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UNIT =
FLEXIBILITY METHOD

Equilibrium and compatibility — Determinate vs Indeterminate
structures — Indeterminacy -Primary structure — Compatibility
conditions — Analysis of indeterminate pin-jointed plane
frames, continuous beams, rigid jointed plane frames (with
redundancy restricted to two).
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3ASIC (PRIMARY) SYSTEM OF FORCE V

...,..--ff’ M

Two major requirements exists:
- basic system should be stable;
- basic system should be statically determinate.

Finally, basic system should be chosen in such a way
to simplify calculations as much as possible. For
example, for symmetrical problem it is essential to
choose a symmetrical basic system.



»There are two types of. frames-Free frames and

constrained frames.
» A Free frame is constrained in only one end whereas
constrained frame 1s constrained in anv line in both the

ends. ULl
TTIATIT TTIITT; ST
FREE FRAME CONSTRAINED FRAME

» Static indeterminacy of frames = 3m-+r-3;

where j = total number of joints including supports
m = total number of members

r = total reactions.



"The joint loads that are determined

from the intermediate loads on the <
members are called Equivalent Joint . &\3
Loads. o
»The equivalent joint loads are g “m
evaluated in such a manner that the J
resulting displacements of the /77%
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structure are the same as the
displacements produced by actual

loads. Fixed end moment ==
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For a statically determinate system each of the member forces may be
expressed in terms of the external joint (nodal) forces by using the
equilibrium conditions of the system alone.

Qi=bnRi+bpRo+...... +biRa

Qx=bxRi+bRo+.. ... +bap Ry

sz bml R—l + bm_.."R-: +o +b]:I:III.R-II.

Fi. B2 .. R, represents the total set of internal member forces. The matrix form for the
[ b1y Byp by ]

By by . b,

iy

set of equation can be represented as Q= bgR where bg— :
o

Bt By e b

Br matnx 15 called the force transformation matrix which relates the internal forces to the
external nodal forces. The elements of the above matrix are called as influence
coefficients of the force transformation matrx.

Tn



ISPLACEMEN

The principle of virtual work

The principle of virtual work is used as a substitute for the equations of
equilibrium or compatibility. It states that, *“ If a system in equilibrium
under the action of a set of external forces is given a small virtual
displacement compatible with the constraint imposed on the system, then
the work done by the external forces equals the increase in strain energy
stored in the system”.

Q% and Q° are the internal forces of the end moments

Q7 are the axial forces

q® and q° are the end end rotations

g’ is the axial elongation



Extemal joint (nodal) loads are denoted by R =|

Similarly the joint (nodal) displacements are denotedasr=| .

7, ]

External work done Wz may be expressed as Weg=Rr=1'R

Internal end forces are denoted as Q=




Internal displacements are denoted as_q = q;

Equating Wz and W,

Rir=Qlq - (3)
(o)
rR=q'"Q = (4)

Egn (3) and (4) is valid if R and QQ are in equilibrium and r and q are compatible.
If virtual displacements are used. we have from eqn (4)

fR=qQ @ - (5)
If virtual forces are used. we have from eqn (3)
Rlr=Qq = e (6)

r.q.R and Qrepresent real forces and displacements



From the Foree transformation matrix ws know that Q = bgR —----memre e - (7)
£ Q 15 the nternal forces and q is the member deformations then q = fQ - 8)
Where f 15 the element flexibility matrix.

1 S — 5
TransposingEqn (7), Q" =R'bg?  cee (10)

We know from Eqn (6) R'r=Q'q

Substituting Eqn (9) and (10) in Equ (6)

E.Tf = F;T bRTf bRR

1’=bRTf bRR -------------------------------------- (11:1
[f the total flexibility matrix is represented as Fg=bg ' f by
P T D ol ) —— (12)

Eqn (12) gives the direct solution of all the nodal displacements i terms of external nodal (joint)
forces.



Any statically indeterminate structure can be made statically determinate and stable
by removing the extra restraints called redundant forces. The statically determinate
and stable structure that remains after the removal of the extra restraints is called
the primary structure. These unknown redundant may be treated as part of the
external loads of unknown magnitude. Internal member forces can be represented in
terms of the original applied external forces R and unknown redundant X as

T ST N5 R ——— (13)
Q=[br bl [T e (14)

Where bz and b, are force transformation matrices representing the external nodal loads R and
unknown redundant X

Let 1 be the displacements due to redundant force. (This will become 0}

R and r is related using the equation

Rir=X'r,=Qfq oo (15)

Using Eqn (13} and virtual force

Q=brR~+b: X

Transposing the above equation

QT= baT RT= by T T oo (16)



QT= bal R T+ by, T T oo (16)

From Eqn (8) q=/Q

FromEqn (13) Q= bgR+-b. X

Substituting Eqn (13) in Eqn (8) we get

q=/ba R+ b, X] =fbr R~ fby X —ommmmememememee (17)

Substituting Eqn (16) and (17) in Eqn (15)

Rir+ X', =(br' RT+=b0, XD (fbr R+ fb, X)

RTr~XTr,=RT(bsTf ba R+ bgl f by X) = X T(b,T f b R+ b,T f by X)
Comparing the virtual forces on the left and the right sides of the Eqn, we have

r=bzT £ bz R+ bzl f by X oooomoemeeeemeemmmmmemeeee (18)
r,=b,T fba R=b,Tf b, X

Eqgn (18) is known 1s Compatibility condition

r=FpsR =~ Fax X coommmmmmmmmmmmmmee (19)

f;= FigR = Fit X commmmmmmmmmcmmmmmmmee (20)

where Fpg = bRbeR: Frx = bRTf% Fxp = h};beR and Fior = b}:be}{
Fxx 15 known as the Flexibility Influence Coefficient Matrix.



Eqn (18) is known is Compatibility condition

r=FsrR —Fax X = e (19)

= FeR+-Fx X e (20)

where FRR bRbeR FR}.. bR f Dx . F}E b}r,_Tth and F};&; = b};Tfh};
Fix is known as the Flexibility Influence Coefficient Matrix.

FRH FHX

FXH FXX

Eqn (19) and (20) can be written in matrix form as —] [

For structures with rigid supports r, = 0

=l =1 2L
=0 - FXH FIX X
The compatibilitv condition is therefore Fip R + Fipg X = 0 from which Fioe X =-F.g R

Pre-multiplving Fi! we get
XN=- P}ﬂ{l P}m E
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Using Slope Deflection Equation:
2ET 2ET

Ma == (268, +85) MB—— (285 +8,)

Solving the above two equations:

Mal Mgl — M.l Mgl
HA — AR B HB — A _I_ B
3EI 6ET &6EI 3EI
Re,ananging in Matri:-:. form
] 35: 55: % Eﬂ]
B
! 2 —1
Flexibility matrix f_EEI _1 2 ]
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uppert<cis taken as redundant R.
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Flexibility matrix F,, for members AB and BC

R P AR

Unassembled flexibility matrix
6 -3 0 0]

1|13 6 0 0O
" GEI| 0 0 10 -5
o 0 -5 10
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Transformation matrix comresponding to A

S
0 -3
0 3

0 0

Assembled flexibility matrix F. = Ap. T fin Aps

6 -3 0 07[-3 6
-3 0 00]1 (|36 0 00 -3
[ ]ﬁEI 0 0 10 -5/ 0 3
0 0 -5 10][0 0
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F_ %
Redundant Reaction R =-Fpg xF,, xL Ko /)n
1T [ 0
R:-[—468] x—[-135|[60] =17.31KN -3
6EI 6E] 3
Member end forces Am= ApsAs -0 -
-3 6 -76.15]
0 -3| 60 | |-5192
Ah = = KN m
0 3]1731] | 51.92
0 0 L ]




_—the rame _2 GG,
The horizontal and vertical reactions at support A are taken as
redundant R, and R,

(L] [ 80
S0 A= L = 120
l, 120k R R
S
E C - R L&
4m Flexibility matrix for member AB. BC and CD
1 |10 -5 1 |6 -3
CATCEr faed LA N
R, {4 D 6EI| -5 10 6EI| -3 6
1 R T =
2| | 118 —4
*_gm A4 3m e [FH:IC'D = E —4 8

Unassembled flexibility matrix

10 -5 0 0 0 0]
-5 10 0 0 0 0
1/0 0 6 -3 0
F =—
" GEI|l0D 0 -3 6 0
o 0 0 0 8’ -4
0 0 0 0 -4 8|
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Transformation matrix comresponding to A,
-0

Ams

0
0
3

—3

3

0
0
0
0
0
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0

=
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=
—4

0

0 -

—3
3
—6
6
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F,=4, F 4,

10 -5 0

Assembled flexibility matrix of the structure F;

-3 0 4

0

0

6
0

-3
0

0
0

§ —4

-4
-4 4 -4 0 |6EI| 0

0
0 4

-567

252

—64

-144-

270

288

-144 128

-64 -

-732

576
-731

252
—-567 288 :

1352

F =
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Redundant reactions
R=—F»Fy =L

R 576 =731 2521 64
=—0L] =
R, —732 1552 55EI —567 188

Member end forces Am= Ay % A,

4 - ) ) 37.69 ]
0O 0 0 0 0 —12.59
o 0 4 =3 80 | |-11291
0 0 -4 31| 120 | | 112091 |
-’%z - .ﬁ:nﬁr.m
3 0 4 —6| 3767 | | 164.86
-3 0 -4 6 ||-1259] |-164.86
'3 4 0 -6 | -164.46
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_-wab® -18x2x1 LiNm M _whba®  18xix2? 2N
Mesg=——=——=—4im Mpgy = ——=—7—=18kNm

—wab® -72x2x1*
MFEE= EZ - 32 =-16 .Ime MFEE=

wha® 72x1x2?
Y

= +32 kNm




Fixed end beam reaction at B =

13.33

=18%27%4%8 _ 13.33 kN. system equivalent joint action.
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Member flexibility matrix

Unassembled flexibility matrix F,_ =

L T i T e N

D D = O
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Transformation matrix comresponding to As is



Assembled flexibility matrix Fs =A . Fn Ags

-1 0 |

-3 0 0

0
0
0

0
-1

0 O

-1

O 0 O
O 0 O

0

0]

0

0 0O O
0O -1 2 0 O

0
0

-1
2

-1

0 0

0
0

-3 0 O

0 0

0 0 O

-1

-1 1

18

1

0




R=-2EI [ ° _62]_1><— x| 8

6EIl—6 —1 -—
6 1 2 32
-291
R=|: ]Ian
24.66

Member end forces Am = Ags As + Ags

Redundant forces are givenbyR= R = —F i x Fp, x L —
Lo —2 1 13.33]

-3 0 0 -1 o0l _ [ -4
1335
0 0 0 1 0 ] 8
01 0 -1 0 2 -16
= -~
o 0 0 -1 0 . 32
0 0 0 0 -1 ‘ 0
2436
0 0 0 0 0] - L0 ]
—-16.73 |
5.09
Rl
= N.m
A 24.36
-24.36
- 0 —




10— Redundant i [’fz[g-ﬁl
4m I HHCA TR 1~ 2276

) g —18.188
—12.708

4m
_|+12.708
Element force [Q]= 191032

—9.1032

S 7% - 0

Static indeterminacy=3m+r-3j=3x3+ 5 -3x4 =14-12=2.

—4 4 07
0 —4 4
Apply unit force at D both vertically and horizontaly . [Q]= g ; —44
0 0 -4
-0 0 0 -
2 =1 0 0 0 0
-1 2 0 0 0 0
i : 4| 0 0 2 1 0 0
Stiffness Mamx[klME.E; 0 0 -1 > IJI
0 0 0 0 2 -1
Lo 0 0 0 -1 2




Static indeterminacy = 3m+r-3j=
3x3 + 5x4 -3x4 = 14-12=2.

The structure is made determinate by
removing the hinged support at D. The
two reaction components at D are treated
as redundant.

Assembled element flexibility matrix

2 -1 0
1 2 0
0 0 1
1 0 0 —0.5
L= o o 0
0 0 0
0 0 0
0 0 0

L
Moo oo O
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The transformation matrix [b]=



|

0
0

-3
0

3 -3 3 -3 3
-6 6 -3 3 0

0
6

[asa]= [b]To] [bal= |
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SO0 OO ™
Ly
e e e T e T, Y e
_
Ly
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L
o0 - o0 o
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Lk
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|

288

—108
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90
—108
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[ono]=

5
44
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B3| =

S oCoo oot

—_ 1] 40.5 9
loo]= 3 —130.5 —54]

{FO}=-[ag0] [0 }{F"}
=2 [16 6 1

40.
21—-130.5

CoO o0 oo O
o

s —sal =

Element forces {P}=[b] {F} where {F} = [‘i }

rP1 !

—3
3

%]

e s [ s

3 0 0 0
0 0 0
0 0 0
—05 0 0
1 0 0
0 1 —-05
0 —0.5 1
0 0 0
0 0 0
23[}1
5293
—3 0 6
0 3 -6
0 -3 6|g100
0 3 -3 50
0 -3 3])2301
0 3 0 |\52903
0 —3 0
0 0 0-

r 31308

—24555
24555
—8976
8976

6903
—6903

e

3 -3 3 -3 0
]

— 3"

o oo o0 oo
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Static indeterminacy is 1. The reaction at the bottom
will directly go to the support whereas the reaction at
the top will cause flexural deformation of the vertical
member. This will cause end moments in the

structure. The primary structure may be chosen
subjected to nodal moments R, R, and equivalent
horizontal reaction R, at the top and the redundant
component X, at the right support.
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0 0
-1 2 0 0 0 0
Assembled element flexibility matrix f =$ g g _21 _21 g g
Primarv Structure 0 0 0 0 2 1
R; -0 0 0o 0 -1 2-
R
5
\{1 -1 0 0 0
-1 0 —=[ I
Transformation matrix [b] = é —[}1 'EI _EE
0 0 0 I
0 0 0 0
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[
bE]

[oo}=[] To] [bo}=[0 I -1 1 -1 olx

[
bET]

I I -] o]x

[0’} [bo] [a] [b]=[0 !
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12
Redundant force (F'}=-{ood oo H(E} = == X —[—61 31 —512]% % == wl
wl

2

wi’
wi* - 2
10 0 09 I — 148wl
“1 0 -1 1| W2 480
o ~ B I S A | B N L
ement forces {P}=[b] {F} = 0 0 0 1 Wl = 40
0o 0o o -l 7T 11wl’
0 0 0 0] 11w 40
St —11wl
40
0

The final moment is obtained by adding the fixed end moments to the end moments of member.
2 2 2

M ~wlm wl —0 M _WI2_14-8WI2__QWI
48~ 12 12 BA 12 40 40
Iwl’ 11wl 11w’

Mm::W ME‘E_T Mep 40 Mpc=0
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