

l

l

l

n

n

l

l

xn

n

l

l

xn
xl

n

l

l

xn

n

l

l

xn
x

l

dx
l

xn
xldx

l

xn
x

l

dx
l

xn
xf

l
b

2/

2

2/

0

2

2/

2/

0

0

sin)1(cos

sin1cos

2

sin)(sin
2

sin)(
2

π

π

π

π

π

π

π

π

ππ

π

 

 



                          

 19

 









=

















=









































+








+−+









+−








+








−

=

2
sin

4

2
sin2

2

2
sin

2
cos

2
00

00
2

sin
2

cos
22

22

22

2

22

2

22

2

π

π

π

π

π

ππ

π

π

ππ

π

n

n

l

n

ln

l

n

lnn

n

ll

n

lnn

n

ll

l

 

Hence the half range sine series is 
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10.  Find the Fourier series expansion of   
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Solution:  We need to find all the three fourier constants. 
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Deduction(i)  The denominator of cosine terms are in the form 
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Deduction(ii):  To get the deduction all the sine terms must vanish and this can be done 

by taking ,...2,0 π=x .  So, let us put 0=x (which is a discontinuous point). 
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11. Find the Fourier series expansion for the function f(x) =  x + x
2
 in      

    ππ <<− x  

Solution:   Here the interval is ππ <<− x .  So, let us verify whether the function is odd or 

even.  
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As per the RHS we need to find the Fourier sine series expansion of the function  in 0 < x < l 

Heref(x) = 1 and the interval shall be taken as (0,l). 
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Hence the Fourie siner series is    
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13.  Find the half range cosine series of   π<<= xinxxf 0,)( 2 .  Hence deduce the 

value of  ∑
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Deduction:  Since the denominator of the series is n
4
 and that of the cosine series is only n
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let us apply Parseval’s identity for fourier cosine series is 
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14.  Find the half range  cosine series for the function lxinxxf <<= 0,)( .  Hence 

deduce the value of the series 
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Deduction:  Since the denominator of the series is n
4
 and that of the cosine series is only n

2
 

let us apply Parseval’s identity 
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15.Find the Fourier series expansion upto third harmonic from the following data: 

  x:  0  1  2  3  4  5 

  f(x):  9  18  24  28  26  20 

Solution: 

 

 

 

 

 

 

 

 

 



                          

 26

 

x y θ =πx/3  θ Cosθ  y Cosθ Cos 2θ yCos 2θ Cos 3θ yCos 3θ 

0 9 0 0 1 9 1 9 1 9 

1 18 π/3 60 0.5 9 -0.5 -9 -1 -18 

2 24 2π/3 120 -0.5 -12 -0.5 -12 1 24 

3 28 3π/3 180 -1 -28 1 28 -1 -28 

4 26 4π/3 240 -0.5 -13 -0.5 -13 1 26 

5 20 5π/3 300 0.5 10 -0.5 -10 -1 -20 

 ∑ =y

125 

   ∑ θcosy                   

=  - 25 

 ∑ θ2cosy

     = - 7 

 ∑ θ3cosy

     =  - 7 
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sinθ  ysinθ  sin 2θ y sin 2θ sin 

3θ 

y sin 3θ 

0 0 0 0 0 0 

0.866 15.588 0.866 15.588 0 0 

0.866 20.784 -0.866 -20.784 0 0 

0 0 0 0 0 0 

-0.866 -22.516 0.866 22.516 0 0 

-0.866 -17.32 -0.866 -17.32 0 0 

 ∑ θsiny

= - 3.464 

 ∑ θ2siny   

   = 0.0 

 ∑ θ3siny              

      = 0 
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Hence the Fourier series expansion 
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16. Express the function 11,)( <<−=
− xinexf x  in the complex form of the Fourier 

series. 

Solution:  The Complex form of the Fourier series is ∑
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Hence the Complex form of the Fourier series of the given function is 
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17. Obtain the fourier series for the function ππ <<−= xinxxf )( also deduce that 
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18. Find the Fourier series of ( )ππ ,cos)( −= inxxf  
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            UNIT – 4 : APPLICATION OF PARTIAL DIFFERENTIAL EQUATIONS 

    Question Bank 

                                                           PART – A 

1. Classify the following partial differential equations 

(a) 
2

2

2

2

y

u

x

u

∂

∂
=

∂

∂
 

(b) xy
y

u

x

u

yx

u
+








∂

∂
+








∂

∂
=

∂∂

∂ 2

 

      Solution: 

(a) A=1, B=0, C=-1  

044042 >=+=− ACB  

Equation is hyperbolic 

(b) A=0, B=1, C=0 

010142 >=−=− ACB  

Equation is hyperbolic 

 

2. Classify the following partial differential equations 

(a) 
2 2 2

2 2
4 4 4 8 16 0

u u u u u
u

x x y y x y

∂ ∂ ∂ ∂ ∂
+ + − − − =

∂ ∂ ∂ ∂ ∂ ∂
 

(b) 

22

2

2

2

2










∂

∂
+









∂

∂
=

∂

∂
+

∂

∂

y

u

x

u

y

u

x

u
 

  Solution: 

 

(a) A=4, B=4, C=1  

0161642 =−=− ACB  

Equation is parabolic 

(b) A=1, B=0, C=1 

0442 <−=− ACB  

Equation is Elliptic. 

3. Classify the following partial differential equations 

∞<<∞−<<−=−+ xyforfyfx xxxx ,110)1( 22  

Solution: 

      22 1,0, yCBxA −===   



2 

 

veisyyIn

xxinvealwaysisx

yx

yxACB

−−<<−

≠∞<<∞−+

−=

−−=−

1,11

0,

)1(4

)1(44

2

2

22

222

 

Equation is Elliptic 

If x = 0, B
2
-4AC=0, the equation is Parabolic.  

 

4. Classify the following partial differential equations: 
2 2

2 2 2

( ) 2 2 3 0

( ) 7 0

xx xy yy x

xx yy x y

a y u xyu x u u u

b y u u u u

− + + − =

+ + + + =  

Solution:  

(a) Here A = 2y ,B = 2xy− , C = 2
x  

B
2 

- 4AC = 4 2
x 2y - 4 2

x 2y = 0 

Equation is parabolic 

(b) Here A = 2y ,B =0, C = 1 

B
2 

- 4AC = 0 - 4 2y = - 4 2y < 0 

Here 2y is always positive 

Equation is elliptic. 

5. Classify ( )
2

1 4
xx xy yy

x u xu u x+ − + =  

      Solution:  

                    Here A = ( )
2

1 x+ ,B = 4x− , C = 1 

                    B
2 

- 4AC = 16 2
x - 4 ( )

2
1 x+  

                                    = 16 2
x - 4 - 8 x  - 4 2

x  

                                    =4(3 2
x -2 x -1) 

                    If  x =1 ,then B
2 

- 4AC = 0 

                    Given PDE is Parabolic. 

         If x <0 (or) x >0 Then B
2 

– 4AC >0 

              Given PDE is Hyperbolic. 

       

6. What are the possible solution of one dimensional wave equation? 

Solution: 
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b 

( )( )
( )( )

( )( )1211109

8765

4321

),()(

sincossincos),()(

),()(

ctccxctxyiii

aptcaptcpxcpxctxyii

ecececectxyi
aptaptpxpx

++=

++=

++= −−

 

 

7. What is the constant 
2

a in wave equation xxtt uau
2= ? 

 Solution: 

stringtheoflengthunitpermass

tension
awhere

x

y
a

t

y

=

∂

∂
=

∂

∂

2

2

2
2

2

2

 

 

8. A tightly stretched string of length 2l is fastened at both ends. The midpoint of the string is 

displaced to a distance b and released from rest in this position. Write the initial conditions. 

Solution: 

The one dimensional wave equation is 
2

2
2

2

2

x

y
a

t

y

∂

∂
=

∂

∂
 

The equation of OA is 

( ) lxlxl
l

b

l

lbbxlb
y

l

bxlb
by

l

lx

b

by

lBisABofequationThe

lx
l

bx
y

l

x

b

y

2,2

)0,2(

0,

0

00

<<−=
+−

=⇒

−
=−⇒

−
=

−

−

<<=⇒

−

−
=

−

    

The initial boundary conditions are 









<<−

<<
=

=
∂

∂

=

=

lxlxl
l

lx
l

bx

xyiv

t

xy
iii

tlyii

tyi

2),2(
2

0,
)0,()(

0
)0,(

)(

0),()(

0),0()(

 

 

O(0,0) 

A(l,b) 

B(2l,0) 

b 
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9. Write  the boundary conditions for the following boundary value problem “If a 

string of length l  initially at rest in its equilibrium position and each of its point is 

given the  velocity 
3

0

0

sin ,0
t

y x
v x l

t l

π

=

∂ 
= < < 

∂ 
 Determine the displacement function 

y(x,t)” 

      Solution: 

               The boundary conditions are 

                   (i) (0, ) 0, 0,y t t= >  

                  (ii) ( , ) 0, 0,y l t t= >  

                 (iii) ( ,0) 0,0y x x l= < < , 

           (iv) 3

0( ,0) sin ,0
y x

x v x l
t l

π∂
= < <

∂
 

 

10. Write the boundary conditions for solving the string equation if the string is 

subjected to initial displacement f(x) and initial velocity g(x). 

Solution: 

(i) (0, ) 0y t =  

   (ii) ( , ) 0y l t =  

              (iii)  ( ,0) ( ) ,0
y

x g x x l
t

∂
= < <

∂
 

   (iv) ( ,0) ( ) ,0y x f x x l= < <      

 

11. In one dimensional heat equation 
2

2
2

x

u

t

u

∂

∂
=

∂

∂
α what does  

2α  refer to? 

Solution: 

.

2

Density

capacityheatspecificS

tyconductivithermalkwhere

materialtheofydiffusivitis
s

k

−

−

−

=

ρ

ρ
α

 

 

12. What are the possible solution of one dimensional heat equation? 

Solution: 

The possible solutions are  
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( )

( )
( )cBxAetxuiii

CeBeAetxuii

pxCpxBAetxui

tp

pxpxtp

tp

+=

+=

+=

−

−−

−

22

22

22

),()(

),()(

sincos),()(

α

α

α

 

 

13. What is the steady state temperature of a rod of length l  whose ends are kept at 30
0
  and 

40
0
 

Solution: 

              The heat flow equation is 

2
2

2

u u

t x
α

∂ ∂
=

∂ ∂
 

When the steady state condition exist, 0
u

t

∂
=

∂
 (Q  u is independent of t) 

Then the heat flow equation becomes 

2

2
0

u

x

∂
=

∂
 

(1)

0, 30 30

, 40 40 30

10

10
(1) 30

u ax b

x u b

x l u al

a
l

u x
l

= + →

= = ⇒ =

= = ⇒ = +

=

⇒ = +

 

14. The bar of length 50 cm has its ends kept at 20 C and 100 C until steady state 

conditions prevails. Find the steady state temperature of the rod. 

Solution: 

The steady state equation of the one dimensional heat equation is 
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l
a

al

allu

inbApplying

axxu

getweinvaluethissubstitute

bu

inaApplying

lubuaareconditionsboundaryThe

baxxu

dx

yd

80

80

10020100)(

)2()(

)2(20)(

)1(

2020)0(

)1()(

100)()(&20)0()(

)1()(

0
2

2

=⇒

=⇒

=+⇒=

→+=

=⇒=

==

→+=⇒

=

 

Substitute this value in (2) we get 

20
5

8
)(

20
50

80
)(50

20
80

)(

+=

+=⇒=

+=

x
xu

x
xul

l

x
xu

 

 

15. Derive the steady state solution of one dimensional heat equation 

Solution: 

The one dimensional heat equation is 
2

2
2

x

u

t

u

∂

∂
=

∂

∂
α  

baxxu

dx

ud

x

u

x

u

t

u

xutxu

+=

=⇒

=
∂

∂

=
∂

∂

=
∂

∂
⇒

=

)(

0

0

0

0

)(),(

2

2

2

2

2

2
2α
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16. What are the possible solutions of two dimensional heat equation or laplace 

equation? 

Solution: 

( )( )

( )( )
( )( )1211109

8765

4321

),()(

sincos),()(

sincos),()(

cyccxctxyiii

ececpxcpxctxyii

pycpycecectxyi

pypy

pxpx

++=

++=

++=
−

−

 

 

 

PART - B 

Problems on vibrating on strings with initial velocity zero 

 

1. A string is stretched and fastened to two points x = 0 and x = l apart motion is started by 

displacing the string into the form )( 2xlxky −= from which it is released at time t = 0. 

Find the displacement of any point on the string at a distance of x from one end at time t. 

Solution: 

The wave equation is 
2

2
2

2

2

x

y
a

t

y

∂

∂
=

∂

∂
 

From the given problem, we get the following boundary conditions. 

)()()0,()(

0
)0,(

)(

00),()(

00),0()(

2
xfxlxkxyiv

t

xy
iii

ttlyii

ttyi

=−=

=
∂

∂

>∀=

>∀=

 

The correct solution which satisfies our boundary conditions is given by 

( ) )1()sincos(sincos),( →++= aptDaptCpxBpxAtxy  

Apply (i) in (1) we get, 

0)sincos,0

)sincos(0

)sincos(),0(

≠+=⇒

+=⇒

+=

aptDaptCA

aptDaptCA

aptDaptCAty

 

Putting A= 0 in (1) we get 

( ) )2()sincos(sin),( →+= aptDaptCpxBtxy  

        Applying (ii) in (2) we get 
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( )
( )

πnpl

pl

aptDaptCB

solutiontrivialgetwethenBIf

aptDaptCplB

aptDaptCplBtly

sinsin

0sin

0)sincos(,0

0

)sincos(sin0

)sincos(sin),(

=

=∴

≠+≠

=

+=

+=

 

 
l

n
p

π
=⇒  

 ( ) )3(sincossin),(2 →







+=⇒

l

atn
D

l

atn
C

l

xn
Btxy

πππ
 

Before applying condition (iii) differentiate (3) partially with respect to t 

)(sinsinsin
),(

I
l

atn
D

l

atn
C

l

xn
B

t

txy
→








+−=

∂

∂ πππ
 

Apply (iii) in (I) we get 

( )
l

atn

l

xn
BCtxy

D

l

an

l

xn
BHere

l

an
D

l

xn
B

l

an
D

l

xn
B

t

xy

ππ

ππ

ππ

ππ

cossin),(3

0

0,0sin,0

sin0

sin
)0,(

=⇒

=∴

≠≠≠









=⇒









=

∂

∂

 

BCBwhereII
l

atn

l

xn
Btxy nn =→= ),(cossin),(

ππ
 

Since the partial differential equation is linear, any linear combination of solutions of the form 

(4) with n = 1, 2, 3, … is also a solution of the equation. 

The solution (II) can be written as  

)4(cossin),(
1

→=∑
∞

= l

atn

l

xn
Btxy

n

n

ππ
 

Apply (iv) in (4) 

∑
∞

=

=
1

sin)0,(
n

n
l

xn
Bxy

π
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∫

∑

=∴

→=
∞

=

l

n

n

n

dx
l

xn
xf

l
B

l

l

xn
Bxf

0

1

sin)(
2

)(0,intervaltheinseriessinefourierrangehalfrepresents(5)

)5(sin)(

π

π

 

( ) ( )

2

0

2 3
2

2 2 3 3

0

2
3 3 2

3 3
3 3 3 3 3 3

2
( )sin

2
cos 2 sin . 2cos

8
,2 2 4

2( 1) 1 ( 1)

0,

l

l

n n

n x
k lx x

l l

k l n x n x l n x l
lx x l x

l n l l n l n

kl
n is oddk l l kl

n
l n n n

n is even

π

π π π

π π π

π
π π π

= −

  
= − − + − −  

  


  

 = − − + = − − =    
  



∫

 

2

3 3
1,3,5,...

8
(4) ( , ) sin cos

n

kl n x n at
y x t

n l l

π π

π

∞

=

⇒ = ∑  

 

2. A string is stretched and its ends are fastened at two points x = 0 and x = l. the 

midpoint of the string is displaced transversely through a small distance b and 

string is released from the rest in that position. Find an expression for the 

transverse displacement of the string at anytime during the subsequent motion. 

Solution: 

 

To find the equation of the string in its initial position. 

The equation of the string AD is  

 

 

2/0,
2

2

0

0

02/

0

lx
l

bx
y

b

y

l

x

b

y

l

x

<<=

=

−

−
=

−

−

 

The equation of the string DB is  

B(l,0) 

D(l/2,b) 

A(0,0) 
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( ) lxlxl
l

b
y

b

by

l

lx

b

by

ll

lx

<<−=

−

−
=

−

−

−
=

−

−

2/,
2

2

02/

2/

 

Hence initially the displacement of the string is in the form  

( )
)(

2/,
2

2/0,
2

)0,( xf

lxlxl
l

b

lx
l

bx

xy =








<<−

<<
=  

The wave equation is 
2

2
2

2

2

x

y
a

t

y

∂

∂
=

∂

∂
 

From the given problem, we get the following boundary conditions. 

( )
)(

2/,
2

2/0,
2

)0,()(

0
)0,(

)(

00),()(

00),0()(

xf

lxlxl
l

b

lx
l

bx

xyiv

t

xy
iii

ttlyii

ttyi

=








<<−

<<
=

=
∂

∂

>∀=

>∀=

 

The correct solution which satisfies our boundary conditions is given by 

( ) )1()sincos(sincos),( →++= aptDaptCpxBpxAtxy  

Apply (i) in (1) we get, 

0)sincos,0

)sincos(0

)sincos(),0(

≠+=⇒

+=⇒

+=

aptDaptCA

aptDaptCA

aptDaptCAty

 

Putting A= 0 in (1) we get 

( ) )2()sincos(sin),( →+= aptDaptCpxBtxy  

        Applying (ii) in (2) we get 

 

( )
( )

πnpl

pl

aptDaptCB

solutiontrivialgetwethenBIf

aptDaptCplB

aptDaptCplBtly

sinsin

0sin

0)sincos(,0

0

)sincos(sin0

)sincos(sin),(

=

=∴

≠+≠

=

+=

+=
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l

n
p

π
=⇒  

 ( ) )3(sincossin),(2 →







+=⇒

l

atn
D

l

atn
C

l

xn
Btxy

πππ
 

Before applying condition (iii) differentiate (3) partially with respect to t 

)(sinsinsin
),(

I
l

atn
D

l

atn
C

l

xn
B

t

txy
→








+−=

∂

∂ πππ
 

Apply (iii) in (I) we get 

( )
l

atn

l

xn
BCtxy

D

l

an

l

xn
BHere

l

an
D

l

xn
B

l

an
D

l

xn
B

t

xy

ππ

ππ

ππ

ππ

cossin),(3

0

0,0sin,0

sin0

sin
)0,(

=⇒

=∴

≠≠≠









=⇒









=

∂

∂

 

BCBwhereII
l

atn

l

xn
Btxy nn =→= ),(cossin),(

ππ
 

Since the partial differential equation is linear, any linear combinationof solutions of the form (4) 

with n = 1, 2, 3, … is also a solution of the equation. 

The solution (II) can be written as  

)4(cossin),(
1

→=∑
∞

= l

atn

l

xn
Btxy

n

n

ππ
 

Apply (iv) in (4) 

∑
∞

=

=
1

sin)0,(
n

n
l

xn
Bxy

π
 

∫

∑

=∴

→=
∞

=

l

n

n

n

dx
l

xn
xf

l
B

l

l

xn
Bxf

0

1

sin)(
2

)(0,intervaltheinseriessinefourierrangehalfrepresents(5)

)5(sin)(

π

π
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( )

( )





























































−−−
















−−+




































−−
















−

=

















−+








= ∫∫

l

l

l

l

l

l

n

l

l

xn

n

l

l

xn
xl

n

l

l

xn

n

l

l

xn
x

l

b

dx
l

xn
xldx

l

xn
x

l

b

l

2/

2

2/

0

2

2

2/

2/

0

sin)1(cos

sin1cos

4

sin)(sin
22

π

π

π

π

π

π

π

π

ππ

 

 









=

















=









































+








+−+









+−








+








−

=

2
sin

8

2
sin2

4

2
sin

2
cos

2
00

00
2

sin
2

cos
24

22

22

2

2

22

2

22

2

2

π

π

π

π

π

ππ

π

π

ππ

π

n

n

b
B

n

ln

l

b

n

lnn

n

ll

n

lnn

n

ll

l

b

n

 

l

atn

l

xnn

n

b
txy

n

πππ

π
cossin

2
sin

8
),()4(

1
22∑

∞

=

=⇒  

3. A string is stretched with fixed end points x = 0 and x = l is initially in a position 

given by 
l

x
yxy

π3

0 sin)0,( = . It is released from rest from this position. Find the 

displacement y at any distance x from one end at anytime t. 

Solution: 

 The wave equation is 
2

2
2

2

2

x

y
a

t

y

∂

∂
=

∂

∂
 

From the given problem, we get the following boundary conditions. 

)()()0,()(

0
)0,(

)(

00),()(

00),0()(

2
xfxlxkxyiv

t

xy
iii

ttlyii

ttyi

=−=

=
∂

∂

>∀=

>∀=

 

The correct solution which satisfies our boundary conditions is given by 

( ) )1()sincos(sincos),( →++= aptDaptCpxBpxAtxy  
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Apply (i) in (1) we get, 

0)sincos,0

)sincos(0

)sincos(),0(

≠+=⇒

+=⇒

+=

aptDaptCA

aptDaptCA

aptDaptCAty

 

Putting A= 0 in (1) we get 

( ) )2()sincos(sin),( →+= aptDaptCpxBtxy  

        Applying (ii) in (2) we get 

 

( )
( )

πnpl

pl

aptDaptCB

solutiontrivialgetwethenBIf

aptDaptCplB

aptDaptCplBtly

sinsin

0sin

0)sincos(,0

0

)sincos(sin0

)sincos(sin),(

=

=∴

≠+≠

=

+=

+=

 

 
l

n
p

π
=⇒  

 ( ) )3(sincossin),(2 →







+=⇒

l

atn
D

l

atn
C

l

xn
Btxy

πππ
 

Before applying condition (iii) differentiate (3) partially with respect to t 

)(sinsinsin
),(

I
l

atn
D

l

atn
C

l

xn
B

t

txy
→








+−=

∂

∂ πππ
 

Apply (iii) in (I) we get 

( )
l

atn

l

xn
BCtxy

D

l

an

l

xn
BHere

l

an
D

l

xn
B

l

an
D

l

xn
B

t

xy

ππ

ππ

ππ

ππ

cossin),(3

0

0,0sin,0

sin0

sin
)0,(

=⇒

=∴

≠≠≠









=⇒









=

∂

∂

 

BCBwhereII
l

atn

l

xn
Btxy nn =→= ),(cossin),(

ππ
 

Since the partial differential equation is linear, any linear combinationof solutions of the form (4) 

with n = 1, 2, 3, … is also a solution of the equation. 

The solution (II) can be written as  
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)4(cossin),(
1

→=∑
∞

= l

atn

l

xn
Btxy

n

n

ππ
 

Apply (iv) in (4) 

∑

∑

∑

∞

=

∞

=

∞

=

=

=

=

1

3

0

1

1

sinsin

sin)(

sin)0,(

n

n

n

n

n

n

l

xn
B

l

x
y

l

xn
Bxf

l

xn
Bxy

ππ

π

π

 

...
3

sin
2

sinsin
3

sinsin3
4

321
0 +++=





−

l

x
B

l

x
B

l

x
B

l

x

l

xy πππππ
 

By Equating like coefficients 

0...,
4

,0,
4

3
54

0
32

0
1 ===−=== BB

y
BB

y
B  

Substitute these values in (4) we get 

l

at

l

xy

l

at

l

xy
txy

ππππ 3
cos

3
sin

4
cossin

4

3
),( 00 −=  

 

Problems on vibrating on strings with non – zero initial velocity  

4. A tightly stretched string with fixed end points x = 0 and x = l is initially at rest in its 

equilibrium position. If it is set vibrating by giving each point a velocity kx(l-x). 

Find the displacement of the string at any time. 

Solution: 

The wave equation is 
2

2
2

2

2

x

y
a

t

y

∂

∂
=

∂

∂
 

From the given problem, we get the following boundary conditions. 

)()(
)0,(

)(

0)0,()(

00),()(

00),0()(

xfxlkx
t

xy
iv

xyiii

ttlyii

ttyi

=−=
∂

∂

=

>∀=

>∀=

 

The correct solution which satisfies our boundary conditions is given by 

( ) )1()sincos(sincos),( →++= aptDaptCpxBpxAtxy  

Apply (i) in (1) we get, 

0)sincos,0

)sincos(0

)sincos(),0(

≠+=⇒

+=⇒

+=

aptDaptCA

aptDaptCA

aptDaptCAty
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Putting A= 0 in (1) we get 

( ) )2()sincos(sin),( →+= aptDaptCpxBtxy  

        Applying (ii) in (2) we get 

 

( )
( )

πnpl

pl

aptDaptCB

solutiontrivialgetwethenBIf

aptDaptCplB

aptDaptCplBtly

sinsin

0sin

0)sincos(,0

0

)sincos(sin0

)sincos(sin),(

=

=∴

≠+≠

=

+=

+=

 

 
l

n
p

π
=⇒  

 ( ) )3(sincossin),(2 →







+=⇒

l

atn
D

l

atn
C

l

xn
Btxy

πππ
 

 Apply (iii) in (3) 

 

l

atn

l

xn
Bxy

l

atn

l

xn
BDxy

C

l

xn
BC

C
l

xn
Bxy

n

ππ

ππ

π

π

sinsin)0,(

sinsin)0,()3(

0

sin0

sin)0,(

=

=⇒

=⇒

=

=

 

 Since the partial differential equation is lin ear, any linear combition of solutions 

of the form (4) with n = 1, 2, 3, … is also a solution of the equation.The general solution 

can be written as  

)4(sinsin),(
1

→=∑
∞

= l

atn

l

xn
Btxy

n

n

ππ
 

Differentiate Partially (4) with respect to t we get, 

( )

getweinivApply

l

an

l

atn

l

xn
B

t

txy

n

n

)5()(

5.cossin
),(

1

→=
∂

∂
∑

∞

=

πππ

 

l

an
Bbwhere

l

xn
bxf

l

xn

l

an
B

t

xy

nn

n

n

n

n

ππ

ππ

=→=

=
∂

∂

∑

∑
∞

=

∞

=

),6(sin)(

sin
)0,(

1

1
 

Equation (6) Represents Half rane sine series. 
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dx
l

xn
xf

l
b

l

n ∫=∴
0

sin)(
2 π

 

( ) ( )

[ ]






=−−=








+−−=









−−+








−−=

−= ∫

evenisn

oddisn
n

kl

n

kl

n

l

n

l

l

k

n

l

l

xn

n

l

l

xn
xl

l

xn

n

l
xlx

l

k

l

xn
xlxk

l

nn

l

l

,0

,
8

)1(1
42

)1(2
2

cos2.sin2cos
2

sin)(
2

33

2

33

2

33

3

33

3

0

33

3

22

2
2

0

2

ππππ

π

π

π

ππ

π

π

 







=⇒







=⇒

=

evenisn

oddisn
an

kl
B

evenisn

oddisn
n

kl

an

l
B

b
an

l
B

n

n

nn

,0

,
8

,0

,
8

44

3

33

2

π

ππ

π

 

( )
l

atn

l

xn

an

kl
txy

n

ππ

π
sinsin

8
),(4

,..5,3,1
44

4

∑
∞

=

=⇒  

 

5. Find the displacement of a tightly stretched string of a length 7cms vibrating 

between fixed end points if initial displacement is 








7

3
sin10

xπ
and initial velocity is 










l

xπ9
sin15  

Solution : 

The wave equation is 
2

2
2

2

2

x

y
a

t

y

∂

∂
=

∂

∂
 

From the given problem, we get the following boundary conditions. 

7

9
sin15

)0,(
)(

7

3
sin10)0,()(

00),()(

00),0()(

x

t

xy
iv

x
xyiii

ttlyii

ttyi

π

π

=
∂

∂

=

>∀=

>∀=

 

The correct solution which satisfies our boundary conditions is given by 
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( ) )1()sincos(sincos),( →++= aptDaptCpxBpxAtxy  

Apply (i) in (1) we get, 

0)sincos,0

)sincos(0

)sincos(),0(

≠+=⇒

+=⇒

+=

aptDaptCA

aptDaptCA

aptDaptCAty

 

Putting A= 0 in (1) we get 

( ) )2()sincos(sin),( →+= aptDaptCpxBtxy  

        Applying (ii) in (2) we get 

 

( )
( )

πnpl

pl

aptDaptCB

solutiontrivialgetwethenBIf

aptDaptCplB

aptDaptCplBtly

sinsin

0sin

0)sincos(,0

0

)sincos(sin0

)sincos(sin),(

=

=∴

≠+≠

=

+=

+=

 

 
l

n
p

π
=⇒  

 ( ) )3(sincossin),(2 →







+=⇒

l

atn
D

l

atn
C

l

xn
Btxy

πππ
 

getweiniiiApply

l

atn
C

l

atn
B

l

xn
txy

issolutiongeneralThe

l

atn
C

l

atn
B

l

xn
txy

l

atn
BD

l

atn
BC

l

xn
txy

n

nn

nn

)4()(

)4(sincossin),(

sincossin),(

sincossin),(

1

∑
∞

=

→







+=









+=









+=

πππ

πππ

πππ

 

 

 

 

 

 

Equating like coefficients, we get )(103 IB →=  

From (4) we get 









=+++

==∑
∞

=

7

3
sin10...

7

3
sin

2
sinsin

7

3
sin10sin)0,(

321

1

xx
B

l

x
B

l

x
B

x

l

xn
Bxy

n

n

ππππ

ππ



18 

 

7

9
sin

7

9
sin

9

105

7

3
sin

7

3
cos10),(7

9
sin

9
sin

9

153
sin

3
cos10),(

)4()(&)(

'

)(
9

15

15
9

7

9
sin15sin

)0,(

)5()(

)5(.sincossin
),(

9

9

1

1

xat

a

xat
txyl

l

x

l

at

a

l

l

x

l

at
txy

inIIISubstitute

zeroaresCremainingThe

II
a

l
C

l

a
C

x

l

xn

l

an
C

t

xy

getweinivApply

l

an

l

atn
C

l

an

l

atn
B

l

xn

t

txy

n

n

n

n

nn

ππ

π

ππ

ππ

π

ππ

π

π

πππ

πππππ

+=⇒=

+=⇒

→=

=⇒

==
∂

∂

→







+−=

∂

∂

∑

∑

∞

=

∞

=

 

 

 

ONE DIMENSIONAL HEAT FLOW EQUATION 

Problems with zero boundary values. 

 

6. A uniform bar of lenth l through which heat flow is insulated at its sides. The ends 

are kept at zero temperature. If the initial temperature at the interior points of the 

bar is given by ( )2 , 0k lx x x l− < < . Find the temperature distribution in the bar 

after time t. 

Solution: 

The heat equation is 
2

2

2

u u

t x
α

∂ ∂
=

∂ ∂
 

The heat equation satisfying the boundary conditions are 

2

( ) (0, ) 0

( ) ( , ) 0

( ) ( ,0) ( ) ( )

i u t

ii u l t

iii u x f x k lx x

=

=

= = −

 

The correct solution is  
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( )
2 2

2 2

2 2

2 2

2 2

( , ) cos sin (1)

( ) (1)

(0, )

0

0 & 0, 0

(1) ( , ) sin (2)

p t

p t

p t

p t

p t

u x t Ae B px C px

Apply i in we get

u t ABe

ABe

B e A

u x t AC pxe

α

α

α

α

α

−

−

−

−

−

= + →

=

=

= ≠ ≠

⇒ = →

  

Applying (ii) in (2) we get 
2 2

2 2

( , ) sin .

0 sin .

sin 0

p t

p t

u l t AC px e

AC px e

pl

pl n

n
p

l

α

α

π

π

−

−

=

=

⇒ =

=

=

 

2 2 2

2

2 2 2

2

(2) ( , ) sin

( , ) sin

n
t

l

n
t

l

n

n x
u x t AC e

l

n x
u x t B e

l

π α

π α

π

π

 
−  
 

 
−  
 

⇒ =

=

 

The general solution is  
2 2 2

2

1

( , ) sin (3)

n
t

l

n

n

n x
u x t B e

l

π α
π

 
∞ −  

 

=

= →∑  

Apply (iii) in (3) we get, 

1

1

( ,0) sin

( ) sin (4)

(4) Represents half rangesineseries

n

n

n

n

n x
u x B

l

n x
f x B

l

π

π

∞

=

∞

=

=

= →

∑

∑  
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( ) ( )

0

2

0

2 3
2

2 2 3 3

0

2
3 3 2

3 3
3 3 3 3 3 3

2
( )sin

2
( )sin

2
cos 2 sin . 2cos

8
,2 2 4

2( 1) 1 ( 1)

0,

l

n

l

l

n n

n x
B f x dx

l l

n x
k lx x

l l

k l n x n x l n x l
lx x l x

l n l l n l n

kl
n is oddk l l kl

n
l n n n

n is even

π

π

π π π

π π π

π
π π π

=

= −

  
= − − + − −  

  


  

 = − − + = − − =    
  



∫

∫

 

2 2 2

2
2

3 3
1,3,5,..

8
(3) ( , ) sin

n
t

l

n

kl n x
u x t e

n l

π α
π

π

 
∞ −  

 

=

⇒ = ∑  

 

7. A uniform bar of lenth l through which heat flow is insulated at its sides. The ends 

are kept at zero temperature. If the initial temperature at the interior points of the 

bar is given by 3sin , 0
x

k x l
l

π
< < . Find the temperature distribution in the bar 

after time t. 

Solution: 

The heat equation is 
2

2

2

u u

t x
α

∂ ∂
=

∂ ∂
 

The heat equation satisfying the boundary conditions are 

3

( ) (0, ) 0

( ) ( , ) 0

( ) ( ,0) ( ) sin

i u t

ii u l t

x
iii u x f x k

l

π

=

=

= =

 

The correct solution is  

( )
2 2

2 2

2 2

2 2

2 2

( , ) cos sin (1)

( ) (1)

(0, )

0

0 & 0, 0

(1) ( , ) sin (2)

p t

p t

p t

p t

p t

u x t Ae B px C px

Apply i in we get

u t ABe

ABe

B e A

u x t AC pxe

α

α

α

α

α

−

−

−

−

−

= + →

=

=

= ≠ ≠

⇒ = →

  

Applying (ii) in (2) we get 
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2 2

2 2

( , ) sin .

0 sin .

sin 0

p t

p t

u l t AC px e

AC px e

pl

pl n

n
p

l

α

α

π

π

−

−

=

=

⇒ =

=

=

 

2 2 2

2

2 2 2

2

(2) ( , ) sin

( , ) sin

n
t

l

n
t

l

n

n x
u x t AC e

l

n x
u x t B e

l

π α

π α

π

π

 
−  
 

 
−  
 

⇒ =

=

 

The general solution is  
2 2 2

2

1

( , ) sin (3)

n
t

l

n

n

n x
u x t B e

l

π α
π

 
∞ −  

 

=

= →∑  

Apply (iii) in (3) we get, 

1

1

( ,0) sin

( ) sin (4)

n

n

n

n

n x
u x B

l

n x
f x B

l

π

π

∞

=

∞

=

=

= →

∑

∑
 

( )

2

3

1 2 3

1 2 3

1 2 3

2 3
sin sin sin sin ...

3 2 3
3sin sin sin sin sin ...

4

Equating the like coefficients we get

3
, 0, ,The remaining B '  are zero

4 4

3
3 ( , ) sin

4

n

x x x x
k B B B

l l l l

k x x x x x
B B B

l l l l l

k k
B B B s

k x
u x t e

l

π

π π π π

π π π π π

π −

= + + +

 
− = + + +  

= = =

⇒ =

2 2 2

2 2

9

3
sin

4

t t
l lk x

e
l

α π α
π

   
−      

   −

 

 

8. A rod of 30 cm has its ends A and B are kept at 020 c and 040 c respectively until 

steady state conditions prevails. The temperature at A is then suddenly raised to 
090 c and the same time that B is lowered to 030 c . Find the temperature distribution 

in the rod at time t. also show that the temperature at the midpoint of the rod 

remains unaltered for all time, regardless of the material of the rod. 

Solution: 
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The heat equation is  
2

2

2
(1)

u u

t x
α

∂ ∂
= →

∂ ∂
 

( )
2

2

2

2

2

when the steady state conditions prevails 0

1 0

0

( ) (2)

u

t

u

x

d u

dx

u x ax b

α

∂
=

∂

∂
⇒ =

∂

⇒ =

⇒ = + →

 

Now the boundary conditions are 

( )

( ) (0) 20

( ) 10 40

Applying (i) in (2) we get

b = 20

(2) ( )   20 (3)

Applying (ii) in (3) we get

2

(3) ( ) 2 20

i u

ii u

u x ax

a

u x x

=

=

⇒ = + →

=

⇒ = +

 

Hence the steady state, the temperature function is given by ( ) 2 20u x x= +  

Now the temperature at A is raised to 050 c and the temperature at B is lowered to 10o
c . 

That is , the steady state is changed to unsteady state. For this unsteady state the 

temperature distribution is given by 

( ) 2 20u x x= +  

Now the new boundary conditions are 

( ) (0, ) 50 0

( ) (10, ) 10 0

( ) ( ,0) 2 20

i u t t

ii u t t

iii u x x

= ∀ >

= ∀ >

= +

 

The correct solution is  

( ) ( )

( ) ( )

2 2

2 2

2 2

, cos sin (4)

Apply (i) and (ii) in (4) we get

( , ) 50

, cos sin 10

p t

p t

p t

u x t A px B px e

u x t Ae

u l t A pl B pl e

α

α

α

−

−

−

= + →

= =

= + =

 

It is not possible to find the constants A & B. since we have infinite number of values for 

A & B. Therefore in this case we split the solution u(x,t) into two parts 
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( ) ( )( , ) , (5)s tu x t u x u x t= + →  

Where ( )su x is a solution of the equation 
2

2

2

u u

t x
α

∂ ∂
=

∂ ∂
and is a function of x alone and 

satisfying the conditions ( ) ( )0 50 & 10 10 & ( , )s s tu u u x t= = is a transient solution 

satisfying (5) which decreases at t increases. 

To find ( )su x : 

( )

( )

( )

1 1

1

1

1

1

(6)

Applying the condition u 0 50

6 50 (7)

Applying the condition u (10) 10 50 10

4

(7) ( ) 4 50

s

s

s

s

u x a x b

b

a x

a

a

u x x

= + →

= =

⇒ + →

= + =

⇒ = −

⇒ = − +

 

To find ( ), :tu x t  

( ) ( ) ( )

( ) ( )

, ,

, ( , ) (9)

s t

t s

u x t u x u x t

u x t u x t u x

= +

⇒ = − →
 

Now we have to find the boundary conditions for ( , )
t

u x t  

Putting x = 0 in (9) we get 

( ) ( ) ( )

( )

( )

( ) ( ) ( )

( )

0, 0, 0

50 50

0, 0

10 9

10, 10, 0

10 10

10, 0

t s

t

t s

t

u t u t u

u t

Putting x in we get

u t u t u

u t

= −

= −

=

=

= −

= −

=

 

Putting t = 0 in (9) we get 

( ) ( ) ( )

( )

,0 ,0

2 20 4 50

,0 6 30

t s

t

u x u x u x

x x

u x x

= −

= + + −

= −

 

Now the function ( , )
t

u x t  we have the following boundary conditions 

( ) ( )

( ) ( )

( ) ( )

0, 0

10, 0

,0 6 30

t

t

t

i u t

ii u t

iii u x x

=

=

= −
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Applying the first two conditions we get the general solution as 

( ) ( )

2 2 2

100

1

, sin 10
10

n
t

t n

n

n x
u x t b e

π α
π

 
∞ −  

 

=

= →∑  

Applying the (iii) in equation (10) we get 

( )
1

,0 sin 6 30
10

t n

n

n x
u x b x

π∞

=

= = −∑  

( )

( )

( )

( )

( )

10

0

10

0

10

2 2

0

2
6 30 sin

10 10

6
5 sin

5 10

6 10 100
5 cos . sin .

5 10 10

6 50 50
1

5

60
1 1

0 :n is odd

120
: n is even

n

n

n

n x
b x dx

n x
x dx

n x n x
x

n n

n n

n

n

π

π

π π

π π

π π

π

π

= −

= −

 
= − − +  

− 
= − −  

 = − + −
 




= 
−

∫

∫

 

( ) ( ) ( )

( )

2 2 2

2 2 2

100

2,4,6,..

100

2,4,6,..

120
10 , sin 11

10

Substitute (8) and (11) in (5) we get

120
u , 4 50 sin

10

n
t

t

n

n
t

n

n x
u x t e

n

n x
x t x e

n

π α

π α

π

π

π

π

 
∞ −  

 

=

 
∞ −  

 

=

−
⇒ = →

−
= − + +

∑

∑

 

 

TWO DIMENSIONAL HEAT FLOW EQUATION 

 

9. A square plate is bounded by the lines 0, 0x y= = , 20& 20x y= = .Its faces are 

insulated. The temperature along the upper horizontal edge is given by 

( , 20) (20 )u x x x= − when  

0 < x < 20 while the other three edges are kept at 0
0
 C. Find the steady state 

temperature in the plate. 

Solution: 
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              Let us take the sides of the plate be 20l = .Let ( , )u x y  satisfies the Laplace’s 

equation 
2 2

2 2
0 (1)

u u

x y

∂ ∂
+ = →

∂ ∂
. 

The boundary conditions are  

(i)  (0, ) 0,0u y x l= < <  

(ii) ( , ) 0,0u l y x l= < <  

(iii) ( ,0) 0,0u x x l= < <   

(iv) ( , ) ( ) ,0u x l x l x x l= − < <  

The correct solution should be 

      ( , ) ( cos sin )( ) (2)py pyu x y A px B px Ce De−= + + →  

Applying (i) in (2), we get 

   (0, ) ( ) 0py pyu y A Ce De−= + =  

    0A⇒ =  

    Applying (ii) in (2), we get  

( ) ( ) ( )

( )

( ) ( )

( ) ( )

, sin 2

( ) 2 ,

, sin

0 sin , 0, 0

sin 0

sin sin

py py

py py

py py py py

u x y B px Ce De

Apply ii in we get

u l y B pl Ce De

B pl Ce De Here Ce De B

pl

pl n

pl n

n
p

l

π

π

π

−

−

− −

= + →

= +

= + + ≠ ≠

⇒ =

=

=

=

 

( ) ( ), sin 3
n y n y

l l
n x

u x y B Ce De
l

π ππ − 
∴ = + → 

 
 

   Apply (iii) in (3) we get 

 

 

( ) ( ), 20 20u x x x= −  

0
0
c 

0
0
c 

0
0
c 
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( ) ( )

( )

( ) ( )

( )

( )

,0 sin

0 sin

0. sin sin 0, 0

3 , sin

1
, 2 sin .

2

1
2 , sinh

2

, sin sinh

n y n y

l l

n y n y

l l

n y n y

l l
n

n

n x
u x B C D

l

n x
B C D

l

n x
C D ce B

l

D C

n x
u x y B C e e

l

n x
u x y BC e e

l

n y
Consider B BC and e e

l

n x n y
u x y B

l l

Mo

π π

π π

π π

π

π

π

π

π

π

π π

−

−

−

= +

= +

+ = ≠ ≠

⇒ = −

 
⇒ = − 

 

 
= − 

 

 
= − = 

 

⇒ =

( ) ( )

( ) ( )

( )

( ) ( )

1

1

1

, sin sinh 4

4

, sinh .sin

sin 5 sinh

n

n

n

n

n n n

n

st general solution is

n x n y
u x y B

l l

Aplly iv in we get

n x
u x l B n

l

n x
f x b where b B n

l

π π

π
π

π
π

∞

=

∞

=

∞

=

= →

=

= → =

∑

∑

∑

 

(5) represents Half range Fourier Sine series 

dx
l

xn
xf

l
b

l

n ∫=∴
0

sin)(
2 π

 

( ) ( )

2

0

2 3
2

2 2 3 3

0

2
3 3 2

3 3
3 3 3 3 3 3

2
( )sin

2
cos 2 sin . 2cos

8
,2 2 4

2( 1) 1 ( 1)

0,

l

l

n n

n x
lx x

l l

l n x n x l n x l
lx x l x

l n l l n l n

l
n is oddl l l

n
l n n n

n is even

π

π π π

π π π

π
π π π

= −

  
= − − + − −  

  


  

 = − − + = − − =    
  



∫
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0
0
c 

( )

( )

2

3 3

2

3 3
1,3,5,..

3 3
1,3,5,..

8
cos :

0 :

8
, cos sin sinh

3200 1
20 , cos sin sinh

20 20

n

n

n

l
echn nis odd

B n

nis even

l n x n y
u x y echn

n l l

n x n y
l u x y echn

n

π
π

π π
π

π

π π
π

π

∞

=

∞

=




⇒ = 



∴ =

= ⇒ =

∑

∑

 

 

10. A square plate is bounded by the lines 0, 0x y= = , &x a y a= = .Its faces are 

insulated. The temperature along the upper horizontal edge is given by 

3( , ) 4sin
x

u x a
a

π 
=  

 
when 0 < x < a while the other three edges are kept at 0

0
 C. Find 

the steady state temperature in the plate. 

Solution: 

Let us take the sides of the plate be l a= .Let ( , )u x y  satisfies the Laplace’s equation 

2 2

2 2
0

u u

x y

∂ ∂
+ =

∂ ∂
.                                                     ( ) 3, 4sin

x
u x a

a

π
=  

The boundary conditions are  

(i) (0, ) 0,0u y y a= < <  

(ii) ( , ) 0,0u a y y a= < <  

(iii) ( ,0) 0,0u x x a= < <   

(iv) 3( , ) 4sin ,0
x

u x a x a
a

π
= < <  

The correct solution should be 

      ( , ) ( cos sin )( ) (1)py pyu x y A px B px Ce De−= + + →  

Applying (i) in (1), we get 

   (0, ) ( ) 0py pyu y A Ce De−= + =  

    0A⇒ =  

    Applying (ii) in (2), we get  

 

0
0
c 

0
0
c 
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( ) ( ) ( )

( )

( ) ( )

( ) ( )

, sin 2

( ) 2 ,

, sin

0 sin , 0, 0

sin 0

sin sin

py py

py py

py py py py

u x y B px Ce De

Apply ii in we get

u a y B pl Ce De

B pl Ce De Here Ce De B

pa

pa n

pa n

n
p

a

π

π

π

−

−

− −

= + →

= +

= + + ≠ ≠

⇒ =

=

=

=

 

( ) ( ), sin 3
n y n y

a a
n x

u x y B Ce De
a

π ππ − 
∴ = + → 

 
 

   Apply (iii) in (3) we get 

( ) ( )

( )

( ) ( )

( )

( )

,0 sin

0 sin

0. sin sin 0, 0

3 , sin

1
, 2 sin .

2

1
2 , sinh

2

, sin sinh

n y n y

a a

n y n y

a a

n y n y

a a
n

n

n x
u x B C D

a

n x
B C D

a

n x
C D ce B

a

D C

n x
u x y B C e e

a

n x
u x y BC e e

a

n y
Consider B BC and e e

a

n x n y
u x y B

a a

π π

π π

π π

π

π

π

π

π

π

π π

−

−

−

= +

= +

+ = ≠ ≠

⇒ = −

 
⇒ = − 

 

 
= − 

 

 
= − = 

 

⇒ =
 

( ) ( )

( ) ( )

( )

1

1

, sin sinh 4

4

, sinh .sin

n

n

n

n

Most general solution is

n x n y
u x y B

a a

Aplly iv in we get

n x
u x a B n

a

π π

π
π

∞

=

∞

=

= →

=

∑

∑
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( ) ( )

( ) 1 2 3

3

1 2 3

1 2 3

4

2 3
, sinh sin sinh 2 sin sinh 3 sin ...

2 3
4sin sinh sin sinh 2 sin sinh 3 sin ...

1 3 2 3
4. 3sin sin sinh sin sinh 2 sin sinh 3 sin

4

Apply iv in we get

n x x x
u x a B B B

a a a

x n x x x
B B B

a a a a

x x n x x x
B B B

a a a a

π π π
π π π

π π π π
π π π

π π π π π
π π π

= + + +

= + + +

 
− = + +  

( ) ( )

1 2 3 4 5

...

3cos , 0, cos 3 , ... 0

3 3
4 , 3cos sin sinh cos 3 sin sinh

a

B ech B B ech B B

x y x y
u x y ech ech

a a a a

π π

π π π π
π π

+

⇒ = = = − = = =

⇒ = −
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                         MA 6351   TRANSFORMS & PARTIAL DIFFERENTIAL EQUATIONS 
 

       UNIT  IV – FOURIER TRANSFORM 

PART – A 
 

1.   State Fourier integral theorem. 

Sol.  If f(x) is piecewise continuous derivative and absolutely integrable in (– ∞, ∞) then 

           ∫∫∫∫
∞

∞−

∞∞

∞−

−

∞

∞−

−== dsdttxstfxfordsdtetfxf
txsi )](cos[)(

1
)()()(

2

1
)(

0

)(

ππ
 

 

2.   Define Fourier transform pair. 

Sol.    Fourier transform of  f(x) is 

         ∫
∞

∞−

== dxexfxfFsF
xsi)(

2

1
)]([)(

π
 

         Its Inverse Fourier transform is 

           )]([)]([
2

1
)( 1

sFFdsexfFxf
xsi −

∞

∞−

− == ∫
π

 

 

3.   Define Fourier cosine transform pair. 

Sol.  Fourier cosine transform of  f(x) is 

         ∫
∞

==
0

cos)(
2

)]([)( dxsxxfxfFsF cc
π

 

         Its Inverse Fourier cosine transform is 

           ∫
∞

=
0

cos)]([
2

)( dssxxfFxf c
π

 

 

4.   Define Fourier sine transform pair. 

Sol.  Fourier sine transform of  f(x) is 

         ∫
∞

==
0

sin)(
2

)]([)( dxsxxfxfFsF ss
π

 

         Its Inverse Fourier sine transform is 

           ∫
∞

=
0

sin)]([
2

)( dssxxfFxf s
π

 

 

5.   State Parseval’s identity for Fourier transform. 

Sol.    If F(s) is the Fourier transform of  f(x) then 

                   ∫∫
∞

∞−

∞

∞−

= dxxfdssF
22 |)(||)(|  

 

6.   State Parseval’s identity for Fourier sine and cosine transform. 

Sol.   If Fs(s) and Fc(s) are the Fourier sine and Fourier cosine transform of  f(x) respectively then 

                   ∫∫∫∫
∞∞∞∞

==
0

2

0

2

0

2

0

2 )]([)]([)]([)]([ dxxfdssFanddxxfdssF cs  

 

7.   Define the convolution of two functions for Fourier transform. 

Sol.   The convolution of two functions f(x) and g(x) is defined by 

                 ∫
∞

∞−

−=∗=∗ dttxgtfxgxfxgf )()(
2

1
)()())((

π
 

 

8.   State convolution theorem 

Sol.  If  F[f(x)] = F(s)  and  F[g(x)] = G(s) then  )().()]()([ sGsFxgxfF =∗  
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9.   Solve the integral equation ∫
∞

−=
0

cos)( λλ edxxxf  

Sol.           Given  ∫
∞

−=
0

cos)( λλ edxxxf  

                       









=

=

=

−−

−

∞

−

∫

λ

λ

λ

π

π

π
λ

π

eFxf

exfF

edxxxf

c

c

2
)(

2
)]([

2
cos)(

2

1

0

 

                                                                              


















+−
+

−=









+−

+
=

=

=

∞
−

∞

−

−

∞

∫

∫

)01(
1

1
}0{

2

)sincos(
1

2

cos
2

cos
22

2

0

2

0

0

x

xx
x

e

dxe

dxe

π

λλλ
π

λλ
π

λλ
ππ

λ

λ

λ

 

                                                        21

12
)(.).(

x
xfei

+
=

π
 

 

10.  Find f(x) if its sine transform is 
sae−
 

Sol.   The inverse Fourier sine transform is given by 

                         

∫

∫
∞

−

∞

=

=

0

0

sin
2

sin)]([
2

)(

dssxe

dssxxfFxf

sa

s

π

π
 

                      

22

22

0

22

2

)0(
1

}0{
2

)cossin(
2

ax

x

x
xa

sxxsxa
xa

e
sa

+
=


















−
+

−=









−−

+
=

∞
−

π

π

π

 

 

11.  State the Fourier transform of the derivatives of a function. 

Sol.                    )()()]([ sFisxfF −=′  

       

)()()]([,

)()()]([

)()()]([

)(

3

2

sFisxfFIngeneral

sFisxfF

sFisxfF

nn −=

−−−−−−−−−−−−

−=′′′

−=′′
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12.  Find f(x) if its cosine transform is 








≥

<







−

=

as

as
s

a
pf c

2,0

2,
22

1

)( π  

Sol.  The inverse Fourier cosine transform is given by 

                         

2

2

2

22

2

0

2

2

0 2

0

sin

2

2cos11

2

1
0

2

2cos
0

1

cos

2

1sin

2

1

0cos
22

12

cos)]([
2

)(

x

ax

ax

x

xx

ax

x

sx

x

sxs
a

dssxds
s

a

dssxxfFxf

a

a

a

c

π

π

π

π

ππ

π

=

−
=


















−−








−=
















 −








−−
















−=









+








−=

=

∫ ∫

∫
∞

∞

 

13.  Find the sine transform of  
x

1
 

Sol.     ∫
∞

=
0

sin)(
2

)]([ dxsxxfxfFs
π

 

               

2

2

2

sin2

sin
2

sin
121

0

0

0

π

π

π

π

π

π

=

=

=

=

=






∫

∫

∫

∞

∞

∞

dt
t

t

s

dt
t

t

s

dxsx
xx

Fs

 

 

14.  Prove that  F[af(x) + bg(x)] = aF(s) + bG(s) [ Linearity property on Fourier transform] 

Sol.    We have  )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

           

)()(

)(
2

1
)(

2

1

)]()([
2

1
)]()([

sGbsFa

dxexgbdxexfa

dxexgbxfaxgbxfaF

xsixsi

xsi

+=

+=

+=+

∫∫

∫
∞

∞−

∞

∞−

∞

∞−

ππ

π

 

 

 

 

 

 

Put  sx = t 

    s dx = dt 

∫
∞

=
0

2

sin π
dt

t

t
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15.Prove (i)Fc[af(x) + bg(x)] = aFc(s) + bGc(s)[Linear property on Fourier cosine transform]  

 
 

                           (ii)Fs[af(x) + bg(x)] = aFs(s) + bGs(s)[Linear property on Fourier sine transform]  

Sol.  (i)                  )(cos)(
2

)]([
0

sFdxsxxfxfF cc == ∫
∞

π
 

               

)()(

cos)(
2

cos)(
2

cos)]()([
2

)]()([

00

0

sGbsFa

dxsxxgbdxsxxfa

dxsxxgbxfaxgbxfaF

cc

c

+=

+=

+=+

∫∫

∫
∞∞

∞

ππ

π

 

         (ii)                )(sin)(
2

)]([
0

sFdxsxxfxfF ss == ∫
∞

π
 

               

)()(

sin)(
2

sin)(
2

sin)]()([
2

)]()([

00

0

sGbsFa

dxsxxgbdxsxxfa

dxsxxgbxfaxgbxfaF

ss

s

+=

+=

+=+

∫∫

∫
∞∞

∞

ππ

π

 

 

16.  Prove  that )()]([ sFeaxfF
sai=−  [ Time shifting property] 

Sol.    We have )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

                     

)(

)(
2

1

)(
2

1

)(
2

1

)(
2

1
)]([

)(

sFe

dxexfe

dtetfe

dtetf

dxeaxfaxfF

sai

xsisai

tsisai

atsi

xsi

=

=

=

=

−=−

∫

∫

∫

∫

∞

∞−

∞

∞−

∞

∞−

+

∞

∞−

π

π

π

π

 

 

17.  Prove that  )()]([ asFxfeF
xai +=  [ Frequency shifting property] 

Sol.    We have  )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

                   

)(

)(
2

1

)(
2

1
)]([

)(

asF

dxexf

dxexfexfeF

xasi

xsixaixai

+=

=

=

∫

∫
∞

∞−

+

∞

∞−

π

π

 

 

 

 

 

 

Put  x – a = t 

          dx = dt 
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18.  Prove that  0,
1

)]([)( >







= a

a

s
F

a
xafFi    [ Change of scale property] 

                         







=

a

s
F

a
xafFii ss

1
)]([)(  

                        







=

a

s
F

a
xafFiii cc

1
)]([)(  

Sol.  (i)   We have  )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

                             









=

=

=

=

∫

∫

∫

∞

∞−

∞

∞−

∞

∞−

a

s
F

a

dtetf
a

a

dt
etf

dxexafxafF

t
a

s
i

a

t
si

xsi

1

)(
2

11

)(
2

1

)(
2

1
)]([

π

π

π

 

         (ii)  We have  )(sin)(
2

)]([
0

sFdxsxxfxfF ss == ∫
∞

π
 

                               









=









=









=

=

∫

∫

∫

∞

∞

∞

a

s
F

a

dtt
a

s
tf

a

a

dt

a

ts
tf

dxsxxafxafF

s

s

1

sin)(
21

sin)(
2

sin)(
2

)]([

0

0

0

π

π

π

 

          (iii)  We have  )(cos)(
2

)]([
0

sFdxsxxfxfF cc == ∫
∞

π
 

                                









=









=









=

=

∫

∫

∫

∞

∞

∞

a

s
F

a

dtt
a

s
tf

a

a

dt

a

ts
tf

dxsxxafxafF

c

c

1

cos)(
21

cos)(
2

cos)(
2

)]([

0

0

0

π

π

π

 

 

19.   If )(λf  is the Fourier transform of  f (x), find the Fourier transform of  f (x – a) and   

         f (ax). 

Sol.         )()]([ λλ
feaxfF

ai=−   [ see the solution in problem 16 & 18(i) ] 

          and  







=

a
f

a
xafF

λ1
)]([  

 

Put  a x = t 

      a dx = dt 

Put  a x = t 

      a dx = dt 

Put  a x = t 

      a dx = dt 
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20.   Prove that    [ Modulation property] 

        )]()([
2

1
]cos)([)( asFasFxaxfFi −++=       )]()([

2

1
]cos)([)( asFasFxaxfFii sss −++=  

        )]()([
2

1
]sin)([)( asFasFxaxfFiii ccs +−−=   )]()([

2

1
]cos)([)( asFasFxaxfFiv ccc −++=  

         )]()([
2

1
]sin)([)( saFsaFxaxfFv ssc −++=  

Sol.  (i)   We have  )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

                             

)]()([
2

1

)(
2

1
)(

2

1

2

1

2
)(

2

1

cos)(
2

1
]cos)([

)()(

asFasF

dxexfdxexf

dxe
ee

xf

dxexaxfxaxfF

xasixasi

xsi
xaixai

xsi

−++=












+=








 +
=

=

∫∫

∫

∫

∞

∞−

−

∞

∞−

+

∞

∞−

−

∞

∞−

ππ

π

π

 

 

       (ii)   We have  )(sin)(
2

)]([
0

sFdxsxxfxfF ss == ∫
∞

π
 

                     

)]()([
2

1

)sin()(
2

)sin()(
2

2

1

])sin()sin([
2

1
)(

2

sincos)(
2

]cos)([

00

0

0

asFasF

dxxasxfdxxasxf

dxxasxasxf

dxsxxaxfxaxfF

ss

s

−++=









−++=

−++=

=

∫∫

∫

∫

∞∞

∞

∞

ππ

π

π

 

 

       (iii)  We have  )(sin)(
2

)]([
0

sFdxsxxfxfF ss == ∫
∞

π
 

                      

)]()([
2

1

)cos()(
2

)cos()(
2

2

1

])cos()cos([
2

1
)(

2

sinsin)(
2

]sin)([

00

0

0

asFasF

dxxasxfdxxasxf

dxxasxasxf

dxsxxaxfxaxfF

cc

s

+−−=









+−−=

+−−=

=

∫∫

∫

∫

∞∞

∞

∞

ππ

π

π

 

 

         (iv)   We have  )(cos)(
2

)]([
0

sFdxsxxfxfF cc == ∫
∞

π
 

                         ∫
∞

=
0

coscos)(
2

]cos)([ dxsxxaxfxaxfFc
π

 

2sinAcosB = sin(A + B) + sin(A – B) 

2sinAsinB = cos(A – B) – cos(A + B) 

2cosAcosB = cos(A + B) + cos(A – B) 
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)]()([
2

1

)cos()(
2

)cos()(
2

2

1

])cos()cos([
2

1
)(

2

00

0

asFasF

dxxasxfdxxasxf

dxxasxasxf

cc −++=









−++=

−++=

∫∫

∫
∞∞

∞

ππ

π

 

 

          (v)   We have  )(cos)(
2

)]([
0

sFdxsxxfxfF cc == ∫
∞

π
 

                         ∫
∞

=
0

cossin)(
2

]sin)([ dxsxxaxfxaxfFc
π

 

                        

)]()([
2

1

)sin()(
2

)sin()(
2

2

1

])sin()sin([
2

1
)(

2

00

0

saFsaF

dxxsaxfdxxsaxf

dxxsaxsaxf

ss −++=









−++=

−++=

∫∫

∫
∞∞

∞

ππ

π

 

 

21.  Prove that  )()]([)( sFxfFi −=−       )(])([)( sFxfFii =−       )(])([)( sFxfFiii −=  

Sol.   (i)   We have  )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

                              

)(

)(
2

1

)(
2

1

)()(
2

1

)(
2

1
)]([

)(

sF

dtetf

dtetf

dtetf

dxexfxfF

tsi

tsi

tsi

xsi

−=

=

=

−=

−=−

∫

∫

∫

∫

∞

∞−

−

∞

∞−

−

∞−

∞

−

∞

∞−

π

π

π

π

 

 

           (ii)   We have  ∫
∞

∞−

= dxexfsF
xsi)(

2

1
)(

π
 

                            

])([

)(
2

1

)(
2

1

)()(
2

1

)(
2

1
)(

xfF

dxexf

dtetf

dtetf

dxexfsF

xsi

tsi

tsi

xsi

−=

−=

−=

−−=

=

∫

∫

∫

∫

∞

∞−

∞

∞−

∞−

∞

∞

∞−

−

π

π

π

π

 

2sinAcosB = sin(A + B) + sin(A – B) 

Put  – x = t 

      – dx = dt 

Put  – x = t 

      – dx = dt 
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          (iii)   We have  ∫
∞

∞−

= dxexfsF
xsi)(

2

1
)(

π
 

                         

])([

)(
2

1
)(

)(
2

1
)(

xfF

dxexfsF

dxexfsF

xsi

xsi

=

=−

=−

∫

∫
∞

∞−

∞

∞−

−

π

π

 

 

22.  Prove that  ∫∫
∞∞

=
00

)()()()()( dxxgxfdssGsFi cc  

                          ∫∫
∞∞

=
00

)()()()()( dxxgxfdssGsFii ss  

Sol.    ∫ ∫∫
∞ ∞∞









=
0 00

cos)(
2

)()()()( dsdxsxxgsFdssGsFi ccc
π

 

                                         

∫

∫

∫ ∫

∞

∞

∞ ∞

=

=









=

0

0

0 0

)()(

)()(

cos)(
2

)(

dxxgxf

dxxfxg

dxdssxsFxg c
π

 

          ∫ ∫∫
∞ ∞∞









=
0 00

sin)(
2

)()()()( dsdxsxxgsFdssGsFii sss
π

 

                                         

∫

∫

∫ ∫

∞

∞

∞ ∞

=

=









=

0

0

0 0

)()(

)()(

sin)(
2

)(

dxxgxf

dxxfxg

dxdssxsFxg s
π

 

 

23.  Give an example for self-reciprocal under Fourier transform. 

Sol.   2

2
x

e
−

 is self-reciprocal under Fourier transform. 

 

24.  Give an example for self-reciprocal under Fourier cosine transform. 

Sol.   2

2
x

e
−

 is self-reciprocal under Fourier cosine transform. 

 

25.  Give an example for self-reciprocal under both Fourier sine and cosine transform. 

Sol.   
x

1
 is self-reciprocal under both Fourier sine and cosine transform. 
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PART – B 
 

1.   Find the Fourier transform of 




≥

<−
=

ax

axxa
xf

||,0

||,
)(

22

 

           Hence deduce that ∫
∞

=
−

0

3 4

cossin
)(

π
ds

s

sss
i       ∫

∞

=
−

0

3 16

3

2
cos

cossin
)(

π
ds

s

s

sss
ii  

                            ∫
∞

=






 −

0

2

3 15

cossin
)(

π
ds

s

sss
iii  

 Sol.                  ∫
∞

∞−

= dxexfxfF
xsi)(

2

1
)]([

π
 

                                      











+−+= ∫∫∫

∞

−

−

∞− a

xsi

a

a

xsi

a

xsi dxedxexadxe .0)(.0
2

1 22

π
 

                                      









+−−









+−=
















 −
−+







 −
−−








−=

+−=

−+−=

+−=

∫

∫∫

∫

−−

−

}000{
sin2cos2

0
2

sin
)2(

cos
)2(

sin
)(

2

0cos)(
2

2

sin)(
2

1
cos)(

2

1

)sin(cos)(
2

1

32

0

32

22

0

22

2222

22

s

as

s

asa

s

sx

s

sx
x

s

sx
xa

dxsxxa

dxsxxaidxsxxa

dxsxisxxa

a

a

a

a

a

a

a

a

π

π

π

ππ

π

 

             




 −
=

3

cossin2
2)]([.).(

s

asasas
xfFei

π
 

             When a = 1, we have  




 −
=

3

cossin2
2)]([

s

sss
xfF

π
 

           Using inverse Fourier transform, we have 

                  

∫

∫
∞

∞−

∞

∞−

−

−






 −
=

=

dssxisx
s

sss

dsexfFxf
xsi

)sin(cos
cossin2

2
2

1

)]([
2

1
)(

3ππ

π
 

                               

0cos
cossin4

sin
cossin2

cos
cossin2

0

3

33

−






 −
=








 −
−







 −
=

∫

∫∫
∞

∞

∞−

∞

∞−

dssx
s

sss

dssx
s

sss
idssx

s

sss

π

ππ
 

                 

)(
4

)1(
4

)0(
4

cossin

)1(0

)1()(
4

cos
cossin

0

3

0

3

iprovesThis

fds
s

sss

getweequationinxPut

xfdssx
s

sss

ππ

π

π

==

=






 −

=

−−−−−−−=






 −

∫

∫

∞

∞

 
f (x) = a

2
 – x

2
 

f (x) = 1 – x
2
 

f (0) = 1 – 0 = 1 
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)(
16

3

4

3

44

1
1

4

2

1

42
cos

cossin

)1(
2

1

0

3

iiprovesThis

fds
s

s

sss

getweequationinxPut

πππ

π

=







=








−=









=







 −

=

∫
∞

 

               Using Parseval’s identity, we have 

                          

)(
15

cossin

15

16cossin16

15

8
2

}000{
3

2

5

1
12

3

2

5
2

)21(2

)1(2
cossin16

)1(
cossin8

.0)1(.0
cossin2

2

|)(||)(|

0

2

3

0

2

3

1

0

35

1

0

24

1

0

22

0

2

3

1

1

22

2

3

1

1

1

22

12

3

22

iiiprovesThisds
s

sss

ds
s

sss

xx
x

dxxx

dxxds
s

sss

dxxds
s

sss

dxdxxdxds
s

sss

dxxfdssF

π

π

π

π

π

=






 −

=






 −







=









−+−









−+=









−+=

−+=

−=






 −

−=






 −

+−+=














 −

=

∫

∫

∫

∫∫

∫∫

∫∫∫∫

∫∫

∞

∞

∞

−

∞

∞−

∞

−

−

∞−

∞

∞−

∞

∞−

∞

∞−

 

 

2.   Find the Fourier sine and cosine transform of 
xa

e
−

  

Sol.        ∫
∞

=
0

sin)(
2

)]([ dxsxxfxfFs
π

 

               

22

22

0

22

0

2

)0(
1

}0{
2

)cossin(
2

sin
2

][

as

s

s
sa

sxssxa
sa

e

dxsxeeF

xa

xaxa

s

+
=


















−
+

−=









−−

+
=

=

∞
−

∞

−−

∫

π

π

π

π
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                 ∫
∞

=
0

cos)(
2

)]([ dxsxxfxfFc
π

 

                 

22

22

0

22

0

2

)0(
1

}0{
2

)sincos(
2

cos
2

][

as

a

a
sa

sxssxa
sa

e

dxsxeeF

xa

xaxa

c

+
=


















+−
+

−=









+−

+
=

=

∞
−

∞

−−

∫

π

π

π

π

 

3.   Find the Fourier transform of 




≥

<−
=

1||,0

1||,||1
)(

x

xx
xf  

      Hence deduce that ∫
∞

=








0

4

3

sin π
dt

t

t
 

Sol.        ∫
∞

∞−

= dxexfxfF xsi)(
2

1
)]([

π
 

                            











+−+= ∫∫∫

∞

−

−

∞− 1

1

1

1

.0)||1(.0
2

1
dxedxexdxe

xsixsixsi

π
 

                            


















−−








−=
















 −
−−








−=

−=

+−=

−+−=

+−=

∫

∫

∫∫

∫

−−

−

22

1

0

2

1

0

1

0

1

1

1

1

1

1

1
0

cos
0

2

cos
)1(

sin
)1(

2

cos)1(
2

0cos)||1(
2

2

sin)||1(
2

1
cos)||1(

2

1

)sin(cos)||1(
2

1

ss

s

s

sx

s

sx
x

dxsxx

dxsxx

dxsxxidxsxx

dxsxisxx

π

π

π

π

ππ

π

 

             




 −
=

2

cos12
)]([.).(

s

s
xfFei

π
 

                Using Parseval’s identity, we have 

                          

∫∫

∫∫∫∫

∫∫

−

∞

∞−

∞

−

−

∞−

∞

∞−

∞

∞−

∞

∞−

−=






 −

+−+=














 −

=

1

1

2

2

2

1

1

1

2

12

2

22

)||1(
cos12

.0)||1(.0
cos12

|)(||)(|

dxxds
s

s

dxdxxdxds
s

s

dxxfdssF

π

π  
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3

sin
.).(

3

2sin

2

4

3

2sin2

2

1

3

1
}0{2

2cos1

16

8

3

)1(
22

4

2cos14

)1(2
cos14

0

4

0

2

2

2

0

2

2

2

0

2

2

1

0

3

0

2

2

1

0

2

0

2

2

π

π

π

π

π

π

=








=








=
























−−=







 −










−

−
=







 −

−=






 −

∫

∫

∫

∫

∫

∫∫

∞

∞

∞

∞

∞

∞

dt
t

t
ei

dt
t

t

dt
t

t

dt
t

t

x
dt

t

t

dxxds
s

s

 

4.   Find the Fourier transform of 




>

<
=

1||,0

1||,1
)(

x

x
xf  

      Hence deduce that ∫
∞

=
0

2

sin
)(

π
dt

t

t
i          ∫

∞

=








0

2

2

sin
)(

π
dt

t

t
ii  

Sol.              ∫
∞

∞−

= dxexfxfF
xsi)(

2

1
)]([

π
 

                                  











++= ∫∫∫

∞

−

−

∞− 1

1

1

1

.0)1(.0
2

1
dxedxedxe xsixsixsi

π
 

                                  







−=







=

+=

+=

+=

∫

∫∫

∫

−−

−

0
sin2

sin2

0cos
2

2

sin
2

1
cos

2

1

)sin(cos
2

1

1

0

1

0

1

1

1

1

1

1

s

s

s

sx

dxsx

dxsxidxsx

dxsxisx

π

π

π

ππ

π

 

             
s

s
xfFei

sin2
)]([.).(

π
=  

           Using inverse Fourier transform, we have 

                             

∫

∫
∞

∞−

∞

∞−

−

−







=

=

dssxisx
s

s

dsexfFxf
xsi

)sin(cos
sin2

2

1

)]([
2

1
)(

ππ

π
 

                                                    ∫∫
∞

∞−

∞

∞−









−








= dssx

s

s
idssx

s

s
sin

sin1
cos

sin1

ππ
 

Put  s = 2t 

     ds = 2dt 
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                                     f (x) 0cos
sin2

0

−







= ∫

∞

dssx
s

s

π
 

                   

2

sin
.).(

)1(
2

)0(
2

sin

0

)(
2

cos
sin

0

0

0

π

π

π

π

=

=

=

=

=








∫

∫

∫

∞

∞

∞

dt
t

t
ei

fds
s

s

getwexPut

xfdssx
s

s

 

             Using Parseval’s identity, we have 

                          
[ ]

2

sin
.).(

2
sin4

)1(1

sin4

sin2

.0)1(.0
sin2

|)(||)(|

0

2

0

2

1

1

0

2

1

1

2

1

1

1

2

12

22

π

π

π

π

π

=








=








−−=

=








=








++=










=

∫

∫

∫

∫∫

∫∫∫∫

∫∫

∞

∞

−

∞

−

∞

∞−

∞

−

−

∞−

∞

∞−

∞

∞−

∞

∞−

dt
t

t
ei

ds
s

s

xds
s

s

dxds
s

s

dxdxdxds
s

s

dxxfdssF

 

5.   Find the Fourier cosine transform of 
x

e
4−

. Hence deduce that 
8

0

2 816

2cos −

∞

=
+∫ edx

x

x π
  and     

       
8

0

2 216

2sin −

∞

=
+∫ edx

x

xx π
 

Sol.   ∫
∞

=
0

cos)(
2

)]([ dxsxxfxfFc
π

 

                 

16

42

)04(
16

1
}0{

2

)sincos4(
16

2

cos
2

][

2

2

0

2

4

0

44

+
=


















+−
+

−=









+−

+
=

=

∞
−

∞

−−

∫

s

s

sxssx
s

e

dxsxeeF

x

xx

c

π

π

π

π

 

 

 

f (x) = 1 

f (0) = 1  
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           Using inverse Fourier cosine transform, we have 

                  
8

0

2

8

0

2

4

0

2

0

2

0

2

0

2

0

816

2cos

816

2cos

,2

)1(
816

cos

)(
816

cos

16

cos8
)(

cos
16

422

cos)]([
2

)(

−

∞

−

∞

−

∞

∞

∞

∞

∞

=
+

=
+

=

−−−−−−−−=
+

=
+

+
=










+
=

=

∫

∫

∫

∫

∫

∫

∫

edx
x

x

eds
s

s

getwexPut

eds
s

sx

xfds
s

sx

ds
s

sx
xf

dssx
s

dssxxfFxf

x

c

π

π

π

π

π

ππ

π

 

           Differentiate (1) w.r.t. x, we get 

                         

x

x

x

x

eds
s

sxs

eds
s

ssx

e
dx

d
ds

s

sx

x

e
dx

d
ds

s

sx

dx

d

4

0

2

4

0

2

0

4

2

4

0

2

216

sin

)4)((
816

.sin

)(
816

cos

)(
816

cos

−

∞

−

∞

∞

−

−

∞

∫

∫

∫

∫

=
+

−=








+

−

=








+∂

∂

=
+

π

π

π

π

 

                            

8

0

2

8

0

2

216

2sin

216

2sin

,2

−

∞

−

∞

=
+

=
+

=

∫

∫

edx
x

xx

eds
s

ss

getwexPut

π

π

 

 

6.   Find the Fourier sine and cosine transform of 
x

e
−

and hence find the Fourier sine  

      transform of 
21 x

x

+
 and Fourier cosine transform of 

21

1

x+
      

Sol.          ∫
∞

=
0

cos)(
2

)]([ dxsxxfxfFc
π

 

                          ∞
−

∞

−−









+−

+
=

= ∫

0

2

0

)sincos(
1

2

cos
2

][

sxssx
s

e

dxsxeeF

x

xx

c

π

π
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1

12

)01(
1

1
}0{

2

2

2

+
=


















+−
+

−=

s

s

π

π
 

                  

1

2

)0(
1

1
}0{

2

)cossin(
1

2

sin
2

][

2

2

0

2

0

+
=


















−
+

−=









−−

+
=

=

∞
−

∞

−−

∫

s

s

s
s

sxssx
s

e

dxsxeeF

x

xx

s

π

π

π

π

 

      Now, )1(cos
1

12

1

1

0

22
−−−−−

+
=






+ ∫
∞

dxsx
xx

Fc
π

 

           Using inverse Fourier cosine transform, we have 

                  

s

x

x

x

c

edx
x

sx

eds
s

sx

ds
s

sx
e

dssx
s

e

dssxxfFxf

−

∞

−

∞

∞

−

∞

−

∞

∫

∫

∫

∫

∫

=
+

=
+

+
=










+
=

=

21

cos

21

cos

1

cos2

cos
1

122

cos)]([
2

)(

0

2

0

2

0

2

0

2

0

π

π

π

ππ

π

 

           Equation (1) becomes 

              
s

s

c

e

e
x

F

−

−

=

=






+

2

2

2

1

1
2

π

π

π
 

                

s

s

s

cs

e

e

e
ds

d

x
F

ds

d

x

x
F

−

−

−

=

−−=









−=








+
−=






+

2

)1(
2

2

1

1

1 22

π

π

π

 

 

 

Put   x = s 

and  s = x 
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7.   Find the Fourier transform of  




≥

<−
=

ax

axxa
xf

||,0

||,||
)(  

       Hence deduce that  ∫
∞

=








0

2

2

sin
)(

π
dt

t

t
i       ∫

∞

=








0

4

3

sin
)(

π
dt

t

t
ii  

Sol.                   ∫
∞

∞−

= dxexfxfF
xsi)(

2

1
)]([

π
 

                                      











+−+= ∫∫∫

∞

−

−

∞− a

xsi

a

a

xsi

a

xsi
dxedxexadxe .0)||(.0

2

1

π
 

                                      


















−−








−=
















 −
−−








−=

−=

+−=

−+−=

+−=

∫

∫

∫∫

∫

−−

−

22

0

2

0

0

1
0

cos
0

2

cos
)1(

sin
)(

2

cos)(
2

0cos)||(
2

2

sin)||(
2

1
cos)||(

2

1

)sin(cos)||(
2

1

ss

sa

s

sx

s

sx
xa

dxsxxa

dxsxxa

dxsxxaidxsxxa

dxsxisxxa

a

a

a

a

a

a

a

a

a

π

π

π

π

ππ

π

 

                2

cos12
)]([.).(

s

as
xfFei

−
=

π
 

            Using inverse Fourier transform, we have 

                              

∫

∫
∞

∞−

∞

∞−

−

−






 −
=

=

dssxisx
s

as

dsexfFxf
xsi

)sin(cos
cos12

2

1

)]([
2

1
)(

2ππ

π

 

                                      ∫∫
∞

∞−

∞

∞−








 −
−







 −
= dssx

s

as
idssx

s

as
sin

cos11
cos

cos11
22 ππ

 

                                      0cos
cos12

0

2
−







 −
= ∫

∞

dssx
s

as

π
 

                          

)0(
2

cos1

0

)(
2

cos
cos1

0

2

0

2

fds
s

sa

getwexPut

xfdssx
s

as

π

π

=






 −

=

=






 −

∫

∫

∞

∞
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2

sin

24

sin2
2

)(
2

2

4

2cos1

0

2

0

2

2

0
2

2

π

π

π

=








=








=


















−

∫

∫

∫

∞

∞

∞

dt
t

t

a
dt

t

t
a

a
a

dt

a

t

t

 

                         This proves (i) 
              Using Parseval’s identity, we have 

                          

3

sin
.).(

3

2sin

2

4

3

2sin2

2

3
}0{2

2cos1

16

8

3

)(
2

2

/4

2cos14

)(2
cos14

)||(
cos12

.0)||(.0
cos12

|)(||)(|

0

4

0

2

2

2

3

0

2

2

23

3

0

2

2

3

0

3

0

2
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8.   Find the Fourier transform of  2

2x

e
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∞
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f (x) = a – | x | 

f (0) = a – 0 = a 

Put  as = 2t 

     ads = 2dt 

Put  as = 2t 

     ads = 2dt 
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9.   Find the Fourier cosine transform of  
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∞
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10.   Find the Fourier transform of 0,)( || >= − aexf xa
. Hence deduce that 
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               Using inverse Fourier transform, we have 
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                      Using Parseval’s identity, we have 
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            By the property, )]([)()]([ xfF
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11.   Find the Fourier sine and cosine transform of  0,10,1 ><<− xnx n
 and hence prove  

        that 
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 is self reciprocal under both Fourier sine and cosine transforms. 
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                Equating R.P and I.P, we get 
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           Hence 
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 is self reciprocal under Fourier sine and cosine transforms. 
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12.   Find the Fourier sine transform of  
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14.   Find the Fourier sine and cosine transform of 
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2

)cossin(
2

sin
2

][

as

s

s
sa

sxssxa
sa

e

dxsxeeF

xa

xaxa

s

+
=


















−
+

−=









−−

+
=

=

∞
−

∞

−−

∫

π

π

π

π

 

          

222

22

222

22

22

)(

2

)(

)2()1)((2

2
][

as

sa

as

ssas

as

s

ds

d
exF

xa

c

+

−
=

+

−+
=










+
=−

π

π

π
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15.   Verify Parseval’s theorem of Fourier transform for the function 




>

<
=

− 0,

0,0
)(

xe

x
xf

x  

Sol.    ∫
∞

∞−

== dxexfxfFsF
xsi)(

2

1
)]([)(

π
 

                                  











+= ∫∫

∞

−

∞− 0

0

..0
2

1
dxeedxe xsixxsi

π
 

                 

is
sFei

is

is

e

dxe

xsi

xsi

−
=










−−
−=










−−
=

=

∞
−−

∞

−−

∫

1

1

2

1
)(.).(

)1(

1
0

2

1

)1(2

1

2

1

0

)1(

0

)1(

π

π

π

π

 

               

2

1

0
2

1

1
tan

1

11

12

2

1

1

2

1

1

1

2

1

1

1

2

1

)()(|)(|

0

1

0

2

2

2

=







−=

















=

+
=

+
=

+−
=

=

∞

−

∞

∞

∞−

∞

∞−

∞

∞−

∞

∞−

∫

∫

∫

∫∫

π

π

π

π

π

ππ

s

s

ds

ds
s

ds
isis

dssFsFdssF

 

        ∫
∞

∞−

dxxf
2|)(| ∫∫

∞

−

∞−

+=
0

2

0

)(.0 dxedx
x

 

                              

2

1

2

1
0

2
0

2

0

2

=








−
−=










−
=

=

∞
−

∞

−

∫

x

x

e

dxe

 

                     ∫∫
∞

∞−

∞

∞−

=∴ dxxfdssF
22 |)(||)(|  

                  Hence Parseval’s theorem is verified. 
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16.   Use transform methods to evaluate  ∫
∞

++
0

22 )4)(1(
)

xx

dx
i    ∫

∞

++
0

22

2

)25)(9(
)

xx

dxx
ii  

Sol.  (i)  Let 
x

exf
−=)(  and  

x
exg

2)( −=   

              Then 
1

12
)(

2 +
=

s
sFc

π
  and  

4

22
)(

2 +
=

s
sGc

π
 

            We have   ∫ ∫
∞ ∞

=
0 0

)()()()( dxxgxfdssGsF cc  

                             

12)4)(1(
.).(

3

1

)4)(1(

4

3

1
0

3

)4)(1(

4

4

22

1

12

0

22

0

22

0

3

0

3

0

22

0 0

2

22

π

π

π

ππ

∫

∫

∫∫

∫ ∫

∞

∞

∞
−

∞

−

∞

∞ ∞

−−

=
++

=
++








−
−=










−
=

=
++

=
++

xx

dx
ei

ss

ds

e

dxe
ss

ds

dxeeds
ss

x

x

xx

 

        (ii)  Let 
x

exf
3)( −=  and  

x
exg

5)( −=   

               Then 
9

2
)(

2 +
=

s

s
sFs

π
  and  

25

2
)(

2 +
=

s

s
sGs

π
 

            We have   ∫ ∫
∞ ∞

=
0 0

)()()()( dxxgxfdssGsF ss  

                             

16)25)(9(
.).(

8

1

)25)(9(

2

8

1
0

8

)25)(9(

2

25

2

9

2

0

22

2

0

22

2

0

8

0

8

0

22

2

0 0

53

22

π

π

π

ππ

∫

∫

∫∫

∫ ∫

∞

∞

∞
−

∞

−

∞

∞ ∞

−−

=
++

=
++








−
−=










−
=

=
++

=
++

xx

dxx
ei

ss

dss

e

dxe
ss

dss

dxeeds
s

s

s

s

x

x

xx

 

17.   Evaluate ∫
∞

++
0

2222 ))(( bxax

dx
 using transforms. 

Sol.   Let 
xa

exf
−=)(  and  

xb
exg

−=)(   

              Then 22

2
)(

as

a
sFc

+
=

π
  and  22

2
)(

bs

b
sGc

+
=

π
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               We have   ∫ ∫
∞ ∞

=
0 0

)()()()( dxxgxfdssGsF cc  

                             

)(2))((
.).(

1

))((

2

)(

1
0

)(

))((

2

22

0

2222

0

2222

0

)(

0

)(

0

2222

0 0

2222

baabbxax

dx
ei

babsas

dsab

ba

ba

e

dxe
bsas

dsab

dxeeds
bs

b

as

a

xba

xba

xbxa

+
=

++

+
=

++










+−
−=










+−
=

=
++

=
++

∫

∫

∫∫

∫ ∫

∞

∞

∞
+−

∞

+−

∞

∞ ∞

−−

π

π

π

ππ

 

 

18.   Using Parseval’s identity, calculate ∫
∞

+
0

222 )(
)

ax

dx
i    ∫

∞

+
0

22

2

)4(
)

x

dxx
ii  

Sol.   (i)  Let 
xa

exf
−=)(  then 22

2
)(

as

a
sFc

+
=

π
   

               Using Parseval’s identity for Fourier cosine transform, we have 

                              ∫ ∫
∞ ∞

=
0 0

22 )]([)]([ dxxfdssFc  

                             

3

0

222

0

222

2

0

2

0

2

0

222

2

0 0

2

2

22

4)(
.).(

2

1

)(

2

2

1
0

2

)(

2

)(
2

aax

dx
ei

aas

dsa

a

a

e

dxe
as

dsa

dxeds
as

a

xa

xa

xa

π

π

π

π

∫

∫

∫∫

∫ ∫

∞

∞

∞
−

∞

−

∞

∞ ∞

−

=
+

=
+








−
−=










−
=

=
+

=










+

 

         (ii)  Let 
x

exf
2)( −=  then 22

2
)(

as

s
sFs

+
=

π
   

               Using Parseval’s identity for Fourier sine transform, we have 

                              ∫ ∫
∞ ∞

=
0 0

22 )]([)]([ dxxfdssFs  
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8)4(
.).(

4

1

)4(

2

4

1
0

4

)4(

2

)(
4

2

0

22

2

0

22

2

0

4

0

4

0

22

2

0 0

22

2

2

π

π

π

π

∫

∫

∫∫

∫ ∫

∞

∞

∞
−

∞

−

∞

∞ ∞

−

=
+

=
+








−
−=










−
=

=
+

=










+

x

dxx
ei

s

dss

e

dxe
s

dss

dxeds
s

s

x

x

x

 

 

19.  State and prove convolution theorem for Fourier transform. 

       Statement:  If  F[f(x)] = F(s)  and  F[g(x)] = G(s) then  )().()]()([ sGsFxgxfF =∗  

Proof.             ∫
∞

∞−

∗=∗ dxexgxfxgxfF
xsi)]()([

2

1
)]()([

π
                                                      

                                               

)()(

)(
2

1
)(

)()(
2

1

)()(
2

1
)(

2

1

)(
2

1
)(

2

1

)(
2

1
)(

2

1

)()(
2

1

2

1

)(

sFsG

dtetfsG

dtesGtf

dtetxdetxgtf

dtdxeeetxgtf

dtdxetxgtf

dxedttxgtf

tsi

tsi

tsitxsi

tsitsixsi

xsi

xsi

=

=

=












−−=












−=












−=












−=

∫

∫

∫ ∫

∫ ∫

∫ ∫

∫ ∫

∞

∞−

∞

∞−

∞

∞−

∞

∞−

−

∞

∞−

∞

∞−

−

∞

∞−

∞

∞−

∞

∞−

∞

∞−

π

π

ππ

ππ

ππ

ππ

 

              (i.e.)   )().()]()([ sGsFxgxfF =∗  

 

 

20.   State and prove Parseval’s identity for Fourier transform. 

        Statement:  If F(s) is the Fourier transform of  f(x) then 

                              ∫∫
∞

∞−

∞

∞−

= dxxfdssF
22 |)(||)(|  

Proof.    By convolution theorem for Fourier transform, we have 

                                   
)()()]()([

)().()]()([

1
xgxfsGsFF

sGsFxgxfF

∗=∴

=∗

−  

               ∫∫
∞

∞−

∞

∞−

− −=⇒ dttxgtfdsesGsF
xsi )()(

2

1
)()(

2

1

ππ
 

                     ∫∫
∞

∞−

∞

∞−

− −=⇒ dttxgtfdsesGsF
xsi )()()()(  
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                         Putting  x = 0, we get 

                           )1()()()()( −−−−−−−−= ∫∫
∞

∞−

∞

∞−

dttgtfdssGsF  

                           
)()(.).(

)2()()(

tftgei

tftgLet

−=

−−−−−−−=−
 

                    

)3()()(.).(

)()(

])([

])([

)]([)]([)(

−−−−−−−−−=

=

−=

−=

==

sFsGei

propertybysF

xfF

tfF

tgFxgFsG

 

            Substituting (2) and (3) in equation (1) we have 

                        ∫∫
∞

∞−

∞

∞−

= dttftfdssFsF )()()()(  

                  (i.e.)  ∫∫
∞

∞−

∞

∞−

= dxxfdssF
22 |)(||)(|  

21.  Find the Fourier sine transform of 








>

<<−

<<

=

2,0

21,2

10,

)(

x

xx

xx

xf  

Sol.    ∫
∞

=
0

sin)(
2

)]([ dxsxxfxfFs
π

 

                        






 −
=






 −
=







−=


















−
−

−








−+







+−









+
−

=
















 −
−−







 −
−+















 −
−






 −
=









+−+= ∫∫∫

∞

2

2

22

222

2

1

2

1

0

2

2

2

1

1

0

)cos1(sin2
2

cossin2sin22

2sinsin22

sincos2sin
0

2
}00{

sincos2

sin
)1(

cos
)2(

2sin
)1(

cos2

sin.0sin)2(sin
2

s

ss

s

sss

s

s

s

s

s

s

s

s

s

s

s

s

s

s

s

sx

s

sx
x

s

sx

s

sx
x

dxsxdxsxxdxsxx

π

π

π

ππ

ππ

π

 

22.  Find the Fourier sine and cosine transform of 




>

<<
=

ax

axx
xf

,0

0,sin
)(  

Sol.    ∫
∞

=
0

sin)(
2

)]([ dxsxxfxfFs
π

 

                        

∫

∫∫

+−−=









+=

∞

a

a

a

dxxsxs

dxsxdxsxx

0

0

])1cos()1[cos(
2

12

sin.0sinsin
2

π

π
 

 

 

2sinAsinB = cos(A – B) – cos(A + B) 
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






+

+
−

−

−
=









−−









+

+
−

−

−
=








+

+
−

−

−
=

1

)1sin(

1

)1sin(

2

1

}00{
1

)1sin(

1

)1sin(

2

1

1

)1sin(

1

)1sin(

2

1

0

s

as

s

as

s

as

s

as

s

xs

s

xs
a

π

π

π

 

 

             ∫
∞

=
0

cos)(
2

)]([ dxsxxfxfFc
π

 

                           

∫

∫∫

−−+=









+=

∞

a

a

a

dxxsxs

dxsxdxsxx

0

0

])1sin()1[sin(
2

12

cos.0cossin
2

π

π
 

                                     








−

−+
=








−
−

−

+
=













−+

++−−
−













−+

++++−−
=


















−
+

+

−
−









−

−
+

+

+−
=








−

−
+

+

+−
=

1

1coscossinsin2

1

2

1

coscos2sinsin2

2

1

)1)(1(

)1()1(

)1)(1(

]sinsincos)[cos1(]sinsincoscos)[1(

2

1

1

1

1

1

1

)1cos(

1

)1cos(

2

1

1

)1cos(

1

)1cos(

2

1

2

22

0

s

asaasas

ss

asaasas

ss

ss

ss

asaasasasaasas

sss

as

s

as

s

xs

s

xs
a

π

π

π

π

π

 

 

 

            

            
 

                                                        

 

 

 

 

 

 

 

 

 

 

 

 

 

2cosAsinB = sin(A + B) – sin(A – B) 



UNIT – V 

              Z – TRANSFORMS 

PART – A 

1.  Find Z 








1

1

n
. 

Solution : Z   





0

)()(
n

nznfnf  

     n

n

z
nn

Z 
















 0 1

1

1

1
 

           = ...
4

1

3

1

2

1
1 321   zzz  

   = 1+ .......
4

1

3

1

2

1
32


































zzz
 

   = z











































 .......
3

1

2

1

1

32

zz

z
 

   = z 

















z

1
1log  

   =  -z log 









z

1
1  

   = -z 






 

z

z 1
log  

   = z 

1
1

log










 

z

z
 

   = z 








1
log

z

z
 

2. Find   aneZ . 

Solution :   
az

z
aZ

n


  

 

          naan eZeZ   

       = 
aez

z


 

3. Find    .sincos  nZandnZ  



Solution :   
az

z
aZ

n


  

 Put  a =  ie  

   nieZ 

iez

z


 

  
 



sincos iz

z
eZ in


  

  
  


sincos

sincos
iz

z
ninZ


  

              =  
   sincos iz

z


x
 
  



sincos

sincos

iz

iz




 

              =   
 

  


22

sincos

sincos





z

zizz
 

              = 
 




222 sincos2cos

sincos





zz

zizz
 

              = 
 

1cos2

sincos
2 







zz

zizz
 

    
 

1cos2

sin

1cos2

cos
sincos

22 
















zz

zi

zz

zz
nZinZ  

 Equating the Real and Imaginary parts, 

 

  nZ cos = 
 

1cos2

cos
2 







zz

zz
 

  nZ sin   = 
1cos2

sin
2  



zz

z
 

 

4. State the initial and final value theorem of Z-transform 

Solution : Initial Value Theorem :  if      )0()(, lim fZFthenZFnfZ
z




 

    Final Value Theorem  :  If   )()1(lim)(lim,)()(
1

ZFztfthenzFtfZ
zt




 

5. Find the equation generated by yn = a + b3n . 

Solution : yn = a + b3n  

   Yn+1= a + b. 3n+1 = a  + 3b 3n 

   Yn+2= a + b. 3n+2 = a  + 9b 3n 

Eliminating ‘a‘  and ‘b’ , 

91

31

11

2

1





n

n

n

y

y

y

    = 0 

      0139139 2121   nnnnn yyyyy  

6 039 2121   nnnnn yyyyy  

0286 21   nnn yyy  



034 12   nnn yyy  

  

PART – B 

1. Find  nZ n 3sinh2  

Solution: 

  
az

z
aZ

n


  

   nZ n 3sinh2   = 















  

2
2

33 nn
n ee

Z  

        =   nnn eeZ 332
2

1    

        =     nnnn eZeZ 33 22
2

1
  

        =        nn
eZeZ 33 22

2

1   

        =  











 33 222

1

ez

z

ez

z
 

        =  
   
   














33

33

22

22

2 ezez

ezezz
 

        =  















422

22

2 332

33

zezez

eez
 

        =  
 
  
















42

2

2 332

33

eezz

eez
 

        =  








 43cosh22

3sinh2.2

2 2 zz

z
 

        =   








 43cosh4

3sinh4

2 2 zz

z
 

        =   
43cosh4

3sinh2
2  zz

z
 

2. Find 
  











21

32

nn

n
Z  



Solution: 

  21

32





nn

n
   =   

21 


 n

B

n

A
 

   1232  nBnAn  

Put n = -1  put n = -2 

-2+3  = A  -4+3   = - B 

A = 1   B = 1 

  21

32





nn

n
   =   

2

1

1

1




 nn
 

  











21

32

nn

n
Z   =  












 2

1

1

1

nn
Z  

        = 



















 2

1

1

1

n
Z

n
Z  

We know, 

 










1

1

n
Z = 









1
log

z

z
z  

z
z

z
z

n
Z 



















 1
log

2

1 2  


  











21

32

nn

n
Z  = 









1
log

z

z
z - z

z

z
z 









1
log2  

3. Find  teZ at sin  

Solution: 

     aTzez

at zFtfeZ 

 )(  

Here, f(t) = sin t  

     aTzez

at tZteZ


   sinsin  

    
aTzez

Tzz

Tz












1cos2

sin
2 


 

     =
1cos2

sin
22  Tzeez

Tze
aTaT

aT




 

4. Find Z[n3] 

Solution :  

Z[n3] =  2nnZ   

          =   2nZ
dz

d
z  

          = 
 















3

2

1z

zz

dz

d
z  

          = 
       

 














6

223

1

13121

z

zzzzz
z  



          =   
    

 














6

2
2

1

3121
1

z

zzzz
zz  

          = 
    

 














4

2

1

3121

z

zzzz
z   

          = 
 















4

22

1

33122

z

zzzzz
z  

          =   
 













4

2

1

14

z

zz
z                           

          = 
 
 4
2

1

14





z

zzz
 

          = 
 4

23

1

4





z

zzz
  

                                               

5. Find   11  nanZ  

Solution : 

  11  nanZ  =    11  aanZ n  

  =    11   aaZanaZ nn  

  =    11 



  n

a

z
z aZnaZ  

  =   
az

nZa
a

z
z




 11  

     = 
  azz

z

a
a

z
z















1

1

1
2

 

  = 
az

a

z

a

z

a 












1

1

1
2

 

  = 
az

a

az

a

z











 

1
3

2

 

  = 
  azaz

a

a

z







1
2

2

2
 

  = 
  azaz

z






1
2

 

  =  
 2az

azz




 

  = 
 2az

a


 



6. Find the Z-transform of   TtZ cos  

Solution: 

 

   )0()( fzzFzTtfZ   

Here, f(t) =cost , f(0) = cos 0 = 1 

     )0(coscos fztZzTtZ   

  = 
 

z
Tzz

Tzz
z 





1cos2

cos
2

 

  = 
 

z
Tzz

Tzz






1cos2

cos
2

2

 

  = 
 

1cos2

1cos2cos
2

223





Tzz

TzzzTzz
 

  = 
1cos2

cos2cos
2

2323





Tzz

zTzzTzz
 

  = 
1cos2

cos
2

2





Tzz

zTz
 

7. If 
1cos2

)cos(
)(

2 




aTzz

aTzz
zF  find f(0) and )(lim tf

t 
 

Solution: 

By Initial value Theorem, 

       f(0) = )(lim zF
z 

 

  = lim
z

 
1cos2

cos
2 



aTzz

aTzz
 

  = lim
z 1cos2

cos
2

2





aTzz

aTzz
 

  = lim
z

 

 
 ruleHospitalL

aTzz
dz

d

aTzz
dz

d







1cos2

cos

2

2

 

  = lim
z


















aTz

aTz

cos22

cos2
 

  = lim
z

 

 
 ruleHospitalL

aTz
dz

d

aTz
dz

d







cos22

cos2

 

  = lim
z 2

2
 

  = 1 

8. Find 
 














)1(1

3
22

3
1

zz

zz
Z  

Solution :  



Let )(zF
  













)1(1

3
22

3

zz

zz
 

 














)1(1

3)(
22

2

zz

z

z

zF
 

  )1(1

3
22

2





zz

z
 = 

  111 22








 z

DCz

z

B

z

A
 

       2222 11113  zDCzzBzzAz  

    Put  z = 1 => 4 = 2B  =>  

        Z=0  =>3 = -A+B+D 

Substituting B=2 , we get , 

 1 = -A+D    (1) 

Equating coefficient of z3 , 

 0=A + C     (2) 

   Put  z=2   =>  7 = 5A+5B+2C+D  (3) 

Substituting B=2 in (3) 

 7= 5A+10+2C+D 

             -3 = 5A+2C+D    (4) 

From (2)  ,   A = -C 

 -3 = 5(A) + 2(-A)+D 

 -3 = 5A-2A+D 

 -3 = 3A+D    (5) 

(1) – (5) =>  4 =  - 4A 

 

Substituting A = -1 and B= 2 in (1) 

 1+2+D = 3 

  

Substituting A =  -1 , B=2 , C=1 and D=0   in (A) 

    A=-1 

B=2 

    D=0 



  11

2

1

1)(
22 










z

z

zzz

zF
       

   
  11

2

1
)(

2

2

2 










z

z

z

z

z

z
zF   

1Z
  













)1(1

3
22

3

zz

zz
=-

2
cos2)1(

n
nn   

9. Find 
 














3

1

1

1(

z

zz
Z  

Solution : 

Let )(zF
  










3

1

1(

z

zz
    ,     )()(1 nfzFZ   

 3
1

1

)1(
)(






z

zz
zFz

n
n  

The poles are z=1 ( pole of order 3) 

   
 

 



















3

3

2

2

1
1

1

1

1
1

2

1
)(Re lim

z

zz
z

dz

d
zFzs

n

z
z

n  

        = lim
1z

  1
2

1
2

2

zz
dz

d n   

        = lim
1z

  11
2

1  nn znzz
dz

d
 

        = lim
1z

    121 11
2

1   nnn zznznnz  

        =         121
11121

2

1 


nnn
nnn  

        =   121
)1()1)(1(21

2

1 
 nnn
nnnn  

        =  21 )1)(1(2)1(2
2

1   nn nnn  

        = 21 )1)(1()1(   nn nnn  

 













3

1

1

1(

z

zz
Z         =  21 )1)(1()1(   nn nnn  , 0n  

10. Solve n

nnn yyy 234 12    with 10 10  yandy  using Z – Transform. 

Solution: 
n

nnn yyy 234 12    
Taking Z – Transform, 

       n

nnn ZyZyZyZ 234 12    

 
2

34 010

22




z

z
yzyyzzyyzyz  



Given 1,0 10  yy  

 
2

342




z

z
yyzzyz  

   z
z

z
zzy 




2
342  

     z
z

z
zzy 




2
31  

 
      31312 





zz

z

zzz

z
y     (A) 

Now, 

    312312 








 z

C

z

B

z

A

zzz

z
 

        123231  zzCzzBzzAz  

 

Put z = -1 put z = -3  put z=2 

-1 = 6B  -3 = 10C  2 = 15A 

B = 1/6   C = - 3/10   A = 2/15 

 

    3

1

10

3

1

1

6

1

2

1

15

2

312 








 zzzzzz

z
    (B) 

 

Also, 

 

   3131 





 z

B

z

A

zz

z
 

)1()3(  zBzAz  

 

Put   z = -3  put z =  -1 

 -3 = -2B   -1 = 2A 

 B = 3/2     A = - ½ 

 

   3
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