QUESTION BANK

UNIT -1: PARTIAL DIFFERENTIAL EQUATIONS

PART-A

1.

Form the PDE of (x—a)’ +(y=b)* + 72> =r".
Sol:
Giveneqgnis (x—a)’ +(y—b)>+z°=r" ... )
Diff partially w.r.tox and y
2(x—a)+2zp=0

xX—a=—zp ... (2)
2(y=b)+22g=0
y=b=-zg ... 3)

Sub (2) and (3) in (1)
Z2p2+Z2q2+Z2 :rZ
Zz(p2+q2+1):r2
Find the complete integral of p+g=pq .
Sol:
Given p+g=pg ... )

Let z=ax+by+c .. @ be the solution.

Diff partially w.r.tox and y
p=aand g=b ... 2)
Sub (2) in (1)
a+b=ab
a

= b:E ..... (3)

Sub (3) in (1)

a
Z=ax+| —— |y+c.
(a—lj

Find the complete integral of p— y2 =q+x2.
Sol:
Given p—y’=g+x> .. @
p-x'=q+y’=k
p—-x'=k , qg+y’ =k
p=k+x* , g=k—y’

We know that



Z=_|.pdx+J.qdy
= J.(k+x2)dx+J.(k— y*)dy

=%(x3 +y3)+k(x+ y)+a.

Form the PDE by eliminating a and b from z=(x*+a’)(y* +b°).
Sol:

Given z=(x"+a’)(y>+b>) ... )
Diff partially w.r.tox and y
p=2x(y*+b*) ... (2)
q =2y(x2+a2) ..... 3)
Q)= L=y21p? .4
2x

G= L-x*ya® .5
2y

Sub (4) and (5)in (1)

P a4
2x 2y

pq=4xyz.
N > 1
Form the PDE by eliminating f from z=x"+2f| —+logx |.
y
Sol:

Diff partially (1) w.r.tox and y

p=2x+ 2]"(l+log)cjl ..... 2)
y X

q=2f'(l+long_—21
y y

:_—zzf'(l+ long

y y

Zf'(l+long:—qy2 ..... 3)
y

Sub (3) in (2)



2
pzz_x_&
X
px+qy’ =2x°

6. Find the PDE by eliminating the arbitrary function ¢[z2 —xy,ﬁ} .
<

Given f(z”>—xy ,f):O.
Z
. (1) is of the form @(u,v)=0

X
Llet u=z"—xy and v==

Z
ou dv z—px
PTG, 2
a—u=2zq—x Q:__’;‘I
ay ay Z
u v
Sub the above derivatives in ox  0x =
du oy
dy dy
Z— px
2p—y L
Z =0
2zg—x fq
4

2zp- y)(_;qj—(z;pxj(%q—x)zo

multiplying by z*
(2zp = y)(=xq)~(z = px)(2zg - x)=0
px* —qlxy=2z")=zx.
7. Obtain the complete integral of z=px+qgy+ p2 + qz.

Sol:
This is of the form z=px+gqy+ f(p,q)
Replacep=aandg=h.
The complete solution is z=ax+by+a2 +b*.
8. Obtain the complete integral of i:£+l+\/p_q
rq q p
Sol:

Given i=£+l+1/pq
pq q p



Multiplying by pg.
3

z=px+qy+(pg)
Z=ax+by+(ab)%
9. Solve (4D*>-12DD+9D" );=0.
Sol:
The auxiliary eqn is
4m* —12m+9=0
4m* —6m—6m+9=0
2m(2m—-3)—-3(2m—-3)=0
2m-3)2m—-3)=0
p 33
22
Sol is y:fl(y+%xj+xfz(y+%xj

10. Solve (D2 +DD')z=0.

Sol:

The auxiliary eqn is
m* +m=0
m(m+1)=0
m=0,—1

Solis y=f,(y+0x)+ f,(y—x)
PART -B

1. Form the PDE by eliminating the arbitrary functions f and ¢ from z=f(y)+@(x+y+2z).
Sol:
Given z=f(y)+o(x+y+z2) ... (D



p=¢'(x+y+2)1+p) .. (2)
g=f'M+P' x+y+2)d+q) ... (3)
r=¢"'(x+y+2)(r)+¢"(x+y+2)(1+ p)*
r—¢'(x+y+2)(r)=¢"(x+y+2)(1+p)’
ll=¢' e+ y+ 2)]=0" (x4 y+ 21+ p)°

5= 9" (x+y+2)()+¢ "(x+y+2)(1+ p)1+q)
5= @' (x+y+2)()+9 "(x+y+2)(1+ p)1+q)
sll=¢'(x+y+2)]=¢ "(x+y+ )1+ p)1+4q)

t=f"(N+¢' (x+y+2)(0)+9"(x+y+2)(1+¢)°

Q:L:H—p'

(8) s l1+g¢
2. Solve z=px+qy++/l+p°+q° .
Sol:

This is of Clairaut’s form .

The complete integral is z=ax+by++/1+a’+b*

Diff partially w.r.toaand b

LT —
da V1+a® +b’

—da

Y=—
Vi+a® +b*

2
2 a

x :1+a2 +b?
da Vi+a® +b*
-b
Y=
Vi+a® +b?
bZ
y2:—
1+a’ +b*

2 2

a +b
ey =——
1+a”+b

2 b2
I=(x2+v%) = 1- _a b
( Y ) (1+az+b2
1

1-x*=y* = ————
Y 1+a* +b°



cl+a? +b? S (4)

Sub (4) in (2) and (3)

—X

a= b= . (5)
ll_xz_yz 1-x> -y’

Sub (4) and (5) in (1)

= X B y 3 1
\/l—xz—y2 \/1—x2—y2 \/l—x -y’
_ 1-x"—y*
- 1-x>—y?
=1-x" -y’
Solve (D* +DD'-6D" )z=x"y+e*" .

Sol:

The auxiliary eqn is
m’>—m—6=0
(m—=2)(m+3)=0

m=2,-3
CF.is y= f,(y+2x)+ f,(y—3x)
PI1.=PI +PlI,
1 2
Pl = x
! D2+DD' 6p” 7

X’y
[} vZ
Dz[l D 6D ]

-1
D' 6D'2 )
D 1+ D Dz Xy




1 .
P, = & (D=3.,D'=1
> D>+ DD-6D" ( )

— 1 eSx-%—y
9+3-6
:le3x+y

6

nz=f(y+2x)+ f,(y-3x)+

4 5
X x> 1 !
y +_€3x+)

12 60 6
Solve r+s—6t=ycosx.
Sol:
The auxiliary eqn is
(D* +DD'-6D" )z=ycos x
m* +m—6=0
m=-3,2
CF=f(y=3x)+ f,(y+2x)
1
D>+DD 6D
= ! yCcos x
(D-2D"YD+3D")
B 1
(D-2D'")

j(c+3x)cosxdx (y=c+3x)

:M [(c +3x)sin x —3(—cos x)]

=—[(c +3x)sinx+3cos x]
(D-2D")

:M[ySinX'i‘SCOSX]

=j(cl—2x)sinx+3cosxdx (y=c¢,—2x)
=—c, cosx+35inx—2jxsin xdx

=—c cosx+3sinx—2(—xcosx+jcosxdx)

= —c, cosx+3sinx—2xcos x—2sin x
=—ycosx—2xcosx+3sinx+2xcosx—2sinx
=sinx— ycosx

z=f,(y=3x)+ f,(y +2x)+sinx— ycosx



FOURIER SERIES
Question Bank
Part A

1.State Drichlet’s conditions :

A function f(x) can be expanded as a fourier series in an interval ¢ < x<c+2]

If the following conditions are satisfied

(1) f(x) 1s periodic with period 21 in (c, ¢ + 21) and f(x) is bounded.

(i1) The function f(x) must have finite number of maxima and minima.

(111)The function f(x) must be piecewise continuous and has a finite number of

finite discontinuities.
2.Find the mean square value of the function f(x) = x in the interval (0,]).
Solution:

f[ﬂx)]z dx

Mean Square value = *

3. Find the value of a, in the cosine series expansion of f(x) = 10 in the interval (0,10).
Solution:

2% nwx
a, == ! f(x) cos (Tj dx

2 1 nwx
=— |10 cos| — | dx
10 10

10
= 3 10 sin(—nmcjE
10 10 )nx |,
_o 10 [sin nz — sin 0]
nw

4. What do you mean by Harmonic Analysis.

Solution:_ When a function is unknown but the values of that function at certain points are
known, then the Fourier series of that function can be obtained numerically and the process
1s called Harmonic Analysis.

1+2, -7<x<0
5. In the Fourier series expansion of f(x) = 72[x in (-7,7), find the
I-—,0<x<7x
z

coefficient of sin nx.
Solution: Since the interval is (-7t,7), let us verify whether the function is odd or even



1+2(_x),—7r<—x<0
fl=x) = Zf_x)
1- ,0<—x<7x
V4
1- 2(x) ,0<x<7xm
_ .4
1+@ —r<x<0
4

= f(x)
Hence the function is even. So, the coefficient of sin nx that is b, = 0.

6. Find a, in expanding ¢ as a Fourier series in (-T,T).
Solution:

a, ff(x)cos( i jdx

— Ie_“x cos nx dx

T
1 {( e_ax j( .

=— > — a cos nx + n sin nx)
v {a +b ) .

1 o e’
=— —acosnwt+0)— —acosnzw+0

1 a
=—— 2Cosnﬂ'(e”‘”—e
T a +b
2 a .
a, =——5——(1)"sinhaz
Ta +b

—aﬂ)

7. What is the constant term a, and the coefficient a, in the Fourier series expansion
of f(x) = x -x’ in (-m,m).
Solution: Since the interval is (-7, ), let us verify whether the function is odd or even
f(x) =- x- (X)) =x + X =-(x X )= - flx). The given function is odd.
Hence, the coefficients ay and a,, are zero.

8. State the Parseval’s identity for Fourier series.

Solution:
The Parseval's Identity for Fourier seriesintheinterval (c,c+2l)
2 I c+2/
a
?°+Z(a5 +b j [F)] d
n=1

9. Find the constant term in the Fourier series corresponding to f(x) = cos’ x expanded
in the interval (-wt,T).

Solution: _Since the interval is (-7,7), let us verify whether the function is odd or even.

f(-x)= cos’ (-x)= cos’x = f(x). Hence the function is even.

a, =—jcos x dx

+cos 2x

Il
[ sin Zx}
[7]

2
7

1
7
1
z
a, =1
a, 1

Hence the constant term in the Fourier expansion is — = 5

10.To which value the half range sine series corresponding to f(x) = x° expressed in the
interval (0,2) converges at x = 2?



Solution: In order to expand in a sine series the function must be defined as an odd function
in the interval (-2,2). Hence in the interval (-2,0) it should be defined in the form of
f-x)=(x)f = -,

—x? X
(——————— - W — )
-2 0 2
Since at x = 2 the function is discontinuous ( end point discontinuity) the Fourier
(sine) series converges to

SO+ fCH _ f2) - f(=2)

2

2 2
_ (2’ + (=(=2)")
2
=0
11.If the Fourier series of the function f(x) =x + x? , in the interval (-x,7) is
2
T + Z(—l)”[i2 coS nx — 2 sin nx} , then find the value of the infinite series
n=1 n n
1 1 1
1_2 + 2_2 + 3_2 + ceee

Solution: Put x = 7, which is an end point discontinuity. So,

_ 2 o
SR -z +Z(—1)” iz CoS NI _2 sin nx
2 3 5 n n
R S B S S 4
= = —+) (D' —= D"
> 3 Z( ) Ll (1) }
2 )
, T 4
ST ="—+) |—
2]
') 1 7[2
>4 | = |=-—+7r
25
=1 27’
=4> | = | =
S -5
S 1 7[2
=>) | — |= —
-5
UL SR B U R
o2 3 4 6
12.Find qy if f(x) = |x|, expanded as a Fourier series in (-7t,T).
Solution: _Since f(—x) =‘— x‘ =‘x‘ = f(x), the function is even.
a, =£I|x|dxzzjxdx
74 0 74 0

gl
3

13.Find the Fourier constant b, for f(x) = x sin x in (-%,T).
Solution: f{ - x) = (-x) sin (- x ) = x sin x = f{x) the function is even. Therefore, the
coefficient b, = 0.

2
P2
2
7

a, =7

14.Find the Fourier constant b, for f(x) = x? in (-m,70).
Solution: f{ - x) = (- xf =x"= f(x) the function is even. Therefore, the coefficient b, = 0.

15.Find the constant term in the Fourier expansion of f(x) =x° -2 in -2 <x <2
Solution: f{-x) =(-x)?-2=x"-2 = f{x) the function is even. So,




Hence the constant term in the Fourier expansionis 0 __

SSH S

16.Find a sine series for f(x) = x, in (0,%).

Solution:
b, _2 J.x sin nx dx
74 0
2 COS nx sin nx
=2 1) [ - SR
T n n o
:z{_ COS N +0+O—O}
T n
_ D
n
_ n+l
b _ 2( 1)

n=1 n

is the half range sine series .

17.Find the half range sine series for f(x) = 2in0<x <.

Solution:
b, =3j2sin nx dx
7 0
2 cos nx)|”
==2)| -
7 {( )( n j}()
B _i[cosmz_l}__i'(—l)" 1
T n n T L n n
4 —z, if nis odd
= - n
Tl o if nis even
8 . .
—,if nis odd
b, =4 nm
0, if niseven
: . 8§ & 1 .
Hence the half range sine series is f(x) = — z — sin nx
T p=135,..1

18.The cosine series for f(x) = xsinx in 0 <x < Tis given as

oo (_1)11
n=2 7’12 - 1

Solution: Asn’-1= (n-1)(n+1)

cos nx. Deduce that 1+ 2{% —L + L — } = %

xsinle—lcosx—Z
2 35 5.7

xsin x=1 —l cos x —2 L Ccos 2x —Lcos 3x +L cos 4x —L cosSx+L cos 6x —...
2 1.3 2.4 3.5

Put x =71 /2 in the above series we get



Esmgzl—lcos£—2i 2——icos3—+—cos4———cos§—+—cos6——
2 2 2 2 1.3 2.4 5 6
=>—=1-2 —L+L—L+ .....
1.3 35 57
SN | FL R S }
1. 35 57

19.Define RMS value of a function.
Solution: The RMS value of a function f{x) in (a,b) is defined by

_ 1 b 5
y=|— [[f®] ax

b—a .

20.If f(x) is an odd function in the interval ( - /, [ ) , write the formula to find the
Fourier coefficients.
Solution: ay = a, = 0

l
b, = % { £(x) sin (?j dx

21. If f(x) is an even function in the interval (- [, /) , write the formula to find the
Fourier coefficients.

1
Solution: a, =% I f(x) dx
0

!
a, =%If(x) cos (@j dx
L5 [
b,=0

22.Does f(x) = tan x posses a Fourier series? Justify your answer.
Solution: For a function f{x) to have Fourier series expansion it must satisfy all the three

criteria in Drichlet’s conditions. But f{x) = tan x has value oo at x =§ and soitis a

discontinuous point and moreover it is an infinite discontinuity. So, it doesn’t have a Fourier
series expansion.

23.Does f(x) = sin (1/x) posses a Fourier series? Justify your answer.
Solution: For a function f{x) to have Fourier series expansion it must satisfy all the three
criteria in Drichlet’s conditions. But f{x) = sin(1/x) has minimum or maximum value at
(odd multiple of = /2)
That is when I/x = (2n-1) /2, Hence x = 2/(2n-1) 1 Asntend to oo, x = 0 So, the
function doesn’t have Fourier series expansion.

24. Write the formula for finding Fourier coefficients.
Solution:

c+21

f(x) dx

1 niTx
a =-— x) cos| — |dx
1P o 22)

1! nix
b =- x) sin| — |dx
1 oo

C

PART B
1. Find the Fourier series Expansion of f(x)=x>,0<x<27.

5



2
Hence deduce that, (i) % -1 + 1 + i+ 1 + .

2
G) = = - - —+ 2 - 4

2
(iii) % - [i Ly i+....j
Solution :

We need to find a,,a,,b, where the formulas are given by
27r

| 2% 127z
a, = — j f(x)dx, a,=— j f(x) cosnx dx, n=— j f(x) sinnx dx
70 70

127[ 27
ao——J.f(x)dxz—J.dex
0
27
_ 8z’
3

127[ 127[
a,=— j f(x) cosnx dx =— J. x* cosnx dx
zy 7

applying Bernoulli's formula

:%[(xz)(sn;nxj_(zx)(_cl(?nx}(2)(_Signxﬂ2ﬁ

o el

T el
=l4ﬂi2

o

27r

_1 I f(x) sinnx dx _1 I x* sinnx dx

applymg Bernoulli's formula

=ﬂ<xzwf:m)—wva@m)+<z>(w:rxﬂ2”

A (el
{ —cos 70 _(O)(—sli;nOJ+(2)(corsl3n0ﬂ}

A3 -+

Hence the Fourier series expansion is given by,

f(x)= 7+ Za cos nx + Zb sin nx

n=1 n=1
47> 2 4 4z
x2=—+Z—zcosnx+Z——sm nx
3 n=11 n=1 N

6



Deduction 1:
Put x = 0 (is a point of discontinuity at end point ) in the above Fourier series

TOPTED B 43 S cosn0+ 3 - sin n
n=1 1 n

n=1

S V4 1 1 1 1
+—+ —+ — +...

- 1
Hence, Z—2=? Le., o ettt et

Deduction 2:
Put x= 7 (is a point of continuity) in the above Fourier series

2 o] [os}
752=4L+ icosnﬂ'+ 2—4—ﬂsin nx
3 _ n2 _ n
n=l1 n=l1

S
:zzz%+zi2(—l)”
n=17
2 o
— 7[2_ 4z _ Zi(_l)n
3 n=11
7 ii(—l)”
3 n=1n2
- =1 n
=>» —(-1
-7 _ 1 1 1 1
12 22 3 4
z _1_ 1 1 1
12 1? 22 3? 42

Deduction 3:
x value substitution (such as 0O, %, 7, 27) will not give the deduction.

So, let us add the above two series ( given in the above two deductions),

_[L_L+ AN H;; A j
12 2 32 42

126 12 22 32 42 2
2
T 1 1 1
— =2 =+ —+ —+
4 (12 32 52 j
:ﬁ _ L + i+ —+
8 12 32 52
2
Hence”—:(l2 3%+ 512+ j
2. Find the Fourier series expansionof ( 7 - x )2, in -7<x< &
and hence deduce that (i) L - L+ . -7 Gy lyly Ll -7
1 2% 3 12 1?2 3 6

Solution: Since therangeis -T<x < 7.



So, let us first verify whether the function is odd or even.
f(=x) = (7 = (=x))* = (z + x)* which is entirely different function. So, we have to
find all the three fourier coefficients.

4 4 4
ao:% I f(x) dx, an:% I f(x) cosnx dx, bn=% j f(x) sinnx dx
= =/ -7

1 % 1 7
— dx =— | (7—x) d.
a, = jﬂf(x) x n__J;[( x) x
1 (z-x)}
V4 -3
L -T
B 3
:l_O_Sﬂ}
| -3
s
3

T
anzljf(x)cosnxdlej 7[ x ? cosnx dx
P2 T

) e

-
_ l{(ﬂ__x)z(—cos nxj ~ 2(7z—x)(—1)(_Sirinxj N 2(c0s3nxﬂﬁ
T n n n r
:l{[o_o_zcosgm} ~ {47[2 (—cos nﬂ'j e )smnﬂ' 2cos3nft' }}
T n n n
b, = 4z ")

Hence the Fourier series is

f(x)= 7+ Za cos nx + Zb sin nx

n=1 n=1

2 oo 1\ oo 1y
(7 - x)? :4L+Z4( 12) cos nx—247[( 1 sin nx
3 n=1 n n=1 h

Deduction (i):

Put x = 0 ( which is a continuous point)



) K
n=1 1N 3

LA U Y
12 22 32 12

Deduction (i1):
Put x = 7z ( which is a discontinuous point)

(z-m)* (@ = (2’ _4n® | Z

2
2 )
2 4r 1
=21 =——+ 24—2
n=1 1
o 2
:>Z41 N
n=1 1
oo 2
n=1 1 3
oyl
> =
n=1"1 6

3. Find the Fourier series expansion of f(x) = x sin x in ( 0, 27).
Solution:
Since the interval is O to 277 we need to find all the three fourier constants.

a=— j f) dv, a,=— j f(x) cosnx dx, b, =— j £ (x) sinnx dx
0 0 0

127 1 -
= 2 [ xsinx dx= —[(x)(=cosx) -1
a = — (g xsinx dx [(x)( cosx) —1(— smx):l
- 2zn-0-0+0]
T
a,=—2
27[ 27[
an:— I f(x)cosnx dx = — I xsinx cosnx dx

dx ,Provided n #1

2Jfrxsm (n+1Dx —sin (n—1)x
2

2 2z
= —{j xsin(n+1)xdx — j X sin(n—l)xdx}

=L ( cos(n+1)xj | _sin(n+Dx )| (x)(_cos(n—l)xj_l _sin(n—Dx 7’
27 n+l (n+1)° n—1 (n—=1)°

0
provided n #1
= L{_ 2z — (_ 27[1}} provided n #1




ZLZE L—L , provided n #1
27 n+l n-1

2
a, = provided n #1

n 2 ’

n —
When n=1,we have

127[ 1 27
a,=— [ (xsinx) coslrdr =—— [ (xsin2x) dx
Ty 27 0

_ % {(x)(_cos;xj_ 1(_sin42xH:”

1 27
b =— j f(x) sinnx dx
70

27

=— J. xsin x sinnx dx
)

—lzfx cos(n—1)x—cos(n+1)x
2

dx

2
xcos(n—1)x dx — I xcos(n+1)x dx}

0

| sin(n—1)x cos(n—1)x sin(n—+1)x costn+Dx )]~
ol ) (o)
2z || n—1 (n—1) n+1 (n+1) .

provided n #1

:L{ ! o ! 2}_{ ! = — ! 2}}, provided n #1
2z || (n=1)" (n+1) (n-1)° (n+1)

=0, provided n#1

Il
[\
—_
S
1
1 o'—.§

1 27
b =— j £(x) sinnx dx
70

1 2 2
= dex—jxcostdx
27
0
27
_ b ﬁ e sin2x 1 _cos2x >
2T || 2 2 4 0

272042 —040-1| =z
4 4

| =

27

a X . N .
fx) = f +a,cosx+ Zan cos nx + b, smx+2bn sin nx

Hence the Fourier series is n=2 n=2

COS nx+sin x

) 1 =
xsinx=-1-— COSX+Z >
2 —=n -1

10



1, O<x<=xw

4. Find the Fourier series of f(x) :{ . Hence evaluate the value of the

2, T<X<27w

A S| 1
series — +——+—+....

12 22 32
Solution:
Here the interval given is O to 2z. So, let us find all the three fourier constants.

2 2 27

1 1 1 .
aO—; [ f(x) dx, an—; (j) f(x) cos nx dx, bn_; (j) f(x) sin nx dx

27

= LT ax
0

1[% 2 ]
[1dx+ Ide
1 [ (2x) 2”]

=;[7z+275]

=3
127[

=— [ f(x) cos nx dx
V4

0

17 2z
=—| [ cosnxdx+ [2cosnxdx
710 T

1 (sinnx}” ( sin nx}zz
=— +12
T n 0 n 0
=0
127'[
b =— [ f(x)sin nx dx
n T 0

K3 2z
= —| [ sin nx dx+ | 2sin nx dx
7lo V4

_LEnT 1
.4 n n
| _—2, if nis odd
b, = — "
T
0, if nis even

(e}

fx)= 7 + Y a, cos nx + Zb sin nx

n=1 n=1

Hence the Fourier series is

(e ]

fo==+ > —lsinnx

n=135,.. NI

Do | W

11



Deduction: When we put x = 0, 5 7, 2 T we don’t get the series ( As the denominator of

the series is n° and the denominator of the Fourier series is only n). so, let us apply Parseval’s
identity for full range series.

2
a oo
O, 5 (a +bz):l [f(x)] dx
2 . V4
9 x 4 1 9) 2 2
==+ X 22=—j1 dx + [ 27 dx
2 y=135,.n°7 an z

9 4(1 1 1 RIP; 27
35+—2(—2+—2+—2+j—;|:(X)0 +(4.X)7z_ :|
1~ 3 5
2
2

5. Find the Fourier series expansion of f(x) = | sin x| in -r< x< .

Solution: Here the interval givenis -z to 7. So, let us verify whether the given function is
odd or even.

fl-x) = |sin (-x) | = |-sinx| = sin x= |sinx| = f{x). Hence the function is even. So, let us
find the fourier constants ay, a, . (b, = 0).

271'
aoz—jf(x)dx
70

=£.[|sin x|dx
72'.0

=£Isinxdx
T

2 %
= ;[—COS x]o

—
p—
+
p—

e

Nl N[o N2 §o

SN Oy

Q
I

f(x) cos nx dx

=

|sin x| cos nx dx

V3
jsmx cos nx dx

dx

alw *"‘\’

0
.’fsm (n+1Dx — sin(n—1)x
0 2

12



_1 (_cos(n+1)xj_(_cos (n—l)xj . provided n 1
T n+l n-—1 0
_1 n+l _1 n-1
:l _( ) + L —( ) + ! , provided n #1
T n+l n+l n-1 n-1
—(-1)" —(-1)"
- (=1) +L - - (=) +L , provided n#1
n+l n+l n—-1 n-1

{[(—1)”[;1 - nl_l) +[ni1 - nl_lj }},provided n#l
[

N[~

1 _Lj((—l)"+l), provided n #1

n+l n-1

N~ 8= 8|~

[ 2 j 2,if nis even
n*=1)\0,if nis odd
When n = 1, we have

a, :%jf(x) cos 1x dx
0

2 V4
== .[|sinx| cos lx dx
T 0

V4

2.
=— jsmx cos lx dx
T 0

dx

2
_l[_ cos 2xT
V4 2

1
=—1|-1+1
S+

2 %sin 2x
:;!:

=0

Hence the Fourier series is

. 2 4 > 1
|smx|: - —— > COoS nx |.
T 7 L =2,4,6,.n° -1 }
x,0<x<l/2
6. Find the Fourier series expansion of f(x) = . Hence deduce, the
l—x,1/2<x<
> 1
value of > ———
=1 (2n-1)"
Solution

Since the interval for fourier series is 2L
put 2L=1=L= é

x,0<x<L

H. —
ence f(x) {ZL—x,L <x<2L

13



) ]

2 27]
Lsinnn’i+ CoS nx (Lj —0_(ij +
1 (L nx nxw nz) |
_Z [ 2 2]
0- ij —Lsinnn’i+ COS NI (ij
nwx nmw niw
2
1L [2 cos nz —2]
L\nrx
2( LY
=—|— -)" -1
L(nf[ [( ) ]
2 I} [-2,if nisodd
C La*n? 0, if nis even

2L {—2, if nis odd

0, if nis even

L=—=a =

[ [ |—2,if nis odd
2 L

0, if nis even
=2 .. .
—— If nisodd
=a,=\n'rxw

0, if niseven

14




- % {szin ("—’L”‘j dx ZJj(ZL x) sin ("—’L”‘j dx}

o= ]
o) ol 4]
) {L(—COS nz)(é)“i“ ””(%jz _0+0}
e mmesis]

b =0

n

Hence the Fourier series is

nx [
—+ cos—+ b, sin —— wh L=—
f(x)= 5 Za i Z i where 5

n=1

N z -2l COS(2nl7z:x)

[
4 n=1,3,5,.. nﬂ'

f(x)=

Since the denominator of the series is of the form — and the denominator in the Fourier
n

. 1 N
series is of the form — let us use the Parseval’s identity.

Poar &1 1
:>§+—4 2—4 Z{J-xz dx+j(l X) dx}

P o4ar & 1 2P A !
— — =2 ——0-0+—|("vL==
7 §5n4 1{24 24 ( 2)
24 s 1 2P
=—+— — =——
7 §5 nt 11
24 s 1P
St s

15



. ) ) . ) [+x,—-1<x<0
7. Find the Fourier series expansion of the function f(x) = . Hence
[—x,0<x<1
2

deduce that i 1 5= i
=1 (2n —1) 8

Solution:
Here the interval is — [ to [ let us first check whether the function is odd or even.

[+(—x), —-[<-x<0
[ —(—x), 0<—x<lI

fem={

So, the function is even.

[ —x, 0 <x<l!
[+x, -1 <x<1

= f(x)
(Note that when an inequality is multiplied by -1 the inequality is reversed.)
So, let us find only the two Fourier coefficients a, , a,,.

21
a, :7j(l—x)dx
0

2 (l—x)2 l
Sl 2D |

16



@LJ]fcmnﬂ

nw

S
T

n2

2 {2,1’]‘nis odd

n*z* |0, if nis even

a _{?—lz,ifnisodd

nmw
0, if nis even

f(x)= a_20 + Zan cos? + an sin ?
n=1 n=1

[ 4 & 1 nix
f(.X)—E‘F]Z.— z —ZCOS(TJ

n=135,..1

Hence the Fourier series is

Deduction: To get the deduction put x = O(which is a continuous point)

| 4 =
[=- 42
5 >

[ 4] o 1
== 2
2 T pmi3s.nm

© ] x?

= — ==
n=1,23,:5,...l’l2 8

8. Find the half range sine series of f(x) = x cos x in (0, n).
Solution:

17



x cos x sin(nx) dx

sin(n+1x+sin(n—1)x
X 5 dx

oty ot—y

= l Ix sin(n+1)x dx +_[x sin(n—1)x dx
T 0 0
i cos(n+ 1)x sm(n + l)x ’
() S8t Dx ;
1L n+1 (n+1)° |
T _(x)(— cos(n—l)xj ( sin(n — l)xj
n—1
L 0
provided n # 1

R B G VS G Vi }

1
T n+l1 n—1

{:75 (r:-ll—)I } + {75 (;i): }} provided n #1

o 1 1 :
=(-1) + provided n #1
n+l n-1

5 provided n # 1
n —1

Whennzlblzzjx cos x sin(x) dx
4 0

(]

f(x) =b;sinx+) b, sin nx

Hence the half range sine series is "

X COS x = —% sin x + Z(—l)” 5

sin nx
n=2 n _1

X, O<x<l/2

9. Obtain the sine series for the function f(x) = .
[—x,1/2<x<

Solution:

b = % j (0 sin(?j dx

{szm(ﬁj dx + sz (1-x) sin(?j dx}
Oz - 22 o) |
[ TE)

18



f(x) =

10.

[ 1 nr) . (nx) I |
————COS| — |+SIn| — -0+0
2nxw 2 2 ) nir? |
-
+ 0—0+£Lcos (ﬂj +sin(ﬂj !
2nw 2 2 )n*n?
- -
23in(ﬂj !
2 )n*n?

4 sin(n”
n’r? 2

~ N

~ |

Hence the half range sine series is f(x) =) b, sin?

n=1

4] =1 . (nxr) . (nax
—sin| — |[sin | —
2 (ZJ (lj

2
T n=ln

. ) ) ) [—x,0<x<!
Find the Fourier series expansion of f(x) = . Hence deduce
0,l <x<2l
. . 1 1 1
the value of the series (i) 1 — — + - ——+
3 5 7
| 1 1
(i) Ftatate

Solution: We need to find all the three fourier constants.

19



zf(x) cos( jdx
{j:(l x)cos jdx+j0cos( z jdx} |
R e )

S

N|,_.

1 2,if nis odd
a ~ 2 o

" n’z’ |0, if nis even
b, % ! f(x) sm( jdx
%{!(l X) sin jdx + IO sin ( ; jdx}

_ % 1-x) (- cos 2% jg— D (‘ Sm(n?cj(:j_njﬂ

r 2
! o_sm(Lj HL_O}
) niw niw

A
nz
Hence the Fourier series is f(x) = ! + 2—12 > iz cos(@j + L zl sin (@)
4 n=1,3,5,..1 l T p=1n [

Deduction(i) The denominator of cosine terms are in the form — and the denominator of sine
n

) 1 ) ) ) ) )
terms are in the form — . So, to get deduction (i) , let us make all the cosine terms vanish. This
n

T 7 ) . : :
can be done by taking x = EX 35 . Let us put x = —(which is a continuous point)
L =£+O+Lzlsin nz
2 4 Tan 2
111(7:)1 .(ﬁjl. (j
= — =— +—|-sin|— |+— sin &£ +—sin| 3— [+— sin 27 +—sin| 5— |+
2 4 x|l 2 2) 4
) 1T 1 1
=>— == +—|-——+—..
2 4 ﬂ{l 35 }
rr_ni 11
2 4 r&m|l 3 5
Lo_fr.ti
4 zll 3 5
z 1 1.1

= —
4 1 35
Deduction(ii): To get the deduction all the sine terms must vanish and this can be done
by taking x =0,27,.... So, let us put x =0(which is a discontinuous point).

20



f(0)+f(2l):£+2_l2 i iz

2 T 21351

jizgz{;;; }

2 4 7 3 5
:iziﬂ_l{i 1.1 }

2 4 7|1P 3 5
Lt :2_1[1+L 1, }

2 4 T 33 5
jizz{gi 1, }

4 7l 3 5
RTINS U

g8 17 3 5

11.Find the Fourier series expansion for the function f(x) = x + x’ in
—T<X<T

Solution: Here the interval is — 7 < x< 7. So, let us verify whether the function is odd or
f(x)=x+ x2

— f(x)=—(x+x7)

even. f(—x) =(—x)+ (—x)2 =—x+x*# { which is neither odd nor

even. So, Let us find all the three constants.

a =%If(x)dx

54154

Va
a, =% J-f(x) cosnx dx

-7

A
=— j(x+x2) cosnx dx
T

-7

: i r
_ l{(x+x2) sinnx (1+2x) (_ cosznxj P (_ s1n3nxﬂ
T n n n -

_ l{[o — (1+27) (— COSZ””] + 0} - {0— (1) (— COSZ'”[] +0}}
% n n

=l(— COS;”j(—l—zyzH—zz)

n

21



L E=D"
)
D"
n =4
a n2
1 T
b, =— jf(x) sinnx dx
Tz
1% 2. .
=— j(x+x ) sinnx dx
-
. V4
_1 {(x ) (_ cosnx) 2 (_ smznx) s (cos;zxﬂ
T n n n r
(7 +72) (_ cosnﬂ'j _d+27) (_ sin ;17[) s (cos;m’ﬂ ~
_i L n n n
ﬂ' r .
(-7 + 7% (_ cosnﬂ') Cd-2m) (+ sin ;m’j 9 (cos;zﬂ'ﬂ
i n n n
:l[cosnﬂ(_ﬂ__ﬂ_z _ﬂ__”[z)}
Tl n
_LEVT
T n
b, = —2(_1)
n

2 00

Hence the Fourier series is of the form x+x* = % + 42
n=1 n

="

n

="

-— COS nx — 22 sin nx
n=1

12.Prove that 1= 4

[sin = 1 sin3T7DC + é sinSTm + } in the interval 0< x< 1
T

Solution:

As per the RHS we need to find the Fourier sine series expansion of the function in0<x <1
Heref{x) = I and the interval shall be taken as (0,1).

]
b, :%jl sin(@jdx
1) I

2 (nﬂ:le :
=—|—cos| — |—
) ) nr),

= EL[_ cosnyz + 1]

I nw

_ 2 ey +1]
nmw

2 {2,ifnis odd

nrx |0, if nis even

nmw
0, if nis even

b _{i,ifnisodd

22



> 4 . (nnx
1= > —sin o
.. .. =1,3,5,..17%

Hence the Fourie siner series is "

41 . o> 1 . 3z 1 . Sxx
=] =—|sin—+—sin— + —sin— +....
T [ 3 [ 5 [

13. Find the half range cosine series of f(x) = x2, in 0 < x < 7. Hence deduce the

value of Z% .

n=11
Solution:

27[
aozggf(x)dx

7
jf(x) cosnx dx
0

a, =—
T

2%,
=—J'x cosnx dx
0

applying Bernoulli's formula

o2 ofe]
| _ 27
e

= ¢

D"
n2

Deduction: Since the denominator of the series is n* and that of the cosine series is only n’
let us apply Parseval’s identity for fourier cosine series is

2
: . T
Hence the half range cosine series is x* =3 + >4
n=1

23



2 n=1n4 T 0
4 oo 57"
:>_27[ 162% _2 x_}
n=1N A
L~ o
4 - 5
AT ”—}
n=1Nn 7[_ 5
4 oo 4
:>27[ 162% :27z
n=11 5
oo 4 4
:>162L4 :275 _27z
n=1Nn 5 9
oo 4
:>16Zi4 =8i
=y’ 45
> 1 z
=y — ="
nZ:m4 90

14. Find the half range cosine series for the function f(x)=x,in 0< x</. Hence

deduce the value of the series 2% .
n=1(2n—1)
Solution
2 1
a, = 7 J-x dx

24



Il

~ |

=

<4

=
VR
N‘§
N——
SR

|

[u—

|

(@)

o

%2
7\
N‘§
N——
7\
S
\_/N
~—
ol—l

2
=z Lj [cos nn’—l]
[\ nz

= 2L [y -]
niw

2 {(—2), if nisodd

n’r’ 0, ifniseven
4 .. .
_ —ﬁ,lfnlSOdd
a, - niw
0,if niseven

. o 4l
Hence the half range series is x = ! + Y. ——— cos [@j
n=135,. N7

Deduction: Since the denominator of the series is n* and that of the cosine series is only n’
let us apply Parseval’s identity

2 P L
D 4 (a2 +02)=2 [[f @] dx
2 & Ly
12 > 16> 2L,
= —+ =—|x" dx
2 n=1§5,...n4ﬂ'4 ! g

i
I’ > 16/2 2| x°
=+ z i

n=13,5..01 7 I3 0

2 oo 2 2
I ST CTS

;1:1,3,5,...714754 3

= 16l 2% I?

= 2 G Ty

n=35,.10 7 3 2
= 161> [?
= X i
n=13,5,.01 7 6

15.Find the Fourier series expansion upto third harmonic from the following data:

x: 0 1 2 3 4 5
f(x): 9 18 24 28 26 20
Solution:
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aq =§Zy=%*125=41.6667

X|y 0=nx/3 |0 CosO |y CosO Cos 20 | yCos 20 Cos 30 | yCos 30
019 0 0 1 9 1 9 1 9
1|18 /3 60 0.5 9 -0.5 -9 -1 -18
2124 27/3 120 -0.5 -12 -0.5 -12 1 24
3128 3n/3 180 -1 -28 1 28 -1 -28
4126 47/3 240 -0.5 -13 -0.5 -13 1 26
5120 S7/3 300 0.5 10 -0.5 -10 -1 -20
D.y= >y cosd >y cos20 >y cos36
125 = -25 =-7 = -7
sin@ ysin® sin20 |ysin20 |sin |y sin 30
36
0 0 0 0 0 0
0.866 | 15.588 0.866 | 15.588 0 0
0.866 |20.784 -0.866 | -20.784 0 0
0 0 0 0 0 0
-0.866 |-22.516 |0.866 |22.516 0 0
-0.866 |-17.32 | -0.866 | -17.32 0 0
D ysiné > ysin26 D ysin36
=-3.464 =0.0 =

a, = 3 S ycosf = % *(=25) =—8.3333

a, = 2 Zy cos26 = 2 (-7)=-2.3333
q 6
2 2

as =— Zy cos36 = P *(=7)=—2.3333
q

b =2 D ysinf = % *(=3.464) =—1.15
q

b, =22ysin2€=%*(0)=0
q

b3=22y sin39=%*(0):0
q

26



Hence the Fourier series expansion

f(x)=— 0 4 (a; cos @ + by sin 8) +(a, cos26 + b, sin 26) +(a3 cos368 + b, sin36)

= f(x) =20.8334 +(—8.3333 cos @ —1.15 sin 8) +(—2.3333 cos 28 + 0 sin 26)
+(-2.3333c0s30)

— £(x) = 20.8334 +(—8.3333 cos ? ~1.15 sin ?j +(— 2.3333 0052? j

+(— 2.33330053%)

—X

16.Express the function f(x) =e¢ ", in —1< x <1 in the complex form of the Fourier

series.

Solution: The Complex form of the Fourier series is f(x) = i C, e "™, where

n=—o
c+2L

J- f(x) einﬂ'x dx
e—x einﬂx d.x

—(l—in/r)x d.x

1 e—(l—inﬂ')x 1
2| —(1-in7) |

Ilc_,._|_¢ —

1 [ —(-inm) (I—inz)
C2|~(1-inz) ~(1-in7)
1

11 I+inm| 1 . ..
————————| ——(cos nx+i sin nx) + e (cos nx — isin nr)
C2l-inz l+inzw| e

1 1+ inx n 1
=51 (e——j

21+n°7 e

e’ —1 1+ inx 0
c, = — (-
" 2e 1+n27[2( )

Hence the Complex form of the Fourier series of the given function is

inmx

f) = SCpe b

n=—oo

2_2
ne—e 2 l4+n°xm

17.0btain the fourier series for the function f(x)=|x in -7z <x<zalso deduce that
1 1 1 z’

I + o + ra +... o
Sol :

[0 =]y

fEx) =4

s f(x)= f(=x) it isaneven function.
Hence b, =0

Fourier series becomes

27



f(x) =%’+Zan CoS nx
n=l

a, zgjff(x)dx
7[0

a, zgjf(x) cos nxdx
T 0

27 27
:—j|x| cos nxdx = —J-xcos nxdx
7[0 7[0

. T
2| xsinnx cosnx
=— +—

T n n 0
C_2fey 1
" x| n*  n?
—i :nisodd
Soa, = 7zn2
0 ‘niseven

Hence Fourier series becomes
T 4 & cosnx

fo=2-2
2 n=13.5,... n’
Put x = 0(continuous point)
- f0)=0
T 4 & 1
= f(0)=——— —
TO=5 ﬂg:snz
T 41 1 1
0-Z=—"| +—+—+
2 71'(12 3?5 j
(hadate)
12 32 5 7)) 8
-1z
= (2n-1 8

18.Find the Fourier series of f(x)=|cosx|in (- 7,7)

Sol:
Here f(x)= f(—x)

s f(x) = |cos x| iseven function. Henceb, =0

) .. a -
Fourier series is f(x) = ?O +Y a,cosnx
n=l

a, =£]if(x)dx
7[0

= 2 jf |COS x|dx
T 0

28



z
21 % f
=— .[cosxdx+.|.—cosxdx
7 0

T

2

2 . /2 . V4
= ;[(sm x)0 —(sin x)m}

2
—;[(1—0)—(0—1)]

a, =—
T

a,= zj f(x)cos nxdx
7 0
zgﬂcos x| cos nxdx
7 0

/2 V.4
:—{J' COS 11X.COS xdx — Icosnxcosxdx
0 /2

2 1 /2 V.4
=— E(j cos(n+1)x+cos(n—1)dx— cos(n+1)x+cos(n—1)xdxj

4 0 /2

n+1 n—1 0 n+1 n—1 212

1 K sin(n +1)x _ sin(n l)xj B (sin(n +Dx  sin(n— l)xj }

sinn+ D)% sinn-1)7  sinn+1)"  sin(n— 1)%

1
; n+l1 n—1 n+1 n—1

T 2| n+l n-1
2 nr| -2
a,=—cos—|— n#l
V.4 2 |1n -1
-4
= > cos—, n#l1
(n” =1

When n = 1 we have

/2 T
a, =—{J. COS X COS Xdx — J-cosxcosxdx}

7 0 /2

2 /2 V4
== | cos® xdx— jcosz xdx
V3
0

/2

/2 V.4
_2 J-[1+cos2xjdx_ J-[1+0052xjdx
T 2 2

0 /2

1 ( sin 2xj7”2 ( sin 2xj”
=—||x+t - x+
T 2 0 2 wl2

2 = nw
X)=—++ —— COS——COS nx
1) z n:;,...ﬂ(nz—l) 2
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UNIT - 4 : APPLICATION OF PARTIAL DIFFERENTIAL EQUATIONS
Question Bank

PART - A

1. Classify the following partial differential equations
’u 9’u
@ =5 =-"+
ox~ dy

0°u ou du
®) oxdy [axj—i_(ay]—i_xy
Solution:
(a) A=1, B=0, C=-1
B’ -4AC=0+4=4>0
Equation is hyperbolic
(b) A=0, B=1, C=0
B*—4AC=1-0=1>0
Equation is hyperbolic

2. Classify the following partial differential equations
2 2 2
(a) 42 44 du o 2‘—48—“—88—”—1@:0
ox dxdy dy ox dy

2 2 2 2
(b) a_l;t + a_l;l = (a_uj + a_l/t
ox* dy ox dy

Solution:

(a) A=4, B=4, C=1
B> -4AC=16-16=0
Equation is parabolic

(b) A=1, B=0, C=1
B* —4AC=-4<0
Equation is Elliptic.

3. Classify the following partial differential equations
X’ f, +(1=y>)f., =0for—-1<y<l,—co<x<oo
Solution:

Azxz,B:O,C:l—y2



B® —4AC =-4x*(1-y?)
=4x*(y* -1)

x* isalways +ve in —oco < x <oo, x#0

In—-1<y<l, y*>—lis—ve

Equation is Elliptic
If x = 0, B2-4AC=0, the equation is Parabolic.

4. Classify the following partial differential equations:
(@) y’u, — 2xyu,, + xzuyy +2u, —3u=0

(b)y’u,, +u, +u’ +uy2 +7=0

Solution:

(a) Here A = yz,B = 2xy,C= X
B>-4AC=4x" y’-4x" y*=0
Equation is parabolic

(b) Here A= y* . B=0,C=1
B*-4AC=0-4y*=-4y><0
Here y’is always positive
Equation is elliptic.

5. Classify (1+ x)2 u, —4xu, +u, =x
Solution:
Here A =(1+x)’ B=—4x,C=1
B*-4AC=16x>- 4(1+x)’
=16x>-4-8x -4
=43 x*-2x-1)
If x=1then B>-4AC=0

Given PDE is Parabolic.
If x <0 (or) x>0 Then B>~ 4AC >0

Given PDE is Hyperbolic.

6. What are the possible solution of one dimensional wave equation?

Solution:



() y(.0=(c,e™ +cre ™ Nese™ +c,e7 )
>ii) y(x,t)= (c5 COS px + ¢4 Sin px)(c7 cosapt +cg sin apt)

(@) y(x,1) = (ng+ Cio )(Cut + Clz)

. What is the constant a’ in wave equation u, =a’u _?

Solution:

0’y  ,9%y
2 -4 5%

ot ox

tension

where a’ = - -
mass per unit length of the string

. A tightly stretched string of length 21 is fastened at both ends. The midpoint of the string is
displaced to a distance b and released from rest in this position. Write the initial conditions.

Solution:
. . .. 0 0’
The one dimensional wave equation is —2) =a’ —2)
ot ox
The equation of OA is
y-0_ x-0

b 1-0

bx
:>y—7,0<x<l A(LD)

The equationof ABis B(21,0)
y—b x-I
-b / b
Ib—bx 0(0,0 B(21,0)

[

:>y=w=?(21—x),l<x<21

= y—-b=

The initial boundary conditions are
Hy0,1)=0
(i)y,0)=0
(i 250 _ g
ot

b—x,0<x<l

)y(x0) =1,
7(21 -x),l<x<2l



9. Write the boundary conditions for the following boundary value problem “If a

string of length [ initially at rest in its equilibrium position and each of its point is
) .37 . . .
given the velocity (a—yj =v, sin’ Tx,O < x <! Determine the displacement function
t t=0

y(X’t),’
Solution:
The boundary conditions are
(1) y(0,1)=0,t>0,
(i) y(,1)=0,t>0,
(iii) y(x,0)=0,0<x<1,

(iv) %(X,O) =v, sin3%,0 <x<l

10. Write the boundary conditions for solving the string equation if the string is
subjected to initial displacement f(x) and initial velocity g(x).
Solution:

@®  y0.H=0
i) y(l,n=0

(1ii) %(x,O) =g(x),0<x<l

1v) y(x,0)= f(x),0<x<l

. . . 0 9’
11. In one dimensional heat equation a—u = a* 2% what does o refer to?

ox®

Solution:
k
a’ = —isdiffusivity of the material
sp
where k —thermal conductivity
S — specific heat capacity
p — Density.

12. What are the possible solution of one dimensional heat equation?
Solution:

The possible solutions are



D u(x,t) = Ae P (Bcos px + Csin px)
Gi)u(x,t) = Ae " (Be” +Ce™™)

(iidyu(x,t) = Ae™*"" (Bx +c)

13. What is the steady state temperature of a rod of length / whose ends are kept at 30° and
40"
Solution:
d 0’
The heat flow equation is A o’ —th
ot ox

ou
When the steady state condition exist, a—zO (" uis independent of t)
t

2

. u
Then the heat flow equation becomes —-=0

X
u=ax+>b -1
x=0,u=30=5b=30
x=l,u=40 =40=al+30
10
Tl

a

(1):u=?x+30

14. The bar of length 50 cm has its ends kept at 20 C and 100 C until steady state
conditions prevails. Find the steady state temperature of the rod.
Solution:
The steady state equation of the one dimensional heat equation is



15.

d’y ~0
dx’
ux)=ax+b— (1)

The boundary conditions are (a)u(0)=20& (b)u(l)=100
Applying (a)in(1)

u(0)=20=5b=20

substitute this value in (1) we get

u(x)=ax+20—-(2)

Applying (b)in(2)
u(l)=100= al +20 =100
= al =80

80
=>a=—

l

Substitute this value in (2) we get
u(x) = 8(1)—x +20

[=50= u(x) :80_x+20
50

u(x) :8_5x+20

Derive the steady state solution of one dimensional heat equation

Solution:
. . . . du ,0%u
The one dimensional heat equation is m =« F
t X

u(x,t) =u(x)
o
ot
,0%u

EY
’u
FY
= du =0

dx’
u(x)=ax+>b

0

0

0




16. What are the possible solutions of two dimensional heat equation or laplace
equation?

Solution:

@) y(x,t)z(cle‘” +ce )(c3 cos py +c, sin y)

(ii) y(x,1)=(c; cos px +c, sin px)(c7e”y +cge” )

(i) y(x,1) = (ng + ¢y )(Cuy +¢p )

PART -B
Problems on vibrating on strings with initial velocity zero

1. A string is stretched and fastened to two points X = 0 and x = I apart motion is started by
displacing the string into the form y = k(lx — x”)from which it is released at time t = 0.
Find the displacement of any point on the string at a distance of x from one end at time t.
Solution:

o’y _ ,9%y

ot e

From the given problem, we get the following boundary conditions.

@) y(0,0)=0Vt>0

@) y(l,t)=0vt >0

(i) 20 _

() y(x,0) = k(lx - x*) = f (x)

The correct solution which satisfies our boundary conditions is given by
y(x,1) = (Acos px + Bsin px)(C cosapt + Dsin apt) — (1)

Apply (1) in (1) we get,

v(0,t) = A(C cosapt + Dsin apt)

= 0= A(Ccosapt+ Dsinapt)

The wave equation is

0

= A=0, Ccosapt+ Dsinapt) #0

Putting A= 0 in (1) we get

y(x,t) = (B sin px)(C cosapt + Dsinapt) — (2)
Applying (i1) in (2) we get



y(1,t) = (Bsin pl)(C cosapt + Dsin apt)
0= (Bsin pl)(C cosapt + Dsin apt)
If B =O0then we get trivial solution
B #0, (Ccosapt+ Dsinapt) #0
~sinpl=0
sin pl =sinnrx

nw

= p=—
P=

nmat

(2) = y(x,t) = Bsin nlﬂx (C coS nflrat + Dsin j - 3)

Before applying condition (ii1) differentiate (3) partially with respect to t

9yn1) = Bsin%(— Csin nflrat + Dsin _nilratj - )

Apply (iii) in (I) we get

—ay(x,O) = Bsin nm [D @j
ot l l

=0= Bsin?(D@j

Here B # 0, sin?iO,@iO

D=0
nmat
/

— (II), where B, = BC

(3)= y(x,r) = BC sin%cos

nmat

. N7
y(x,t)=B, smnTcos

Since the partial differential equation is linear, any linear combination of solutions of the form
(4)withn=1, 2, 3, ... is also a solution of the equation.
The solution (II) can be written as
nmat
l

y(x,t) = ZBn sin%cos —(4)

n=l1

Apply (iv) in (4)
y(x,0) = an sin%

n=1



F0=3B, sin? - (5)

(5) represents half range fourier sine seriesin the interval (0, /)

]
B, :zjf(x)sin@dx
Ly [
]
=g.[k(lx—x2)sinn—7rx
Ly )

2 3 7
Zlk{(lx x)i(—cosﬁj (1- 2x)s1n$l——2cosn7ml_}

nrw n’r’ 1 n’n’
8kl*
2k A 2P 4kl* , nis odd
! { 2y n37t3+n3753} 'z’ [ = e :
0, nis even

o 2
)= y(x.1) = Z 8kl ) nfl[x cos nnl'at
1,3.5

2. A string is stretched and its ends are fastened at two points x = 0 and x = l. the
midpoint of the string is displaced transversely through a small distance b and
string is released from the rest in that position. Find an expression for the
transverse displacement of the string at anytime during the subsequent motion.
Solution:

To find the equation of the string in its initial position.
The equation of the string AD is

x—-0 _y-0 D(1/2,b)
[/12-0 b-0
2x_y
[ b
="  0<x<l/2 A(0,0) B(1,0)

The equation of the string DB is



x=112 y-b

1-1/2  0-b
2x=1 _y-b
I —b
2b

y:T(l—x),l/2<x<l

Hence initially the displacement of the string is in the form

@,O<x<l/2
Y0 =1, ! = f(x)
T(l—x),l/2<x<z
2 2
The wave equation is B_Z: aza—f
ot ox

From the given problem, we get the following boundary conditions.
@) y(0,5)=0Vt>0
@) y(l,t)=0Vt >0

0
ot

%,O<x<l/2

)y(x0) =1, ! = f(x)
T(l—x),l/2<x<z

The correct solution which satisfies our boundary conditions is given by
y(x,t) = (A cos px + Bsin px)(C cosapt + Dsinapt) — (1)
Apply (i) in (1) we get,

v(0,t) = A(C cosapt + Dsin apt)

= 0= A(Ccosapt+ Dsinapt)

= A=0, Ccosapt+ Dsinapt) #0

Putting A= 0 in (1) we get

y(x,t) = (B sin px)(C cosapt + Dsinapt) — (2)

Applying (ii) in (2) we get

y(1,t) = (Bsin pl)(C cosapt + Dsin apt)

0= (Bsin pl)(C cosapt + Dsin apt)

If B =O0then we get trivial solution

B #0, (Ccosapt+ Dsinapt) #0

~sinpl=0

sin pl =sinnrx

10



=p=—
P=

nmat

(2) = y(x,t) = Bsin nlﬂx (C CoS nflrat + Dsin j - 3)

Before applying condition (iii) differentiate (3) partially with respect to t

(1) = Bsin@(— Csin nat + Dsin nmtj — )
ot l l
Apply (i11) in (I) we get

W0) _p sin@(l)@j
ot [ [

—0= Bsin%(D?j

Here B %0, sin?;to,?;to

D=0

nat
!

(3)= y(x,1)=BC sin?cos

nmat

y(x,t)=B, sin?cos — (II), where B, = BC

Since the partial differential equation is linear, any linear combinationof solutions of the form (4)
withn=1, 2, 3, ... is also a solution of the equation.
The solution (II) can be written as

"’lm @)

~ . nm
y(x,t) = z B, sin nTcos
n=l

Apply (iv) in (4)

y(x,0) = an sin?

n=1
f=3B, sin¢ = 5)
n=l
(5) represents half range fourier sine seriesin the interval (0, /)

2 nix
B =— x)sin—dx
\ l!f( )sin=

11



220 "¢ (nmx l . [ nmx
=T {I xsm(Tj dx + I (I—x) sm(Tj dx}

|
S

- 8 . nm . nmx mat
4 = y(x,t) = zﬁsmn—smn—cos "
purll /A 4 2

3.

1/2

[l e
+{(z ~) (‘ C({%}éj - (—1)(_ Si“(%) . j }

2
2
+ O—O+£L cos (ﬂj +sin(ﬂj%
2nrw 2 2 )n'x

l

A string is stretched with fixed end points x = 0 and x =1 is initially in a position
given by y(x,0)=y, sin3?. It is released from rest from this position. Find the

displacement y at any distance x from one end at anytime t.
Solution:

The wave equation is %y =a’ o’y
ot’ ox”

From the given problem, we get the following boundary conditions.
@ y0,t) =0Vt >0

@) y(l,t) =0Vt >0

... 9y(x,0)
(iii) T =
() y(x,0) = k(lx—x*) = f(x)
The correct solution which satisfies our boundary conditions is given by
y(x,t) = (Acos px + Bsin px)(C cosapt + Dsinapt) — (1)

12

0



Apply (i) in (1) we get,
v(0,t) = A(C cosapt + Dsin apt)
= 0= A(Ccosapt+ Dsinapt)
= A=0, Ccosapt+ Dsinapt) #0
Putting A=0in (1) we get
y(x,t) = (Bsin px)(C cosapt + Dsinapt) — (2)
Applying (ii) in (2) we get
y(l,t) = (Bsin pl)(C cosapt + Dsinapt)
0=(Bsin pl)(C cosapt + Dsinapt)
If B =0then we get trivial solution
B #0, (Ccosapt+ Dsinapt) #0
ssinpl=0
sin pl =sinnrx

nw

= p=—
P=

nmat

(2) = y(x,t) = Bsin nlﬂx (C coS nflrat + Dsin j - 3)

Before applying condition (ii1) differentiate (3) partially with respect to t
ot

Apply (iii) in (I) we get

dy(x,0) . nﬂ:x[ nﬁaj

Bsin——| D——
ot [ [

=0= Bsin?(D@j

nuat . naat
+ Dsin

= Bsin%(— Csin

Here B # 0, sin?iO,@iO

D=0
nmat
/

(3)= y(x,r) = BC sin%cos

nmat

y(x,1)= B, sin%cos s (II), where B, = BC

Since the partial differential equation is linear, any linear combinationof solutions of the form (4)
withn=1, 2, 3, ... is also a solution of the equation.
The solution (II) can be written as

13



y(x,t) = Z B, sin?cos nfl[at —(4)
n=l
Apply (iv) in (4)

y(x,0) = an sin?

n=l1

nmux

f(x)= iBn sin

.3 O . Nx
y0s1n3—=ZanmT

n=1

%{%in?—sin?} =B, sin?+ B, sin27m+ B, sin37m+...

By Equating like coefficients
3y y
B, :TO’Bz =0,B; = _TO’B‘* =B;=..=0

Substitute these values in (4) we get

3y, . mx  mat . 3mx 3mat
y(x,t)=%sm70057—&sm—cos—

l

Problems on vibrating on strings with non — zero initial velocity

4. A tightly stretched string with fixed end points x = 0 and x =/ is initially at rest in its
equilibrium position. If it is set vibrating by giving each point a velocity kx(/-x).
Find the displacement of the string at any time.
Solution:

The wave equation is iy _ a’ %y
ot’ ox®
From the given problem, we get the following boundary conditions.
@) y(0,1)=0Vt>0
@) y(l,t)=0vVt>0
(#Mi) y(x,0)=0
025D -0 = £
The correct solution which satisfies our boundary conditions is given by
y(x,1) = (Acos px + Bsin px)(C cosapt + Dsin apt) — (1)
Apply (1) in (1) we get,
v(0,1) = A(C cos apt + Dsin apt)
= 0= A(Ccosapt + Dsin apt)
= A=0, Ccosapt+ Dsinapt) #0

14



Putting A= 0 in (1) we get
y(x,t) = (B sin px)(C cosapt + Dsinapt) — (2)
Applying (i1) in (2) we get
y(l,t) = (Bsin pl)(C cos apt + Dsin apt)
0 = (Bsin pl)(C cos apt + Dsin apt)
If B =0then we get trivial solution
B #0, (Ccosapt+ Dsinapt) #0
sosinpl =0
sin pl =sinnrx
nw

= p=—
P=

(2) = y(x,t) = Bsin nlﬂx (C coS nflrat + Dsin m;mj - (3)

Apply (iii) in (3)
Y(x,0) = Bsin@C

0=BC sin?
=C=0
B)= y(x,0)=BD sin%sin n7;‘at

nnat
[
Since the partial differential equation is lin ear, any linear combition of solutions
of the form (4) withn =1, 2, 3, ... is also a solution of the equation.The general solution
can be written as

y(x,0) =B, sin % sin

nmat

yxn=>"B, sin%sin 5 (4)

n=1

Differentiate Partially (4) with respect to t we get,

_ay(x,t) = ZBn sin N cos nzat . nm —(5)
ot = l [ [
Apply (iv)in(5) we get

fx)= an Sin? — (6), where b, =B, @
n=l1

Equation (6) Represents Half rane sine series.
15



1
b, :zjf(x)sin@dx
ly [
!
=gjk(lx—x2)sin@
L [

3 l
2lk [(lx X ) ! (—cos?j+(l—2x)sin?.l——2cos?l—}

nx n’r’ n’r’ |,
2
2k I’ 20° akl® 0 Bk n is odd
l { 2D i + n37[3:|: e [1_(_1) ]: 1’1371'3 ’
0, nis even
B =t
nmua
8kl*
l , nis odd
= Bn :% n37[3
0, nis even
8kl*
, nis odd
j— Bn = an47z.4
0, nis even
o 4
( — y(x t) _ z Skl . l’lmC sin nmiat

e ! !

. Find the displacement of a tightly stretched string of a length 7cms vibrating

between fixed end points if initial displacement is 10sin(37ﬂxj and initial velocity is

15 sin[gTﬂxj

Solution :

2 2
The wave equation is 8_37 =a’ 8_21

ot ox
From the given problem, we get the following boundary conditions.
@) y(0,5)=0Vt>0

i) y(L,1) =0Vt >0
i) y(x,0) =10 sin37ﬂx

iy Q&0 s 97
ot 7

The correct solution which satisfies our boundary conditions is given by

16



y(x,1) = (Acos px + Bsin px)(C cosapt + Dsinapt) — (1)
Apply (1) in (1) we get,
v(0,1) = A(C cos apt + Dsin apt)
= 0= A(Ccosapt + Dsin apt)
= A=0, Ccosapt+ Dsinapt) #0
Putting A= 0 in (1) we get
y(x,t) = (B sin px)(C cosapt + Dsinapt) — (2)
Applying (i1) in (2) we get
y(l,¢) = (Bsin pl)(C cos apt + Dsin apt)
0 = (Bsin pl)(C cos apt + Dsin apt)
If B =0then we get trivial solution
B #0, (Ccosapt+ Dsinapt) #0
sosinpl =0
sin pl =sinnrx
nw

= p=—
P=

(2)= y(x,r) = Bsin nlﬂx (C Ccos nflrat +Dsin

mtj 53

+ BDsin

y(x,t)= sin%(BCcos nat nﬂ'atj

y(x,t)= sin@(Bn cos na +C, sin nﬂ'atj
l l l
The general solutionis

y(x,0)= Zsin%(&l cos nflrat +C, sin nflratj —(4)
n=1

Apply (iii) in (4) we get
yx0 =3B, sin? - lOsinSTﬂx

n=l1

B, sin%+ B, sin27m+ B, sin37m+... = 10sin(37ﬂxj

Equating like coefficients, we get B, =10 — (1)
From (4) we get

17



ot
Apply (iv) in (5) we get

ay(xO) ZC —si ﬂ—lSsmgTﬂx

W) _ ZSin?(— B, cos ”71"‘” ?+C sin 7 @j = (5)

n=1

ot l
= C, 9&:15
/
C, = 151 D
97ra

The remaining C,'s are zero
Substitute (1) & (Il )in (4)
3mat . 3mx 151 . 9mar . 9mx

= y(x,t)=10cos sin + sin sin
[ [ 9m [ [
=7 = y(x,t)=10cos St sin 37 + 105 sin Ot sin o
7 7  9m 7 7

ONE DIMENSIONAL HEAT FLOW EQUATION
Problems with zero boundary values.

6. A uniform bar of lenth / through which heat flow is insulated at its sides. The ends
are kept at zero temperature. If the initial temperature at the interior points of the

bar is given by k(lx—xz), 0O<x<l!. Find the temperature distribution in the bar

after time t.

Solution:
The heat equation is a_u =a’ a_u
t ox’
The heat equation satisfying the boundary conditions are

@u(0,t)=0
@@u(l,t)=0
Gi)u(x,0) = f(x)=k(Ix—x%)

The correct solution is

18



u(x,t) = Ae 7" (Bcos px+Csin px) — (1)
Apply (i)in(1) we get

u(0,1)= ABe™* """

0=ABe ™"

B=0&e™ " #0,A#0

(1) = u(x,t) = ACsin pxe "' — (2)
Applying (ii) in (2) we get

u(l,t)= ACsin px.e‘“z”z’

0= ACsin px.e ®""
=sin p/=0
pl=nrx

_nr
P

nZIrZaZt
2

(2) = u(x.t) = AC sinnTme_[

rlzﬂ'za’z
T

. NTX
u(x,t) =B, smTe

The general solution is
n2ﬂ2a2

u(x,t) = i B, sinnTme_[’Zr] —(3)

n=1
Apply (i11) in (3) we get,

u(x,0)= an sinnTﬂx
n=1

F0=38, sinnTmeM)

(4) Represents half range sine series

19



[
B, = %J-f(x)sin%x
0

]
=gjk(lx—x2)sinn—m
[ [

0

2
2k{(lx X)— ! (—cosn—mj+(l—2x)sm X ﬁ - 2cos 2% f 3}
nrw n'm |,
2/{ 2y Ly 2 }_4513[1_(_1),1}_ e is odd
wr o onr | nr .
0,  niseven

i 8kl2 . @e‘[nz’,faz’]

1,3,5

B)= u(x,1)

7. A uniform bar of lenth / through which heat flow is insulated at its sides. The ends
are kept at zero temperature. If the initial temperature at the interior points of the

bar is given by ksin3?, O<x<!. Find the temperature distribution in the bar

after time t.

Solution:
The heat equation is a_u =a’ a_u
ot ox’
The heat equation satisfying the boundary conditions are

u(0,t)=0

(iDu(l,t)=0

Gii)u(x,0) = f(x) = ksin’ %

The correct solution is

u(x,t) = Ae 7" (Bcos px+Csin px) — (1)
Apply (i)in(1) we get

u(0,1)= ABe™* """

0= ABe ™"

B=0&e™ " #0,A#0

(1) = u(x,t) = ACsin pxe "" = (2)
Applying (ii) in (2) we get

20



u(l,t) = ACsin px.e‘“z”z’

0= ACsin pxe "
=sin pl=0
pl=nrx

nrw
p="—

[

n*rla? 'J

(2) = u(x,1)=AC sin@e [ ¢

n’rla?
|

. NTX
u(x,t) =B, smTe

The general solution is
n’r’a’

u(x,t) = i B, sinnTﬂ-xe_[’ZZJ —(3)
n=l1

Apply (iii) in (3) we get,
nwx

u(x,0)= an sinT
n=1

F0=38, sin”77”—>(4)

k sin’ %—B smﬂ; +B, sn27lz +B;s 1n3%+

k[3sm?—sm3%} Bs n ; +B snzfl[ +B, 1n3%+

Equating the like coefficients we get

B, = %, B,=0,B, = k,Theremaining B, 's are zero
4 4

(3):> 3k . 7x _[#}_k 3k _[gﬂ;#}
u(x’t)_TSmTe Jsn=e

. A rod of 30 cm has its ends A and B are kept at 20°cand 40°crespectively until
steady state conditions prevails. The temperature at A is then suddenly raised to

90°c and the same time that B is lowered to 30°c. Find the temperature distribution
in the rod at time t. also show that the temperature at the midpoint of the rod
remains unaltered for all time, regardless of the material of the rod.

Solution:

21



The heat equation is

ou ,0u
LN
s C e W

.. .. ou
when the steady state conditions prevails m =0
t

, 0%u

l)=a —=0
()=aSh
d’u
2%-0
dx?

Sulx)=ax+b—(2)

Now the boundary conditions are

@ u(0)=20

(i)u(10) =40

Applying (i) in (2) we get

b =20

2)=u(x)=ax + 20> (3)

Applying (ii) in (3) we get

a=2

B) = u(x)=2x+20

Hence the steady state, the temperature function is given by u(x) = 2x+20

Now the temperature at A is raised to 50°c and the temperature at B is lowered to 10°c.
That is , the steady state is changed to unsteady state. For this unsteady state the
temperature distribution is given by

u(x)=2x+20

Now the new boundary conditions are

@u(0,t)=50vt>0

@@@)u(10,1) =10Vt >0

(@i)u(x,0)=2x+20

The correct solution is

u(x,t)=(Acos px+ Bsin px) e 5 (4)

Apply (i) and (ii) in (4) we get

u(x,) = Ae™* 7" =50

u(l,1)=(Acos pl + Bsin pl)e " =10

It is not possible to find the constants A & B. since we have infinite number of values for

A & B. Therefore in this case we split the solution u(x,t) into two parts
22



u(x,t)=u, (x) +u, (x,t) —(5)
Where u, (x)is a solution of the equation %—L; = azgand is a function of x alone and
satisfying the conditions u (0)=50&u, (10)=10&u,(x,r)is a transient solution
satisfying (5) which decreases at t increases.
To find u, (x):
u,(x)=ax+b —(6)
Applying the condition u, (0) =5, =50
(6)= a,x+50—(7)
Applying the condition u (10) =10a, +50=10
=a =4
(7) = u, (x)=—-4x+50
To find u, (x,):
u(x,t)=u, (x)+u,(x1)
= u, (x,1)=u(x,t)—u, (x) = 9)
Now we have to find the boundary conditions for u,(x,?)
Putting x = 0 in (9) we get
u, (O,t) =u (O,t) —u, (0)

=50-50
u,(0,7)=0
Putting x =10in(9) we get
u, (10,¢)=u(10,7)—u, (0)

=10-10

u,(10,¢)=0
Putting t =0 in (9) we get
u, (x,0)=u(x,0)—u,(x)

=2x+20+4x-50
u,(x,0)=6x-30
Now the function u,(x,t) we have the following boundary conditions
(i)u, (0,£)=0
(ii)u, (10,£)=0
(iii)u, (x,0) =6x—30

23



Applying the first two conditions we get the general solution as

n*r’o?

u, (x,t)= ibn sinnl—ﬂ(.)xe_[mtJ —(10)

n=1

Applying the (ii1) in equation (10) we get
u (x,0)=>b, sm”l—’g’C = 6x—30
n=1

10
b, :ij(6x—30)sin”—“dx
107 10
10
0 (x—S)SiHde
50
6 10 nzx 100 1"
:_[_(x_s) oo tsi——e 2}
nix 10 n°z” |,
6| -50 50
ter-2
nrw nrw
60 n
=——1|1+(-1
(1)
0 :nisodd
=4 120 .
———:niseven
nrw
120 nax ]
10) = 1) = —_— — (11
(0= ()= 3 2 inliEhe (1)
Substitute (8) and (11) in (5) we get
u(x,r)=—4x+50+ i _120sin—en7[x _[ 100 J
n=2.4.6.. NI 10

TWO DIMENSIONAL HEAT FLOW EQUATION

. A square plate is bounded by the lines x=0,y=0 ,x=20& y=20 .Its faces are
insulated. The temperature along the upper horizontal edge is given by
u(x,20)=x(20— x) when
0 < x < 20 while the other three edges are kept at 0° C. Find the steady state

temperature in the plate.
Solution:
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Let us take the sides of the plate be [=20.Let u(x,y) satisfies the Laplace’s

‘u du

u
equation —+—=0—> (). A
q o oy M

The boundary conditions are
(1) u(0,y)=0,0<x<1
(ii) u(l, y)=0,0< x< [ 0% 0°c
(i) u(x,0)=0,0< x< [
V)u(x,)=x(I-x),0<x<{

The correct solution should be
u(x,y)=(Acos px+ Bsin px)(Ce”™ + De ") — (2)

Applying (i) in (2), we get

u(0,y)=A(Ce”™ + De ") =0

=A=0

Applying (ii) in (2), we get
u(x,y)=Bsin px(Ce”y + De_”y) —(2)
Apply (ii)in(2) we get,
u(l,y)=Bsin pl(Ce”y +De_”y)

0= Bsin pl (Ce”y + De_”y), Here (Ce”y + De™? ) #0,B#0

=sin pl=0
sin pl =sinnx
pl=nrx

_nr
P

nwy _nxy

.~.u(x,y)=BsinnTm(Ce’ +De ! ]e(?&)

Apply (iii) in (3) we get
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u(x,o):Bsin”T’”(cm)
O:Bsin”T”x(chD)

C+D=0. sincesinnTmiO,B;tO

=D=-C

nxy nry
(3):>u(x,y)=BsinnTmC(e’ —e ! ]
wty  _nry
u(x,y)=2BCsinnTm%(e’ —e ! J

nry o _nmy
Consider B, =2BC, and%(e I—e ! ]zsinh@

=u(x,y)=B, sinnTﬂ.xsinhnﬁTy

Most general solutionis

u(x,y)= iBn sin?sinh@ —(4)

n=1

Aplly (iv)in(4)we get

u(x,l)= an sinhnn’.sinnlﬂ

n=l1

f(x)= ibﬂ sinnTm —(5) where b, = B, sinhnx
n=l1

(5) represents Half range Fourier Sine series

1
b =% [reo sin%x
0

24 nwx
=2 (Ix—x*)sin—=
l!;( ) [

‘n’r

2

2

nrx I’

—2cos——

; ; ) 81>
=%{—2<—1)" L2 }: -y )=

0,

26

nis even

3.3

nrw

|



10.

2

—— Cos echnr :nis odd
=B = nwi

n

0 ‘niseven

o 2
. O nNxITx . nw

cou(xy)= z 2 cosechnmsin 2 ginh %Y
r [ l
n=135,. 07

[1=20=u(x,y)= 32(3)0 z %cos echnrsin 222 sinh 22
T =351 20 20

A square plate is bounded by the lines x=0,y=0 ,x=a& y=a.lts faces are
insulated. The temperature along the upper horizontal edge is given by

X

u(x,a)=4sin’ ( jwhen 0 < x < a while the other three edges are kept at 0° C. Find

a
the steady state temperature in the plate.
Solution:
Let us take the sides of the plate be /=a .Let u(x,y) satisfies the Laplace’s equation
%+%:0 : u‘x,a):4sin3%
The boundary conditions are
(1) u(0,y)=0,0< y<a
(i) u(a,y)=0,0< y<a 0°c
(1) u(x,0)=0,0<x< a

. .3 TX
(iv)u(x,a)=4sin’ == ,0< x< a
a

The correct solution should be
u(x,y)=(Acos px+ Bsin px)(Ce”™ + De ) — (1)
Applying (1) in (1), we get
u(0,y)=A(Ce™ + De ") =0
=A=0
Applying (i1) in (2), we get
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u(x,y)=Bsin px(Ce” + De™” ) —(2)

Apply (ii)in(2) we get,

u(a,y)=Bsin pl(Ce”y +De"’")

0= Bsin pl (Ce”y + De"”y), Here (Ce”y + De™? ) #0,B#0

= sin pa=0

sin pa = sin nx

pa=nxw
ni
pP=—"
a
Conmx| ™ -y
~u(x,y)=Bsin——=| Ce ©* +De * |—(3)
a

Apply (iii) in (3) we get

u(x,0) = BsinZX (C + D)
a

0=BsinZX(C+D)
a

C+D=0. sincesinn—miO,B;tO
a

=D=-C

nry o nmy
(3):>u(x,y)=Bsinn—mC(e “ —e @ ]
a

. 1wy o
u(x,y)=2BCs1nn7m.§[e a _g a j

nry _mmy
Consider B, =2BC, andz(e “ —e 4 jz sinhm
a

=u(x,y)=B, sin %X ginh Y
a a
Most general solutionis
u(x,y)=> B, sin " sinh MY (4)
n=1 a a
Aplly(iv)in(4)we get

u(x,a)= i B, sinh n7r.sin 2%
n=l a
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Apply (iv)in(4) we get

. . N7TX . . 27x . . 37mx
u(x,a)= B, sinh 7sin——+ B, sinh 2 sin ——+ B, sinh 37 sin ——+...
a a a

. 3 TX . . NTTX . . 27x . . 37mx
4sin’ == = B, sinh 7'sin —— + B, sinh 277 sin ———+ B, sinh 37sin——+...
a a a a

1, . . . . . .2 . .
4.—[3smﬂ—sm3ﬂ} =B, sinh 77 sin 222~ + B, sinh 27[s1nﬂ+B3 sinh 37[s1n3ﬂ+...

a a a a a
= B, =3cosechr,B, =0,B, =—cosech3x,B, =B, =...=0
(4)= u(x,y)=3cos echrsin P sinh 22— cos ech3sin 22 sinh 222
a a a a
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MA 6351 TRANSFORMS & PARTIAL DIFFERENTIAL EQUATIONS

UNIT IV - FOURIER TRANSFORM
PART - A

1. State Fourier integral theorem.
Sol. If f(x) is piecewise continuous derivative and absolutely integrable in (- oo, o) then

f(x)z%]i T f@) e’ dtds (or) f(x):%]; ]; f(t) cos[s(x—1)] dtds

—o0 —oo

2. Define Fourier transform pair.
Sol. Fourier transform of f(x) is

1 % .
F($)=F[f(x)]=— (x) e dx
f — _jwf

Its Inverse Fourier transform is

)= ﬁ_];ﬂf(x)] e ds= F7[F(5)

3. Define Fourier cosine transform pair.
Sol. Fourier cosine transform of f(x) is

F.(s)=F.f(x)]= F [ f(x) cossx dx
T 0
Its Inverse Fourier cosine transform is

Sf(x) =\/Z]: F.[f(x)] cossx ds
7[0

4. Define Fourier sine transform pair.
Sol. Fourier sine transform of f(x) is

F(9)=F,[f(0)]= \E [ £Cx)sinsx dx
T 0
Its Inverse Fourier sine transform is

f(x) =\/Z]c F [f(x)]sinsx ds
7[0

5. State Parseval’s identity for Fourier transform.
Sol. If F(s) is the Fourier transform of f(x) then

T| F(s)I* ds = Tlf(x) 1> dx

— oo

6. State Parseval’s identity for Fourier sine and cosine transform.
Sol. If F,(s) and F.(s) are the Fourier sine and Fourier cosine transform of f(x) respectively then

oo oo

JIE @ ds=[ /1" dx  and  [IF.(9)17ds=[ £ (0] d

0 0

7. Define the convolution of two functions for Fourier transform.
Sol. The convolution of two functions f(x) and g(x) is defined by

(F* 00 = F@3 8= [ f0) gtx—n d

8. State convolution theorem
Sol. If F[f(x)] =F(s) and F[g(x)] = G(s) then F[f(x)*g(x)]=F(s).G(s)
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9. Solve the integral equation _[ f(x)cosAxdx=e"
0

Sol. Given I f(x)cosAxdx=e"
\/ZT f(x)cosAx dx= \/Z e’
Ty V4
Fc[f(X)]=\/Z e
V4
f(x)= Fc_1 {\/Z el}
V4
= \/ZJ.\/ze_l cosAx dA
To\7

= 2 J.e_l cosAx dA
0

iy} el
e

(—cosAx+ lsin/ix)}

0

{m—{ 1204+0%}
i 1+x

1
7T 1+x

T
2
| 1+x*
2
T
2

(ie)f(x)=

2

10. Find f(x) if its sine transform is ¢ “’
Sol. The inverse Fourier sine transform is given by

f(x)= \E [ FLf (0l sinsx ds
7[0
= \/Zje_”s sin sx ds
7[0
=\/Z f ?(—asinsx—xcossx)}
T|a +x .

-2 un—{21 2m—x%}
7[_ a +Xx

2 X
- \/; x*+a’
11. State the Fourier transform of the derivatives of a function.
Sol. F[f'(x)]=(-is)F(s)
FLf7(x)]=(~is)* F(s)
FLf(x)]=(~is)’ F(s)

Ingeneral, F[f" (x)]=(=is)"F(s)

Dr. M. Muralidharan
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FOURIER TRANSFORM
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L[d ——j, s < 2a
12. Find f(x) if its cosine transform is /.(P) =127 2

0,
Sol. The inverse Fourier cosine transform is given by

f(x) =\/§]o F.[f(x)] cossx ds
p 4

a — i cos sxds + J.Ods}
2

e (]
-2

1 1-cos2ax

T x* 2

sin? ax
- 2
TX

1
13. Find the sine transform of ;

2% .
Sol. Fs[f(X)]=\/;. £ (x) sin sx dx
0
F{l}Z\/z .lsinsx dx
. X

\/?‘xis. dt
~sint —

t S

/ e sint
—dt
vt

Il
N |
28 O¢

[\

él

STR] STl

(SRR

14. Prove that F[af(x) + bg(x)] = aF(s) + bG(s) [ Linearity property on Fourier transform]

Sol. Wehave FIf (1= [ f() " ds = F(o

Flaf () +bg(l=—p— [la (0 +bg (ol e ds

=da

=aF(s)+bG(s)

s 2 2a

w . . |
(x)e"" dx + b—| g(x) """ dx
T _J;f N2 _‘[o
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15.Prove (i))F [af(x) + bg(x)] = aF.(s) + bG.(s)[Linear property on Fourier cosine transform]
(ii)F[af(x) + bg(x)] = aF(s) + bG,(s)[Linear property on Fourier sine transform]

Sol. (i) Flf(0]= \/%J f(x) cossx dx = F_(s)

Flaf(x)+bg(x)] —\/7_[[af(x)+bg(x)] cos sx dx

—a\/:J f(x) cossx dx + b\/7J g(x) cossx dx

=aF.(s)+bG,(s)

(if) Flf(0l= \/%J f(x) sinsx dx = F.(s)

Flaf(x)+bg(x)] =\/§T[af(x)+bg(x)] sin sx dx
7 0

=a\/zj f(x) sin sx dx+b\/§J‘ g(x) sinsx dx
7[0 7[0

=aF (s)+bG, (s)
16. Prove that F[f (x—a)]ze””F (s) [ Time shifting property]

Sol. We have FLf(x)]= j f(x) e dx = F(s)

- §l-

1 7 A

15 is(t+a) Put x—a=t
=7 t dt _

s If()e et

|
8

ias

f(@) e’ dt

Il
Q

Il
Q
2 8- &l
N N
—3 —3

I
8

ias

f(x) e’ dx

I
8

ias

=e
17. Prove that F[e'“* f(x)]=F(s+a) [ Frequency shifting property]

Sol. We have FLf(x)]= jf(x) e dx = F(s)

]Z Y F(x) e dx

— oo

[e"" f(0)]=

Ei s

_ﬁ j f(x) e dx

=F(s+a)
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: 1
18. Prove that (i) F[f(ax)] ZZF (2} , a>0 [ Change of scale property]

(i) F[f(ax)]=—F m
a a

i) F.[flax)]="F (ij
a a

Sol. (i) We have F[f(x)]= | AL e dx = F(s)

— oo

1
N
Flfanl=—— |
L
NT R

f(ax)e™" dx
t Put ax=t
= f(@) e a ﬂ ady=dt
a

1 % it
E_J‘w (t) e dt
(it) We have F,[f(x)]= J;J. f(x) sinsx dx = F,(s)

Fs[f(ax)]=\/z]i f(ax) sinsx dx
7[0

:F T f® Sin(s_tjﬂ Pmaad);::tdt
\fj £ sm( jt dt
ol
a a

(iii) We have F.Lf(x)]= \/% [ (o) cossx dx = F,(s)

Fc[f(ax)]z\/%]o f(ax) cossx dx

\/7J.f(t) (ajdt Putaad))ccitdt
\/7‘[ f(@) cos( jt dt
o
a a

19. If ?(/1) is the Fourier transform of f (x), find the Fourier transform of f(x —a) and

£ (ax). -
Sol. Flf(x—a)]=€e"“" f(A) [ see the solution in problem 16 & 18(i) |

and FLf(ax)]=— ?(&j
a a
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20. Prove that [ Modulation property]
(i) F[f(x)cosax] :%[F(s +a)+ F(s—a)] (ii) F,[f(x)cosax] :%[FS (s+a)+F, (s—a)

(iii) Fs[f(x)sinax]=%[Fc(s—a)—FC(s+a)] (iv) Fc[f(x)cosax]=%[Fc(s+a)+FC(s—a)]

v) Fc[f(x)sinax]=%[Fv(a+s)+FY(a—s)]
Sol. (i) Wehave FLF(I=p— [ f() e ds = F(o)

F[f(x)cosax]= f(x)cosax e dx

S A

1 1 % ; 1 7 -
— (x el(S'HI)X dx+ X et(s—a)x dx
2[ TR = [ /®

oo

I

\ q_ 8
N

8'—.8

=%[F(s+a)+F(s—a)]

(ii) Wehave F,[f(x)]= \/%J S (x) sinsx dx = F,(s)

2sinAcosB = sin(A + B) + sin(A — B)

F [f(x)cosax] =\/Z]: f(x)cosax sin sx dx
7 0

:\/z]o f(x) l[sin(s+a)x+sin(s—a)x] dx
T, 2

= 1 {\/z]c f(x) sin(s+a)x dx + \/ZT f(x)sin(s—a)x dx}
2|1V Ty,

:%[Fv(s+a)+FY(s—a)]

(iii) We have F,[f(x)]= \/% f S (x) sinsx dx = F,(s)

2sinAsinB = cos(A — B) — cos(A + B)

Fs[f(x)sinax]=\/zT f(x)sinax sin sx dx
7[0

= \/z]i f(x) l[cos(s —a)x—cos(s+a)x] dx
Ty, 2

=l {\/z]: f(x) cos(s—a)x dx — \/zif f(x) cos(s+a)x dx
2|\ \Vxy, T

:%[Fc(s—a)—Fc(s+a)]

(iv) Wehave F.[f(x)]= E_‘. f(x) cossx dx = F,(s)

7=
F.[f(x)cosax]= \/;I f(x)cosax cossx dx 2cosAcosB = cos(A + B) + cos(A —B)
0
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= \/ZT f(x) l[cos(s +a)x+cos(s—a)x] dx
T 2

=l[\/§]: f(x) cos(s+a)x dx+\/§]: f(x) cos(s—a)x dx
2\ 75

=%[Fc(s+a)+Fc(s—a)]

(v) Wehave F.[f(x)]= EI Jf(x) cossx dx = F,(s)

2sinAcosB = sin(A + B) + sin(A — B)

Fc[f(x)sinax]:\/zo_f f(x)sinax cossx dx
7 0
2% 1. )
= \/:I f(x) —[sin(a+ s)x+sin(a —s)x] dx
Ty 2

=l {\/ZT f(x)sin(a+s)x dx + \/ET f(x) sin(a—s)x dx}
2|V 75

=% [F.(a+s)+F (a—s)]

21. Prove that (i) F[f(-x)]=F(-s) @) Flf(=x)]=F(s) @i) F[f(x)]=F(-s)

Sol. () Wehave FLF(1=— [ f(0¢™ dv = F(o

F[f(—x)]=ﬁ [ fex) e dx

1 ¢ Zist Put —x=t
ZE_ f (@) e (=dt) —dx=dt
:ﬁ_if(t) e dt
:—J;_z 1 f@) e ™" dt
=F(-s)
(ii) Wehave F(s)= ! J f(x) e’ dx
T e
m = [ m e " dx
_ . ) e . (—dp) Put_—(icxitdt

[ (=) e dr

NeYa
I
Var
I
2z .
-
oz
I
oz
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(iti) We have F(S)=L [ £(x) e ax
27 *
F(=s) L f(x)e ™ dx
27 °
F(-s) :ﬁjﬁom e dx

=Flf(x)]

22. Prove that (i) [F.(5)G,(s) ds=[f(x)g(x) dx

0

(i) [F.(5)G,(s) ds = f(x) g(x) dx
Sol. () TFC(S)GC(S) ds = ]:FC(S){\/E Tg(x)cos SX dx} ds
0 0 7 0

=°3g(x){\/z TFc(s)cossx ds} dx
0 7%

oo

= [g(x) f(x) dx

oo

= [ f(x) g(x) dx

(i) TFS(S) G,(s)ds= O:FS(S) {\/z Tg(x) sin sx dx} ds
0 « T 0

0

=°3g(x){\/z TFS(S)SinSX ds} dx
0 T

oo

= [g(x) f(x) dx

oo

= [ f(x) g(x) dx

0

23. Give an example for self-reciprocal under Fourier transform.

XZ

Sol. e 2 is self-reciprocal under Fourier transform.

24. Give an example for self-reciprocal under Fourier cosine transform.

x2

Sol. e ? is self-reciprocal under Fourier cosine transform.

25. Give an example for self-reciprocal under both Fourier sine and cosine transform.

1
Sol. T is self-reciprocal under both Fourier sine and cosine transform.
X
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PART - B
a’—x*, lxl<a
1. Find the Fourier transform of / (x) =
0 , Ixl=a
Hence ded that () sms—scoss _z (i) ]fsins—scoss cos ds =3_ﬂ'
ence deduce tha 1 3 5 T

0

15

I
0
(iii) T

2
Sin s — §COS § T
ds

/‘—“\

Sol. FIF@=—=[ f(x) e dx

ﬁF

{J.Oe”x dx + I(a —x%) e dx +J.Oe’”‘ dx

(a2 — x?) (cos sx+isin sx) dx

il ﬁ\

a
I a® —x*)cossx dx + i (a* — x?) sin sx dx

1
N2 7,

ﬁ\

I a’* —x*)cossx dx + 0
0

J_'

(az_xz)(sinssxj (Cox )£ cossx) (2)(—smsxﬂ

2 _{ 2acosas 2sin as}
— 70— —+
T

S
(le) F[f(X)]ZZ\/z [smas—a;scosas}
/4 S

2 |sins—
When a = 1, we have F[f(x)]:z\/; [M}

S

[
c\qlw

[0- o+m}

Using inverse Fourier transform, we have

f= ﬁTWF[f(X)] e ds

n sin s — 5 COS § ..
I —— | (cossx—isin sx) ds

T (sins—scoss 2 ¢ (sins—scoss) .
I - cossxds—z—f """ |sinsxds
4

alw j‘

3 3
S S

:ij [sms—scossj cossxds — 0

3
S

I (sms SCOSS} cos sxds =£f(x) ——————— )]
0 4
Put x=0 in equation (1) we get
T (sins—scoss T
I( ] S:Zf(()) f)=a—
0 fo=1-x
f(O)=1-0=1

T /4
=—(()=— This proves (i
4() 1 p (@)
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1
Put x=§ in equation (1) we get

J-(sms scossj cosids=£f(lj
0 2 42

_r 1_1 _F[3).37 This proves (ii)
4 4) 4\4) 16

Using Parseval’s identity, we have

IIF(s)I ds—IIf(x)I dx

— oo

[ . 2 - [
J'(z 2 {MD ds = J}O.dx+J£(l—x2)2 dx+J.0.dx
— oo — oo -1 1

V4 S

o0 . 2 1
8 J- (sms—sscossj ds = I(l—xz)zdx
T s i

16%( sins—scoss )’ 1 22
—J —_— ds=2j(l—x )" dx
7[0 S 0

1
= ZJ.(1+x4 —2x%)dx
0

=2l x+ -

=2 {1+1—3}—{0+0—0}}
15 3

s ﬁ}

|15

16 (ms—scossj 16
— ds=—
T 15

|
|

(sms—scoss] ds=% This proves (iii)

—ax

2. Find the Fourier sine and cosine transform of ¢

Sol. Flf(x)]= \/7 _[f(x) sin sx dx

Fle “']= 1/ j *sinsxdx
e—ax e
=,|— | 57— (—asinsx—scossx)
T |a +S

0

-2 {0}—{ | 2<0—s>H
T L a +s

2 s
T s’ +a’
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Flf(x)]= \/Z ]of(x)cossxdx

=)

2
— *cossxdx

O'—.X

oo
—ax

> (—acossx+ssin sx)}

I-1xl, IxI<1
0 , Ixl=1

2
a +s

i 1
0l — —
_{} {a2+s2
[
T st+a’

3. Find the Fourier transform of f(x)= {

0

t
Hence deduce that j(sm ) dt = %

Sol. F[f(x)]=

«/_ Tf(x) e dx
{J.Oe”x dx + I(l I x1) e™* dx +J.Oe”x dx

1
j (=1 x1) (cos sx +isin sx) dx
-1

o g

1
I (I-1 x)sin sx dx

1
N2 Y,

I(l—lxl)cossx dx + i

1
_«/27z_l

2 1
=—— | (I-Ixl)cossx dx + 0
)

\/7.[(1 Xx)cossx dx
Slnsx COS SX :
il of]
Bl
| s s
(ie) FLf(0)] =\E F‘CS“}
4 S

Using Parseval’s identity, we have

JIFG)I” ds = fif (o1 ds
. 2 B 1 )
I[ %[1_:‘?81} ds = [0udes [a-100” det [o0.dx
() = foara

Dr. M. Muralidharan
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4%(1-coss) :
—I( > ) ds:2j(1—x)2dx
4 s 0

o
47 (1 cos2tj 5 - o] x)}
0 L 0

T
oo 2 r
8 I(l—cgsth di=" {O}—{—l}
1679\ ¢t I 3
1 %(2sin?r) . 2
BN 51r21 g =2
27, t 3
4 3(sin?t) 2
4 sm2 g =2
27[ t 3

(le) J‘(Sln[j :%

1, Ixl<l1
4. Find the Fourier transform of f(x)=
0, Ixl>1
o . 2
! .. st V.4
Hence deduce that (i) jﬂdt =— (ii) I(—j dt ==
2 A, 2
1 % .
Sol. FIf(x)]=—=— x) e’ dx
0 f(x) M_Lf( )
=—— | 0.e" dx + | (D)™ dx +|0." dx
Lo as fooa cfoea
1 1
=—— | (cossx+isinsx) dx
Nl

1 & 1 ¢ .
:—jcossxdx+i J.smsxdx

1 V2r 2,

2z
_ |2 [ sin sx}1
V4 s 1o
_ 2 |sins O}
Tl s
: 2 sins
(ie.) F[f(x)]=\/:
TS
Using inverse F. ourier transform, we have
fo= j FLf(x)] e ds

I \/7 (smsj (cos sx—isin sx) ds

1 ¢ (sins 1 7 (sins) .
- cossxds—i— sin sx ds
7[_00 S 7[_00 S

Dr. M. Muralidharan

Put s=2t
ds = 2dt

12
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2% (sins
=—| | ——|cossxds —0
S ) 71'!( s )

]2 (sinsj cos sx ds =%f(x)

S

Put x=0 we get

T osins V4
[ = ds=21(0)

0 S
T
==
2()
J- Smtdl‘ 7[

Using Parseval’s 1dent1ty, we have

TIF(S)Ist= ]ilf(x)lzdx

) . 2 - [}
I[\E S“”J ds = fO.dx+j(l)2dx+IO.dx
A\ VTS — oo -1 1

5. Find the Fourier cosine transform of ¢ **. Hence deduce that _[
J- xzsm2x dxzze_g
) X’ +16 2

Sol. F.[f(x)] =\/§ If(x)cos sx dx
7 0

Fle "] Z\/z Ie‘“ cos sx dx
2 0

—4x *
= 2| —(—4cos sx+ ssin sx)
T [16+s o
2 [ 1
=.|— (10} = —-4+0
T _{ | {16+s2( )H
2 4

COS2x

Dr. M. Muralidharan

f)=1
fO)=1

dxzze_8
8

13
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Using inverse Fourier cosine transform, we have

f(x) =J§TFC[f(x)] cos sx ds
7 0

=\/ZI\/§(24 ]cossxds
T T \s"+16

f(x)—ﬁ COS SX s
Ty sP+16

T cossx s

s == f(x
! s> +16 A
T Cossx T _4

ds=—e " ———————— 1
! s> +16 8 g

Put x=2, we get

I 02052s ds:fe—g
, §°+16 8
I c;)SZx dxzze_g
, X~ +16 8

Differentiate (1) w.r.t. x, we get

d 7 cossx ( ~any
dx s2+16 8dx
T 0 ( cossx Cax
ot
5 dx\s” +16 8 dx
¢ —sin sx.s T
— " lds==(e ") (-4
!( s2+16) g (& Y
J~s231nsx dszze_“
s +16 2

0
Put x=2, we get

szsin2s dszze_g
s°+16 2

xsin2x dx—” _3
x“+16 2

St=——38 O=——3

6. Find the Fourier sine and cosine transform of ¢~ * and hence find the Fourier sine

X . .
transform of g and Fourier cosine transform of
+x

1+ x°

Sol. Flfr(o]= \/z If(x)cos sx dx

F[_"]—\/ij Y cossxdx
=\/:L - (= cossx+ss1nsx)}
T +s

0
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2 1
= [Z 10— _
\/; {{ } {1 +5° H
~ \F 1
7 st +1
Fle "]= \/E Ie sin sx dx
T 0

2| e’ .
=.|— > (= sin sx — 5 €OS 5X)

T 1+s
_S)H

2 [ 1
= |Z 110} =
T _{ } {1+s2
[
7T ost+1
Now FC[ ! 2}:\/2_[ ! scossxdx ————-— (1
’ 1+x T oyl+x
Using inverse Fourier cosine transform, we have

f(x) =\/§TFC[f(x)] cos sx ds
4 0

- =\/ZI\/§[ 21 )cossxds
T T s +1

_ ICOSSX
Ty S +1

FOURIER TRANSFORM

[=S)

0

T COS SX T
) st +1 2

Dr. M. Muralidharan

T COS SX T Put x=s
I dx=—ce and s=x

. X2 +1 2

Equation (1) becomes

Fc[ 12} gge_s
1+x 2

15
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a—lxl, Ixl<a

7. Find the Fourier transform of fx)=
0, Ixl=2a

0 . 4
sin ¢ T .. sint T
Hence deduce that () J( j dt = E (i) J(T) dt = E
0

Sol. FIf(0)]=

]: f(x) e’ dx

{J.O et dx + _[(a Ix1) " dx +_[0 e dx}

(a—Ixl)(cossx+isinsx) dx

J (a—1xl) sin sx dx

1
N2 7,

(a—Ix!|) cossx dx + i

|
Q'—.Q

vl g i i a

(a—Ilxl)cossx dx+ 0

St—a

a
I a—Xx) cossx dx
0

sin sx cossx )|
_(a—X)( ; j (1)( = ﬂo
_{0— coszsa}_{()_%H

Ry Ry

—COS as
2
S

STo] N Io] 8o ﬁ

p—

(ie) F[f(x)]=

Using inverse Fourier transform, we have

fn= ﬁiﬂf@] e ds

J.\/7£1 cosasj (cossx —isinsx) ds

1 ¢ (1- 1 ¢ (1- .
=—I ij cossxds —i— ij sin sxds
ﬂ.—oo

s T s
=2 (ﬂ) cossxds — 0
Ty s
T(1- T
I (ﬂj cossxds =— f(x)
) ) 2

Put x=0 we get
(1 cosas

S

S 3

j ds——f(O)
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Tl 1—-cos?2t | 2dt «
[|—> =>(a)
0 4 a 2

a2

T[Zsm t} _7a
) 2
J-(smt) dtzz

t 2

0
This proves (i)
Using Parseval’s identity, we have

T|F(S)|2 ds = Tlf(x)l2 dx

2
S

;;'—38
7\
NN W

oo 2 a
(l_cﬂ) ds = I(a—lxl)zdx

2
S

4%(1-cosas ) ¢ 5
—J — ds=2J.(a—x) dx
T S 0

_I(l costhz 2di _,|(a=0"]"
A4t* | a? a -3 ],

3oy 2 3
8a J(l cc;sZt) dt=12| {0} — _a
167 % t 3

3 o .2 \2 3

a j 251r21 t gt =2L

2ry )\t 3

4 %(sin?1) 2

4 sm2 g =2

2\t 3

(le) J‘(Sll’ll‘] =§

xZ

2

8. Find the Fourier transform of ¢

Sol. F[f(X)]=% [ fe™ ax

oo
J. lSX
=)

e—[x Zzsx] dx

- %[(x—is)z— izsz]

e dx

f
L
Var .
1
N

Dr. M. Muralidharan

Put as =2t
ads = 2dt

fx)y=a-IxlI
f(O)=a-0=a

_ 2 a a w
MD ds = JO.dx+ J(a—lxl)z dx+J0.dx

Put as =2t
ads = 2dt

17
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T %[(x . ]e_2 dx

e % —l(x—is)
= je 2 dx

I
k $

(ie) Fle *]=e i

2.2

9. Find the Fourier cosine transform of ¢ “ " and hence find F [xe

Sol. Flf(x)]= \/EJ‘ f(x) cossx dx

2.2 200_22
Fc[e “x]: —J‘e “* cossx dx

Dr. M. Muralidharan

—t2
e dt=

x2]
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S2
4a
_e 2 dt -
RPJ. g Put ax—izt
27 a 2a
gz a dx =dt
R.P.\NT
a\/
1 _ st
2.2 2
(ie) F.le"" 1= e "
a2
—a2x2 d —a X
F [xe |=——+F[e ]
ds
S2
_d 1 , 4
ds| a2
2
1 42 —2s
=————c¢
a\/E 4a*
s2
_4a2

s

= e
2«/5 a’

~4* 4> 0. Hence deduce that

10. Find the Fourier transform of f(x)=e
T alx| °

_Zr (iii) '[
2 | 1) 4 and also prove

 rcosxt
) | ————dt =—e¢
()j :
2as
v F xe ~alxl —_—
that () [ ] (S gy

Sol. F[f(x)]—f [ roo e ax
1

I ~* (cossx+isin sx) dx

Ner
L [
T

¢ o1 _ )
I —axl cossx dx + i I e” " sin sx dx
- N2 7,

oo

I *cossxdx+0
0

—ax

(—acossx+ ssin sx)}

!

2
Cl+S 0

:\E {0}_{ 21 (-

T a” +s

(ie) FLf(x)]= \f a
S +Cl
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Using inverse Fourier transform, we have

F@ = [P @I

el =L J‘\/i( j(cossx—lSmSX)dS
s’ +a’

a .a 1 )
=— J > > cossxds—z— 5 > | sin sxds
T \s +a

T \s"+a
2a T cossx
=—|—5—5ds-0
Ty st+a
T COSSX T _an
JﬁdS——e
s +a 2a
cosxt T . :
(i) j =2—e U This proves (i)
t* +a’ a

Put x=0 and a=1, we get

o1 V4
dt =—
It2+a2 2
(ie.) '[x 1 —g This proves (ii)

Using Parseval’s identity, we have

TIF(S)Izds= Tlf(x)lzdx

T[] a-J T a

2a° 7 ~ alx
a J‘(S +a)ds_J‘[e ||

oo

2 o
4a J‘ 2ds2 : :2"'6_2“dx
T oy(s"+a’) 0

2a2°j~’ ds _|:€_2“ ]o
/4 0(s2+a2)2 —2a

[0-1]

—2a
2a2T ds _ 1
T3 (s*+a*)* 2a

0 (s2 +a2)2 4a’

]3 ds V4

put a=1, we get

2

2

This proves (iii)

r s
'([(s2+
!

r
4
z
4

20



MOHAMED SATHAK A J COLLEGE OF ENGINEERING TPDE
. d
By the property, F[x f(x)]= (—l)gF[f(X)]

F[xe—alxl] — (_i)iF[e—alxl]
ds

:(_,-)i{ﬁ — 2}
s“+a
—(l)\/7{ > (2 )}
—i\/7 2as
A\ (s> +a*)’

FOURIER TRANSFORM

Dr. M. Muralidharan 21

This proves (iv)

11. Find the Fourier sine and cosine transform of x""',0<n <1, x >0 and hence prove

1
that T is self reciprocal under both Fourier sine and cosine transforms.
X

Sol. Consider F.Lf(X)]— i F[f(x)] =\/% jf(x)cos sxdx — i \/% _[f(x)sin sx dx

FLf0)]-iF[f ()] —\f jf(x) (cOS sx — i sin sx) dx

\/7J.f(x) e N dx
FC[Xn_l]— in[xn—l]z\/: jxn—l e—isx dx
7T 0
_\E T'(n)
Nz sy
=(- )( )

n

a

an—l e—ax d.x — F(”l)

0

( nw j [2 T(n)
COS——Z sin —
2 2 T s

Equating R.P and I.P, we get

Flx"]= \/z F(:l) cos % (1)
T s 2

Flx] = \E L) Gn 22 2)
T s 2

1
Put n= 5 in equation (1), we have

o arar o«
F, x2 =, |— ——COS—
c[ ] T s1/2 4

dFaR =

s 2

- m
S

—i=COS——1I sin—
2 2

o A A
—l =| COS——1 S1In —
) ( g 2)

nw nw
=Ccos——1 sin—
2 2
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1
Put n= > in equation (1), we have

o 2 T0/2) . &
Fl[x? ]=.— sin —
S[ ] T S1/2 4

L EG T
%

Hence T 1s self reciprocal under Fourier sine and cosine transforms.
x

T f(x) e dx

Now, FLf(x)]= T

¢ 1 ..
I (cossx+isin sx) dx

—L]‘OLcossxdx+z ! ]j 1sinsxabc
N2 2L /lxl N2z 2 Al x]
=LJ.Lcossxdx+0

27 4 X

—ax

12. Find the Fourier sine transform of

Sol. Flf(x)]= \/z If(x) sin sx dx
7 0

F{”}F“
X T

Diff. wrt.'s' on both sides we get

iFS|:€ax:|:i\/§°°€ax
ds X 0
2 7 0
— | — d
V7 [ s
\/ZJ‘_ cossx.x dx
0
FT
0
ﬁ

Y cossx dx

oo

> (—acos sx + ssin sx)
a’ +s’ o

22
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Efe-frtreen]
T a +s
ds X T st +a’

Integrating w.r.t.'s' we get

Fs—e_xax_ \/7J‘s +a’
—aJ%Bm*(;ﬂ
vz (2

e
13. Find the Fourier cosine transform of

—ax

X

Sol. F.l[f(x)] —\/7 If(x) cos sx dx

R

Diff. wrt.'s'" on both sides we get

ds X ds
d
\/7-[ BS[ j *
\/7 e (—sinsx.x) dx
\/7.[ Y sin sx dx

:_\/:{ - 2( asin sx — scossx)}
T |la +s 0
—\E{{O}—{ . Z(O_S)H

T a +s

iF'C|:e :|=_ 2 2S ’
ds X T s +a

Integrating w.r.t.'s' we get

|
:—\/;Elog(s +a®)

=— ! log(s®+a”)

NpY

Dr. M. Muralidharan

J' dx
x*+a®

1 _l(xj
=—tan | —
a a

I+

xdx

2
X" +a

1
—log(x* +a’
5108 ( )

23
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. . . . —ax
14. Find the Fourier sine and cosine transform of xe¢

d

Sol. F, [xe_“x]=——F [e”“"]
[_“]—\/Eje Y cossxdx
T 0
2[ e ) ;
== 2(—ac:ossx+ssmsx)}
T|la’+s .

i

= 2{0}_{21 (-
i a’+s

VA
]2 a
T s*+a

d
ds
ax 2 7
F [e ]=\/:I *sinsxdx
0

—ax

oo

a +s

{0}—{ ! 2(O_S)H
I a’+s
d 2 S
F —axy_ % “~
el dS|:\/;S2+a2:|

_\E (s> +a>)(1) - s(2s)
A\ (s> +a*)’

_P &5
7 (s*+a*)’

—(—asinsx—scos sx)}
0

Dr. M. Muralidharan
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0, x<0
15. Verify Parseval’s theorem of Fourier transform for the function f (x) = {ex >0
1
Sol. F(s)= F[f(X)]—— f(X) e dx
N2 2,
I r; .
—_— e’ dx + | e e dx
E A
T —(l—is)x dx
Pl
1 B —(l is)x
Vor | (i) |,
1 _0— 1
N2z | —(-is)
1 1
(ie) F(s)= T2z 1—is

j | F(s)I? ds = jF(s)F(s) ds

1 1 1

o1
__-[o N2 l=is 27 1+is

ds

j|1ﬁ«*(s)|2 ds = j|f(x)|2 dx

— oo

Hence Parseval’s theorem is verified.
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16. Use transform methods to evaluate i)

O'—.X

+1)(x +4) ;[(x +9)(x +25)
Sol. (i) Let f(x)=e¢ " and g(x)=e "

2 1 2 2
Then FC(S)=1/— > and Gc(s)=\/— P
T s +1 T s +4

We have j F.()G,(s) ds = j f(x)g(x) dx

J.\/7 ds— e Ye ™ dx
s*+1 s’ +4 0

_J ) (s? +1)(s +4) I e dx

0

1

;l (s> +1)(s>+4) 3

[ T

(l-e~) 2[(.76'2 +1)(.X'2 +4) —E

(ii) Let f(x)=e " and g(x)=e>"

2 s 2 s
F(s)=|= G,(s)=,|=
Then £, (s) 7T s+9 and G, (s) T s +25

We have j F,()G,(s) ds = j F(x) g(x) dx

J\/ﬁ \/7 s= _3xe_5x dx
s +9 s*+25 0

s*ds T e
I(S +9)(s* +25) _([e dx

(s +9)(s* +25)

J s*ds _1

(x> +9)(x* +25) 16

dx
*+a’)(x*+b%)
Sol. Let f(x)=e “* and g(x)=e "

/2 a f2 b
F =_|— G (s)=,]—
Then C(S) e S2+a2 and c( ) T S2 +b2

8
) J' x’dx _z

17. Evaluate I using transforms.

26
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We have j F.(9)G,(s) ds = j f(x) g(x) dx

—ax -bx
J.\/7s +a’ \/7s +b2s ¢ d
0

=S

ZGbJ' _J’ ~(atb)x g
T 0(s +a )(s +b%)
B e—(a+b)x :|°°
| =(a+b) ],
__O_ 1
. —(a+b)
2ab°j3 ds 1
4 0(s2+a2)(s2+b2) a+b

) T dx _ V4
0 (x> +a*)(x*+b*) 2ab(a+b)

18. Using Parseval’s identity, calculate i)

O'-—.X

. (1) Let f(x)=e " then F.(s)= \f

s+a

Using Parseval’s identity for Fourier cosine transform, we have

T[FC(S)] > ds= T[f (x)]° dx

2
T 2 a T —ax
j[,/— . 2) ds=[(e")* dx
0 T s +a 0

2 o )
2a J~ ds “[e2e gy
Ty (s> +a*)? 5
B _e—2ax ®
__Za 0
_ O_L}
. —2a
2aZT ds _ L
(s2 +a2)2 2a

T
(x +a) 4a3

() [—

(ii) Let f(x)=e " then F,(s)= \f

S+Cl

Using Parseval’s identity for Fourier sine transform, we have

[IF.(917 ds = [Lf(01? dx

Dr. M. Muralidharan

]3 x*dx
) ( xz+4)2

27
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7] e

sids 4y
j(s e —_([64 dx

J~ s2ds l

(s +4)° 4
x*dx

)j x> +4)° §

19. State and prove convolution theorem for Fourier transform.
Statement: If F[f(x)] = F(s) and F[g(x)] = G(s) then F[f(x)* g(x)]=F(s).G(s)

Proof. F[f(x)*g(x)]:ﬁ f[f(x)*g(x)] e dx

T [ jf(t)g(x ) dt} e dx

— oo

J10) \/__ng(x 1) e dx}

ﬁ%
S|
8'—.8

=ﬁj‘f(t) \/_J.g(x t)e et e ! dx]dt

:ﬁ T f® E Jg(x—t) et d(x—t)] e dt
f (t) G(s) e"*" dt

7o i

=G(s)

N jf(t) e dt

=G(s)F(s)
(.e.) FLf(x)*g(x0)]=F(s).G(s)

20. State and prove Parseval’s identity for Fourier transform.
Statement: If F(s) is the Fourier transform of f(x) then

j|F(s)|2 ds = [|f(x)|2 dx

Proof. By convolution theorem for Fourier transform, we have

FLf(x)*g(x)]=F(s).G(s)
-~ FTIF()G(9)] = f(x)* g(x)

= ﬁ_TwF(s)G(s) e " ds = ﬁ_ﬁfwf(t) g(x—1) dt

[ F(9)G(s) e " ds = Tf(r)g(x—r) dt

— oo

28
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Putting x =0, we get

[ F(5)G(s)ds= [ ft)g(=t) dt ——————— M

Let g(-1)=f(t) —====~~ 2

(ie) g(t) = f (1)
G(s)=Flg(n)]=F[g®)]

=F[f(-1)]
=F[f(=x)]
=F(s) (by property)
(ie) G(s)=F(s) ——===—=~~ 3)
Substituting (2) and (3) in equation (1) we have

jF(s)m ds = j £ f(t) dt

Ge) [IFGIP ds=[1FP dx

— oo

X, O<x<l
21. Find the Fourier sine transform of f(x)=2-x,1<x< 2

0, x>2
2% )
Sol. Fs[f(x)]=\/;". f(x) sin sx dx
0
2 B 2 oo
=.|— _[xsinsxdx+j(2—x)sinsxdx+_“0.sinsxdx}
3 L 0 1 2
r 1 2
2 —COS SX —sin sx 2 —COS SX —sin sx
Elofete] o) ]
T | s s 0 V.4 s s '
_ 2 {—coss+snis}_{0+0}}+\/ZHo_smfs}_{—coss_SHZSH
T | s Ry T Ry s Ry
_ E_Zsins_siHZS}
| s s’
B 2_2sins—ZSinscoss}
7| s?

[\

\/Z {sins (l—coss)}
T s?

sinx, O<x<a
22. Find the Fourier sine and cosine transform of f(x)= {

0, xX>a

Sol. F,[f(x)]= \/% i £ (x) sin sx dx

0

T

a

= 2 Jsinxsinsxdx +J‘0.sinsxdx}
L O
1

2sinAsinB = cos(A — B) — cos(A + B)

:\/z —[cos(s —1)x—cos(s+1) x] dx
T2
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_ 1 [sin(s—Dx sin(s+ l)x} ’
s—1 s+1

0

_{sin(s —Da B sin(s + 1)a}_ {0 _0}}

s—1 s+1

'sin(s—Da _sin(s+1)a
s—1 s+1

Flf(x)]= % f(x) cossx dx

21 ¢ . ¢
= |— Ismxcossxdx +IO.cossxdx
T
0

a

2cosAsinB = sin(A + B) — sin(A — B)

_ |2 j‘%[sin(s +1Dx—sin(s —1) x] dx

1 [ —cos(s+1)x N cos(s —l)x} ‘

N2 | s+1 s—1

1 "{—cos(sﬂ)a cos(s—l)a} {—1 1}
= + — +
N2 | s+1 s—1 s+1 s-1
1

_ H (s —=I)[—cossacosa +sin sasina]+ (s +1)[cos sa cosa + sin sa sin a]}

(s+D(s—1)
[=(s=D+(s+D
(s+D(s—1)

0

1 | 2ssinsasina+2cossacosa 2
27T st —1 st —1
]2 [ssinsasina+cossacosa—1}
1 2
s —1

T




UNIT -V

Z—TRANSFORMS

PART-A

1. Find Z{L}
n+1
Solution : Z[f (n)] =Y f(n)z™"
n=0
) g
n+1 —n+1

=1+124+114+124+__
2 4

=1+ + + + s
2 3 4
(1 1)
1 (z (z
=z —+ + +... ...s
Z 2 3

1 1
1
N N
=) o
(@] oQ
TN /)~
N [N
L N
NN

2. Find Z[e™].

Solution : Z[(a)”] =

2le]-z|eY |
z
z—-e°
3. Find Z[cosnd]and Z[sinnd)].




S
Solution : Z =4
olution [(a) Z_a
Put a= e'
7 io "] z i
[(e ) J 7 _gl?
7 ing | _ z
] z—(cos@+isin9)
- - Z
7 -
[cosn@+isinng] (z—cos0)—ising
. (z-cos@)+isin @

(z—cos@)—isin@ " (z—cosd)+isind
2(z —cos@)+izsin g
(z—cosO) +sin? 6
z2(z-cos@)+izsing
2% +cos? @—2zcos@+sin’ 0

z2(z—-cosf)+izsing
2? —2zcos6+1

z(z—cos6) . izsing

Z[cosné J+iz[sinno]= 2°-2zcosf+1 z*-2zcosf+1

Equating the Real and Imaginary parts,

Z[cosné |- 2z (z-cosd)
z2°—-2zc0s0+1
Z[sinng] = Zsing

z2—2zc0s6+1

4, State the initial and final value theorem of Z-transform
Solution : Initial Value Theorem : if Z[f(n)]=F(Z) , then limF@)=1(0)

Z—0

Final Value Theorem : If Z[f (t)]z F(z), then !im f(t):lirq(z -D)F(2)

5. Find the equation generated by y,=a + b3".
Solution : y, =a + b3"
Yoi=a+b.3™l=3 +3p3"
Y=a+b.3™ =3 +9b 3"
Eliminating ‘@’ and ‘b’,
y, 11
Yoy 1 3 =0
Yoo 19

Yn [9 - 3]_1[9yn+l _3yn+2 ] + 1[yn+1 ~ Yoo ]: 0
6 Yn _9yn+l + 3yn+2 + Yo~ Yo =0
6yn _8yn+l +2 Yii2 =0



yn:2 _4yn+l +3y” =0

PART - B

1. Find Z[Z” sinh 3n]

Solution:

zlay]-=

. z[2”sinh3n] =Z|:2n£e3n _Zean ﬂ

- %2[2”(e3” —e )

- %[z(z”e”)—Z(Z”esn)]

- ey J-zfee Y]}

_2_2_2e3 727
_(z—2e3)—(2—293)}

z
E_ (z2-2e*)z-2e7)

2% -2e
72 -2z -2z +4

NN

NN

2(e° —¢”) }

22 -27(e° +e°)+4

i E_ 2.2sinh 3
2| 22 —2z2cosh3+4

oz 4sinh3
2| z° —4zcosh3+4
2zsinh3
z? —4zcosh3+4

2. Find Z{ an+3 }



Solution:

2n+3 A B
(n+1)n+2) N+l ne2
2n+3 = An+2)+B(n+1)
Putn=-1 putn=-2
-2+3 =A -4+3 =-B
A=1 B=1

2n+3 11
(n+1)(n+2) N+l n+2

3

2n+3 [ 1 1 }
- | =72 — 4 —
n+1)n+2) n+l n+2

) Z{nil}ﬂ[niz}

We know,

Z[—E—}=zbg[—5—j

n+1 z-1

Z{—l—}=zzmg(—5—j—z
n+2 z-1

. Find

o] oe(ate) o

Z(e " sin a)t)

Solution:

Z[e""lt f (t)] = {F(2)}, o

Here, f(t) = sin @it

Z[e

. Find

Solu

-2t gin a)t] = [Z(Sin a)t)]

7527

B zsin oT
2?2 —2zcoswT +1 o
7—>2e

. ze* sin T

z%e% —27e% coswT +1

Z[n%]
tion :

Z[n3] = Z[nxnz]

S o]

=
z_{u—n%u+n—&ﬁub@—nz

(z-1)

|



- _Z(Z_1)2[(2—1)(22(:_1)1;33(22 +z)}
) Z_(z ~1)2z+1)-3(z> + z)}

(z-1)°
- [2224+z2-27-1-372 —32}

) (z-1)

(z-2)°
(z-1)
_ 2 +42% 42

(z-2)°

5. Find Z|(n—1)a"*]
Solution :
Zln-ae] - zfo-seca’]
= Z[na"a‘l]—z[a”a—l]
= Z[na‘l]Hg —Z[a”‘l]




6. Find the Z-transform of Z[cos(t +T)]

Solution:

Z[f(t+T) = zF(2)-z f(0)
Here, f(t) =cost, f(0) =cos0=1
Z[cos(t+T)] =zZ[cost]-z f(0)
2(z —cosT)
7 —2zcosT +1
2%(z —cosT)
22 _2zcosT +1
2% — 7% cosT — 2(2% — 2zcosT +1)
) 7% —2zcosT +1
z° —z%cosT —z° +2z%cosT —z
72 —2zcosT +1

_z%cosT -z
722 —2zcosT +1
7.1 F(z) = —22=0%%8T)  gif0) and lim (1)
z°—2zcosaT +1 tow
Solution:

By Initial value Theorem,

f(0) = [imF(2)

Z—0

2(z —cosaT)

IZLT z? —2zcosaT +1
- 2% —zcosaT
=lim—

1w 25 —2zc0SaT +1

(;12[22 —zcosaT]

=lim [L - Hospital rule]

o i[z2 —2zcosaT +1]
dz

-1 2z —cosaT
sz 2z —2cosaT

:Z[Zz—cosaT]
=lim

2o i[22 —2cosaT]|
dz

im?
ms

=1

8. Find Z7 #
(z-17° (2% +1)

Solution :

[L —Hospitalrule]



2°+3z
Let F(Z)_ _(2_1)2(22 +1):|

F(z) | 22+3
z | (z-17(2% +))

’+3 A, B Cz+D
(z-1(z2+1) z-1 (z-1F 2°+1

2% +3=A(z-1)z2 +1)+ B(z? +1)+ (Cz + D)z - 1)’

Put z=1=>4=2B =>| B

=2

Z=0 =>3 = -A+B+D
Substituting B=2 , we get,
1=-A+D (1)
Equating coefficient of 23,
0=A+C

(2)

Put z=2 => 7 =5A+5B+2C+D (3)

Substituting B=2 in (3)

7=5A+10+2C+D

-3 =5A+2C+D (4)
From(2) , A=-C
-3 =5(A) + 2(-A)+D
-3 =5A-2A+D
-3=3A+D (5)

(1)=(5)=> 4= -4A

A=-1

Substituting A=-1 and B=2in (1)

1+2+D =3

D=0

Substituting A= -1,B=2,C=1and D=0 in (A)



10.

3
z™ Z+3f =-(1)"+2n+cosn—7Z
(z-1)(z* +1) 2

) 4| z(z+1
Find Z |:(Z—l)3:|

Solution :

z(z+1

Let F(z)= {(z——lf} , 27 [F(@)]=f(n)

o z2"(z+1)
2" F(2)=
O~y
The poles are z=1 ( pole of order 3)
1 d? 5 2"(z+1)
Resiz"' F(z z-1
e F@Laslimy g {( e

-lim s b+

-1

- I|m——[Z +(z+nz"]

-1

- lim e +nfz+ -0z 274

b -+ 0

> L@ + 2n(n-n@™2 n@"]

%[Zn(l)"l +2n(n-1)@)"?]

n@)"* +n(n-D@)"?>

zl[ 2(z +1} - O™ +n(-1)D)"?, n>0
(z-1)°

Solve y,., +4Y,.,+3y,=2" with y, =0and y, =1 using Z- Transform.
Solution:

Yorz +4Yp +3y,=2"

Taking Z — Transform,

Zly,..]+4zly,. ]+ 32y, l=z[2"]

_ _ _ Z
2’y -2y, — 2y, + 42y -2y, ]+ 3y =

z2—-2



Given Yy, =0,y, =1

7’y — z+4zy+3y_ >

7(22 +4z+3)=z—i2+z

y[(z+1)z + 3)]:%+ z

(-2(z+1(z+3) (z+1(z+3)

y= (A)

Now,
z A B C
= + +
(z-2)z+1)z+3) z-2 z+1 z+3
2=A(z+1)z+3)+B(z-2)z+3)+C(z-2)z +1)

Putz=-1 putz=-3 put z=2
-1=6B -3=10C 2=15A
B=1/6 C=-3/10 A=2/15

z _2 1 11 31 )
7-2Yz+1)z+3) 15z-2 6z+1 10z+3
(z-2)z+1)z+3)

Also,

4 A N B
(z+1)z+3) z+1 z+3
z=A(z+3)+B(z+1)

Put z=-3 putz= -1
-3=-2B -1=2A
B=3/2 A=-%
z 11 31
(z+1)z+3) 2z+1 22+3
y= 2 1 1 1 31 11 +3 1
15z —2 6z+1 10z+3 2z+1 2z+3
2 1 1 1 31 11 31
Z[yn]__ ~ +=
15z 6z+1 10z+3 2z+1 2z+3
Y, zg l iz-l L _lz—l L +§z—1 =
15 6 z+1] 10 z+3] 2 z+1] 2
2 oo 1 3 1 1o 1 3 n-1
= — 2"+ 2 (-1)" - (-3)" —=(-1)" +=(-3
= 6()10<>2<>2<>



2" (1-3) 4 (1-5
ST [

2" 1 2
=—+=(-D"+=(-3)",n>0
TRELRA LR



